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Ð ÑÓÒ>ÔÓÕ�Öl×DØ¯Ù ÖÄÚÜÛ¹ÝßÞ

h,[n`Äw�OQL�UWOQTVUNKÃ·tRNOQU'[vOQ[ia�[nTVUWOQT�OYR�^�P�[tR�L'`�Ob[nR'^sKMTVU¬OnxgjQ[-à�½¾msK�L'KM{ZP-R�K�KML�UNK�r¯K�P:R'KM[Ef�`-P�OnX:[iKS{
^sT�X:^efgOYRÃP-R'[nw-meKS{ÄOYL�^sTVU'KMR'KML'L¬OYT¯UNKML�K�rE^È�grtKM^eL�P�OYRNO Ç `-K�KM`0X:KML'KMTVr¯[nm_r¯KML'L'K�{ZKM`0X:[t`EUN[nR¬OnXE[ÄKto�OY[
{ZKML'{Z[ÃU'KM{ZP�[�oYX:KM^áÆ:[t`EÉ�{DK<ms^srER�K<P�OQR¬O�X:KSLNKSTVr¯[nmsrtKMRd{Z^sT-¸�OYLdP-R'ÂnP-R'^ÈOYL1^eX:âM^ÈOQL�à u OQR'KgfSK�[tw:R'^s·VOYxgjQ[�o
{ÄOQLqT-KM{ÀL'KM{DP-R'K�ã�`-T-fS^e[nT�OZOYL'L'^s{¿à�ä¹w-R�^e·¯OYX:[ZP�KMm~ODfS[nT:»�OQT�xgOE¼
a�Onx�[�`-{åOY·nR¬OYX:KgfS^s{ZKMTVU'[�KML'P�KgfS^ÈOYm-OQ[tL�fS[nmeKM·¯OQL¾X:K<L¬OYmÈOEonæ¹msK�Æ�OQT�X:R'Kqk�[tmÈO³UN[-onP�KMmÈO�OY{Z^sÎ�OYX:K&X:K

ms[tT:·VO�X�OQU¬O:o¯K¹ç�^s[�rtOQT-[-à�h,KM{èObOQé$`-X�O�X:Kqrt[EfS}MLgo¯[�X:^ÈO³É$O�ÉêX:^ÈO>U'KMR'^ÈO>L'^ÈX:[bw�KM{�{ÄOQ^sL�fS[n{ZP-ms^efgOnXE[�à
JdOY{Åw�âS{�{DKMR'KgfSKS{ëXEKML'U¬O Ç `-K�O y OQT-^ Ì ��[YUNKSme¸-[VÏ�o u OY`:me[ u�ì æ¹k¹oYí�^_rE^-K�k<mÈ�Y`-X:^~OEo¯P�KMmÈO>me[nT-·¯O

fS[nTVrE^_r¯}MT�f�^~O¿K]U'R¬OQw�OYms¸-[nLÅKM{IfS[nTné$`-TVU'[�àÍÊÍOQL�UN[,X:[tL Ç `-K]^eTVU'KM·tRNOYRNOY{î[Í·nR'`-P�[ÍX:[�a�[nTVU¬OYT�OQR'^
X:`-RNOYTVU'KH{DKM`)XE[t`:U'[tRNOnX:[ïUNKM{ðP�OQR�U'^efS^eP�OYxgjQ[ßT-[tLDR'KML'`-m_UWOYX:[tLZ[nw:UN^eX:[nLZT-KML'LNKMLvUNR'}SLÄOQT-[tLg�¿½¾X,É
rnOYmeX:[-o4ñ/^e{Ho y OYT-^sKMmsmsKtoda��Qw-^e[-o!a�KMR�T�OYT�X:^sT-¸-[-o�k�R'KMP�OQmeX:^òo y OQT-^eKSmóodÊ¿^smsU'[tT+o ì [nL¬OYLgà]½�LNL'K]OY·nR¬O�É
X:KgfS^s{ZKMT¯UN[lL'KiKML�UNKMT�X:K�UWOQ{Åw�âM{õôök�R'^sL Ì Ç `-KvOQé$`�X-O:¼÷Ï�o4OQ[Äí�^_rnOYmeX:[lKvOY[Äæ¹TVUNËnT-^s[Hh,KMR�^ÈX:ËnT-^s[öKto
P-R�^eT�fS^sP�OQms{ZKMTVUNKno4OQ[ u OQ`-ms[ u æ¹k/KvOQ[Äæ¹T¯UNËnT-^e[Äa�R¬OQT�fS^sLNfS[�o�P�KMms[nL�P�OYP�[nL¹K ¶ Ç `-KMw-R¬OQL3ÉêX:K�É�·VOQms¸-[Yº
·nKMT-KMR¬OQms^eÎgOnX�OQLgà
æ�·tR¬OYX:KgxS[]ôDa,æ u ½�h u P�KMms[ÄOYP�[n^s[Z»�T�OQT�fSKM^sR'[-à
u OY^òo�Ê�jQKto ì OQãøOEo-ù�OQT�X:Kto-[tw:R'^s·VOYX:[]P�[nRqUN[,X�O]OvP-R�[nU'KgxgjQ[�o�R�KML'P�KM^_UN[]KbfgOYR�^eT:¸-[�à�æ¹{D[Dr¯[,fS}MLgà

ú jQ[Z¸��vX:^sL'U¬ûYT-fS^~O Ç `-K�T-[nLÃL'KMP�OQR'Ktà
Jq�Eo+àeàsà¾[nw-R'^s·¯OnX:[-o Ç `-KMR�^ÈX�OE¼
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½�L�UWOiUNKML'KbOYw�[nRNX�OvX:^srtKMR'L'[nLzUNKM{ÄOQLqKS{ÀKSrt[tms`�xgjQ[Z{Z[nmeKMfS`-m~OQRgo:`-L¬OYT�X:[DK�ÆEU'KMT-L'^srnOQ{ZKMTVU'K�[Dã�[tR$É
{ÄOQms^eL'{Z[öX:Kvã~`-T�xSþ,KSL�·nKMRNOQU'R'^sÎMKML>P�OQR¬OÄ[nw:UNKMR�R�KML'`-msU¬OnXE[tLbOQT�OQmec_UN^efS[nL�L'KM{ZP:R'K Ç `-KÅP�[tL'L'c_r¯KMmòà�½¾{
P-R�^e{ZKS^eR�[Åms`-·VOQRgo:OYP-R�KML'KMTVUWO�É�L'K�ObLN[nms`�xgjQ[vK�Æ-OQU¬O�P�OYRNO�[vf�[t{ZP�[nR�U¬OY{ZKSTVUN[vXE^eT�ûQ{Z^efS[vX:K¹`-{ÄObP�[YÉ
P-`-mÈOYxgjY[D^sT:»�T-^_UWOvXEK>L'K ÇVÿ }MT�fS^ÈOQLq^sT:»�T-^_UWOQ{ZKMTVU'K�ms[nT-·VOQL Ì T�jQ[D¸��i{Å`:U¬OnxSþVKMLzR'KSrtKMR'L¬OQL�Ï�KSrt[tms`-^sT�X:[
L'[nw0OZOYxgjY[]X:K�{i`:UWOYxSþ,KMLÃX:KMmsKSUNâMR�^~OQLÃKM{ `-{ÀR'KSmeKSrt[ÄOYX�OYP:U¬OQU'^srt[Z{Å`-m_UN^sP-ms^ÈfMOQU'^srt[][n`;UNR'`:T�fgOnX:[-à
æ�meâM{|X:^sLNL'[-o�ã�[n^dKSL'U'`�X�OYX:[l[öf�[t{ZP�[nR�U¬OY{ZKSTVUN[lX:Ki`-{ÄOZP�[nP-`-m~OYxgjQ[öL'`-w-{ZK�UN^eX�OlOZL'`�fSKML'LN^_rnOYL

X:^sms`-^ÈxSþVKML&X:K�^sTVUNKMT-L'^eX�OYX:KMLzOYR�w-^_UNR¬�QR'^ÈOQL�o,fS[n{Z[�[EfS[nR'R�K�KM{	OQms·t`-T:L<P-R'[YUN[,fS[nme[nL&X:K�KSrt[tms`�xgjQ[iK�Æ:P�K�É
R'^s{ZKSTVUWOQmóàia-[tRNOY{õ[tw:U'^ÈX�OQL�K�ÆEP-R'KML'L'þ,KML�{]OQU'KM{Ä�QU'^efgOYL Ç `-Kno+KM{õP-R'^sT�fScsP-^s[�o+P�[EXEKM{ L'KMR � UNKM^sL�T�O
fgOQR¬OYf�UNKMR�^eÎgOnxgjQ[ÄX:K�P�[nP-`-mÈOnx�þ,KML�R�K�OQ^eLÃX:K�{Z^efSR'[V[tR�·VOQT-^sLN{D[tLgà
y KM{Z[nT-L�UNR�[t`EÉ�L'KbUWOQ{Åw�âM{ Ç `-K�`:{AP-R'[,fSKML'L'[ÄKML�UN[,fg�YL�U'^ÈfS[lX:K�RNOY{D^s»�fgOYxgjQ[Ä{Å`-m_UN^eX:^s{ZKMT-L'^s[tT�OQm

·nKMT-KMR¬OQms^eÎgOnX:[0â]`-{]O;K�Æ-fSKMmsKMTVU'KÄã~KMR'RNOY{ZKSTVUWO;P�OQR¬O¿OQT�OYms^sL¬OYR�TV`-{ZKMR'^efgOQ{ZKMTVU'K][nL�KMã�KM^_UN[nLiX�OHX:K�É
·nKMT-KMR¬OYxgjQ[]{Å`:U¬OnfS^s[nT�OYm Ì KML'P�KgfS^_»�fgOQ{ZKMTVU'Kto�X:K�`-{Àã�KMT-Ën{ZKMT-[ÄX:KST-[t{D^eT�OYX:[ÄfgO³UNRNOnfgODX:KiÊ¿`-msmeKSRWÏ
KM{ P�[tP-`-mÈOYxSþ,KMLÃLN[nw;rnOYR�^~OYX�OQL�fS[nT�X:^exSþ,KML�X:KbfSR�KML¬f�^e{DKMTVUN[ZKWÆ:P�[tT-KST�fS^~OQmòà
ad^sT�OQme{ZKSTVUNKto�L'^s{Å`-mÈOnx�þ,KMLbã�[nR¬OQ{ K�ÆEUNKST-L'^srnOQ{ZKMTVUNKD`:UN^sms^eÎgOnX�OQL�P�OYR¬O;OYT�OQms^eL¬OQRiOö¸-^sL�UNÂnR'^ÈOöKSr¯[QÉ

ms`:UN^_rnOÄX:KiP�[nP-`-m~OYxSþVKML¹»�T-^sU¬OYL¹KvOMr¯KMR'^s·n`�OYR�O]P�[nL'L'^ew-^sms^ÈX�OYX:KvX:KÅfSKMR�U¬OYL¹·nR¬OQT�X:KMÎ�OQLgo�fS[t{D[öfSKSR�UWOQL
{ZKgXE^ÈX�OQLÃX�OiU'[tP�[nms[t·n^~ODX:Kb�QR�r¯[nR'KMLz·nKMT-K�OYmsÂn·t^efgOQLgo�L'KMR�KM{ KM{ZP-R'KS·VOYX�OYLqT�OÅKMm~OQw�[nR¬OYxgjY[]XEK>U'KML'U'KML
KML�UWO³UNcsL�UN^efS[nL�fgOQP�OYÎSKML�X:KbX:KSUNKgf�U¬OYRÃOYLq{ÄOQRNfgOQLÃX:KM^_Æ-OnX�OQLÃP�KMmÈOvL'KMmeKgxMjY[ZT�O³UN`-RNOYmòà
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J&¸-^sL¹UN¸-KSLN^sL>X:^sLNfS`-L'L'KML�L'[t{ZK�U'[tP-^efSL�[nã¾{Z[tmsKgfS`-mÈOQR�KSrt[tms`:UN^s[nT+o�K�ÆEUNKMT-L'^_r¯KMm��0`:LN^sT-·l·nKMT-KMR¬O³UN^sT-·
ã�`:T�f�UN^s[tT0{ZKSUN¸-[,X:L�U'[]»�T�X�OQT�OQm��VUN^efgOYm!R'KML'`-m_UNL���¸-KMT:KSr¯KMR�P�[tL'L'^sw-meKnà�\�T¿»�R'L�U¹P-mÈOnf�Kto�^sU¹·n^_r¯KML�UN¸:K
K�Æ�OYf�U¹L'[nme`:U'^e[nTÍã~[tRqUN¸-KiX��ET�OQ{Z^efSL¹[nã�OQTÍ^sT:»�T-^_UNKiP�[nP-`-mÈOQU'^s[tTÍ[nã�^eTE»�T-^sU'KMm��¿ms[tT-·ÄL'K Ç `-KMT-fSKML Ì T-[
w�OYf
	¹{Å`:UWO³UN^s[nT-LWÏ�KSr¯[nmsrE^sT-·q`-T�X:KMR4UN¸-K�Onf�U'^e[nTb[nã:XEKMmeK�UNKMR'^s[n`-L!{i`:UWO³UN^s[tT-L+[tT�KM^sU'¸-KMR+{Å`-m_UN^sP-ms^ÈfgO³UN^_r¯K
[nRzUNR�`-T�fgO³UNKgXö»-U'T-KML'LÃmÈOYT�X:LNfgOQP�KMLgà
\�T7OnX-X:^_UN^s[nT+o�UN¸-Köw�KM¸�OMrE^s[tRv[tã¹OÍP�[tP-`-mÈO³UN^s[tT7L'`-w:é$Kgf�UvUN[ïL'`�fSKML'L'^_r¯KHX:^sms`:UN^s[tT-LD[nã�OQR'w-^_UNRNOYR��

^sTVUNKST-LN^_U��Vo�éê`-L�Uvms^	nKöL'[n{ZKlKWÆ:P�KMR'^s{ZKMTVU¬OYm�KSr¯[nme`:U'^e[nT P:R'[YUN[Ef�[tmsLgo¾^sLÅã�[t`:T�X4àïJz¸:Kö{]OQU'¸-KM{ÄO³UN^efgOYm
K�Æ:P:R'KML'L'^e[nT-Lgo�^sT0P-R'^sT�fS^sP-meKno�{]O��;P-R'[�rtK�`-LNKSã�`-m!^sTÍf¬¸�OQR¬OYf�UNKMR�^eÎM^sT-·lR�K�OQm!P�[tP:`-m~O³UN^s[nT-L�[nã�{Z^efSR'[V[tR$É
·¯OYT-^sL'{ZLgà
\óU��qOYLiOQmeL'[¿X:KM{Z[nT-L'U'R¬O³UNKgXïU'¸�OQUiOö·tKMT-KSR¬OYms^sÎMKgXß{Å`-m_UN^eX:^s{ZKMT-L'^s[tT�OQm�w-R¬OQT�f¬¸-^sT-·¿P-R�[EfSKML'Lb^sLÅO

T-^efSKÄU'[,[nm�^eTÜT,`-{ZKMR�^ÈfMOYmsm�� L�UN`�X��,^eT-·Í{i`:UWO³UN^s[tT�OQm<X:KM·nKMT-KMR¬O³UN^s[nT K���Kgf�U'L Ì L'P�Kgf�^s»�fgOQmsm�� O¿P-¸:KMT-[YÉ
{ZKMT:[tTlfgOQmemsKgXöÊ¿`-msmeKSR�� L<RNOQUNf¬¸-KSUWÏ¾^sTlP�[nP-`-mÈOQU'^e[nT-L<`-T�X:KMR&O��Ã^ÈX:KÃrnOYR�^sKSU��Z[nã4K�Æ:P�[nT-KMTVUN^ÈOQm�·nR'[��ÃU'¸
L'KSU'U'^eT:·tLgà
ad^sT�OQmem��¯o¾UN¸:KöKSr¯[nms`:UN^s[tT�OQR��Ü¸-^sL�UN[nR�� [tãz»�T-^_UNKöP�[nP-`-m~O³UN^s[nT-L��qOYLvL�UN`-X:^eKgX w��ÜL'^s{Å`-mÈOQU'^e[nT-LÅUN[

P-R�[tw�K;UN¸-K;rE^ÈOYw-^sms^sU���[nã>f�KMR�UWOQ^sT)L�UWO³UN^sL�UN^efSLgo�me^�	tKHLN[n{ZK;U'[tP�[nme[n·n^ÈfgOQmÃ{ZK�OQL'`-R'KMLZ^eT7·tKST-K�OYms[n·t^efgOQm
UNR�KMKMLgoVw�KM^sT-·i^sT�fS[nR'P�[nR¬O³UNKgX]^eT]L'U¬OQU'^eL�U'^ÈfgOQm�UNKML�UNL�UN[iX:KSU'Kgf�U�UN¸-KÃ»-T-·tKMR�P-R'^sTVUNL�[nã�T�OQU'`-R¬OQm�LNKMmsKgf�U'^e[nT+à
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KS{ ã~`-T�xgjY[ÜXE[ßU'KM{ZP�[-o Ç `�OQT�X:[ OïP�[nP-`-m~OYxgjQ[ T�jY[ßKML�UW�ïK�ÆEUN^sTVU¬O:à äõcsT�X:^Èf�K i
X:KST-[nU¬OZODfSmÈOQL'LNKbX:[Zã~`-T�X�OYX:[tRMàvàbàbà�àbàbàbà�àbàbà�àbàbàbà�àbàbà�àbàbàbà�àbàbàbà�à|o 5

T:à 5 ® R�r¯[nR'K�·nKMT-K�OQmsÂt·n^efgODXEK>`-{]OvOQ{Z[tL�U'R¬OiX:K�8Å^eT�XE^srEceX:`-[nLgo:P�OYRNOi^ems`-L�UNRNOYRqOiX:KS»�T-^áÉ
xMjY[HX�OYL�{]OQU'R'^sÎMKMLbX:KvUNKM{DP�[tLbX:KZf�[VOQmeKSL¬fS}ST�fS^~OöKZX:KZX:^sL�UWûQT�fS^ÈOYLbX:Kf¯¹OQ{Z{Z^sT-·-à
ä¹L�T � {ZKMR'[nL>OQ[lmÈOYX:[öX:[nL¹R¬OQ{Z[nL�X�OÄ�YR3r¯[nR'KiR�KMP-R'KML'KMT¯UWOQ{ OQL¹{Å`:U¬OnxSþVKML Ç `-KiL'K
OYX:^efS^s[tT�OQ{|ôQLq¸-KMRNX�OYX�OQL�à¾æ L'K Ç¯ÿ }MT�fS^ÈO φ â�[Dæ¹k&Ê ì X-OZOY{D[tL�UNRNO:àßàbà�àbàbàbà�à|oDT

T:à76 ½�ã�KM^_UN[nLlX�OÓL'KMmsKgxgjQ[ T�OÓ{ZâgX:^ÈOÓKHrnOYR�^~ûQT�fS^ÈOßX:[ T � {DKMR'[
k
X:K�OQmsKMms[tLÄKM{ `-{]O

OQ{Z[nL�UNR¬OvX:K 5 SD^sT�X:^_rEcÈXE`-[tL�X:K�`-{ÄOÅP�[tP:`-m~OYxgjQ[ÄX:K>UWOQ{ÄOQT-¸-[ 5 SDS-à�àbàbà�àbàbàbà�à|o�<

Æ:^s^



T:à;8 í�OQme[nR�{ZâgX:^s[HX�OÄ¸-[n{Z[tÎS^e·n[nLN^eX�OYX:KDKM{õã�`-T�xgjQ[HX�OÄL'KMmeKMxgjY[-o+P�OQR¬OlX:^sã�KMR�KMTVUNKML�UWO�É
{]OYT-¸-[nLÃX�OYL�OQ{Z[tL�U'R¬OQL�à àbà�àbàbàbà�àbàbàbà�àbàbà�àbàbàbà�àbàbà�àbàbàbà�àbàbàbà�à|o�<

T:à N \�TF�`-}ST�fS^~ODX:[DUWOQ{ÄOQT-¸-[]X�ODOY{Z[nL�UNR¬OÅT-[DT � {ZKMR�[Z{ZâgX:^s[]X:K�L'csU'^e[nLÃL'KM·nR'KM·¯OQTVUNKMLgo
KS{ rn�YR�^e[nLÃT-c_r¯KM^sLÃX:K�LNKSmeKgxMjY[ZKM{À`-{ R'KMmsKSr¯[D{Å`-m_UN^sP-me^efgO³UN^_r¯[-à¾àbà�àbàbàbà�àbàbàbà�àp: 5

T:à7T æ7X:KMP�KMT�X:}MT�fS^ÈO¹X�OÃKML�UWO³UNcsL�UN^efgO
T
X:K<J1OQé$^s{ÄOÃKS{ R'KMmÈOnxMjY[>OY[ÃUWOQ{ÄOYT:¸-[�X�O¹OQ{Z[tL�U'R¬OEà°:�6

T:à P ½�ã�KM^_UN[]X�OÅL'KMmsKgxgjY[ZT-[ZfS[t{DP�[tR3UWOY{DKMTVUN[ZX:K
T
à àbà�àbàbàbà�àbàbà�àbàbàbà�àbàbàbà�àp:38

T:à9o u [EX:KSR�X:[]U'KML�UNKiX:KÅJ1OQéê^e{]OZKM{AR'K�éêKM^sU¬OYR�ODU'KM[tR�^~OZT-KS`:UNR¬O Ç `�OYT�X:[öOZP�[nP-`-m~OYxgjQ[
K�r¯[tms`-^+KM{ `-{ÀR�KMmeKSrt[Z{Å`-m_UN^sP-ms^efgOQU'^srt[]fS[t{ P�OYRNûY{DKSUNR'[

s
àÀàbàbà�àbàbàbà�àbàbàbà�àp: N

T:à;: y ^sL�UN^sT�xgjY[ÜKMTVUNR�K0R¬OQ{Z[nLlK�ÆEU'KMR'T-[nL Ì me^sT-¸�O f¬¸-KM^ÈO¯ÏDK0^eTVU'KMR'T-[nL Ì U'R¬OYfSK�é�OYX:[nL�ÏWà æ
L'KSU¬OZ^eT�X:^efgO]`-{ARNOY{Z[Ä^sTVU'KMR'T-[Ä[tT-X:KÅfgOYX�O]{Å`:U¬OnxMjY[Ä·nKMR¬OZ`-{ALN^sT-·nmsKSUN[-o�X:KSrE^eX:[
ôÅK�Æ:^sL�UN}MT�fS^ÈODX:K�`-{ÀRNOY{Z[DK�Æ,UNKMR'T-[Dme^s·¯OnX:[]X:^sR'K�UWOY{DKMTVUNK�OQ[Zæ¹k&Ê ì à à�àbàbàbà�àp:�T

T:à;< y ^sL�UWûQT�fS^~ODX:K�RNOY{Z[nLqK�ÆEU'KMR'T-[nLÃKS{Àã�`-T�xMjY[]X:[DU¬OY{]OYT-¸-[ZX�OZOQ{Z[nL�UNR¬OEàDà�àbàbàbà�àp:so
T:à 5 S ½�ã�KM^_UN[nL�X�OÅL'KMmeKgxMjY[ZL'[tw-R�K�ODX:^sL�UWûQT�fS^ÈODX:KbRNOY{D[tLqK�ÆEU'KMR'T-[nLgàAàbà�àbàbàbà�àbàbàbà�àp:so
T:à 535 \�TF�`-}ST�fS^~ODX:[vUWOQ{ÄOYT:¸-[]X�OZOQ{Z[nL�UNR¬OÅT�ODX:^sL�UWûQT�fS^ÈODX:K�R¬OQ{Z[nLq^eTVU'KMR'T-[nLgàZàbàbàbà�àp:3:
T:à 5 6 y ^sL�UWûQT�fS^~ODX:K�RNOY{Z[nLq^sTVUNKMR�T-[tLqKM{ ã�`-T�xgjQ[]X:K

s
àÜà�àbàbàbà�àbàbà�àbàbàbà�àbàbàbà�àp:3:

T:à 5 8/k�[n{ZP�OYRNOnxMjY[ZKMT¯UNR'K�OQLqã�`-T�xSþVKMLÃP�[EXEKMR�X�OQLqKML�UWO³UNcsL'U'^ÈfMOYLÃX:K�JdOQé$^s{ÄOvKba-`
&
Q�^òàlàp< 5

T:à 5ON ç¹R¬�³»�fS[;L'KM{D^_É�ms[t·;X:[lrnOYms[nR>KML'P�KMRNOnX:[HX�OöOQm_UN`-R¬OÄ{ZâgXE^~OlX:Kv`:{ÄOÄã�[nme¸�OlX:Kv`-{]O
�QR�rt[tR�K�·nKMT-K�OYmsÂn·t^efgODKM{Àã~`-T�xgjQ[]X:[DU¬OY{ÄOQT-¸-[ZX�OZOQ{Z[tL�UNRNO:àIàbà�àbàbàbà�àbàbàbà�àp< P

T:à 5 T7í�OQme[nR�{ZâgX:^s[lX:[ÄX:KML�rE^s[lP�OYX:R¬jQ[lX�OÄOQmsU'`-R¬O]X:K�`-{ÄODã�[nme¸�OZr¯KSR'L'`-L�[ÄT � {ZKMR�[lX:K
ã~[tms¸�OQL Ì KSL¬fgOQmÈOvme[n·¯OYR�csU'{Z^ÈfMO¯ÏWà�½¾L�UWOÅKML'U¬OQU'ceL�U'^ÈfgOÅâ�T,`-mÈOvP�OQR¬OZ�QR�rt[tR�KMLÃL'^s{ZâSU'R'^efgOYLgà <so

T:à 5�P Q+KM^:XEK&P�[nU'}MT�fS^ÈO¹P�OQR¬O�O�{ZKMX:^ÈX�O¹X:K<w�OYmÈOQT�xS[�X:Kqk<[nmemsKML'L�KM{ ã�`-T�xMjY[>X:[¹UWOQ{ÄOYT:¸-[
X�ODOQ{Z[tL�U'R¬O:à�½¾{G�QR�r¯[nR'KMLqL'^s{ZâSUNR�^ÈfgOQLgo

C = 0
K
C = 1

T-[]fgOQL'[Z[nP�[nL�UN[-à�à�àbàbà�àp<�o
T:à 5 o�í�OQme[nRDKML'P�KMR¬OYX:[ßX:[Ó^sTVr¯KMR�LN[ÓX�OÓOQmsU'`-R¬O�{DâgX:^~OïXEKH`-{ÄOÍã�[nme¸�OÓX:K;`-{ÄOï�YR3r¯[nR'K

·nKMT-K�OQmsÂt·n^efgODKM{Àã�`:T�xgjY[]X:[vUWOQ{ÄOQT-¸-[]X�ODOY{Z[nL�UNRNO:à	àbàbà�àbàbà�àbàbàbà�àbàbàbà�àp<3:
T:à 5 :�\�T-ã~[tR'{]OnxgjQ[�XEK;h,¸�OQT-T-[tTEÉòñ/^sKMT-KMRirtKMR'L'`-L�U¬OY{ÄOQT-¸-[ÍX�OÍOQ{Z[nL�UNR¬OEàÍä	KM^_ÆE[�X�OYL

OQw-LNfS^sLNL¬OQLÃKML�U¬�vKM{ KML¬fMOYmÈOvme[n·¯OYR�csU'{Z^efgO:à àbà�àbàbà�àbàbàbà�àbàbà�àbàbàbà�àbàbàbà�àp<3:
T:à 5 < u [EX:KSRÃX:[tLzUNKML�U'KMLÃX:K²±>^eR�	,P�O³UNR'^ef
	lKih,mÈO³U³	,^sT¿P�OYR¬ODOY{D[tL�UNRNOYLÃX:K>U¬OY{ÄOQT-¸-[f6DS:à�à�àp<3<

Æ:^s^s^



T:à76DS Ê¿`�X�OQT�xgOvX:K>æ¹kzÊ ì à�ä¹L�6Å^sT�X:^_rEceX:`-[nL¹ôÅK�Æ,UNR'KS{ÄOÅKML Ç `:KMRNX�OÅT�jQ[ZX:KM^áÆ�OQ{GX:KSL�É
f�KMT�X:KMTVUNKSL¹T�OD·nKMR¬OYxgjQ[

t + 1
o�¸�OgrtKMT�X:[]`-{ÄOD{i`�X�OYT�xMO]X:Kbæ¹kzÊ ì à Ì OtÏ ® R3r¯[nR'K

·nKMT-K�OQmsÂt·n^efgO]OQU'â�[Z^sT-L�UWOQTVUNK
t
à Ì w�Ï ® R3r¯[nR'K�·nKMT-K�OQmsÂt·n^efgODKML�UNKMT�X:^eX�OZO³UNâ

t+ 1
àià�à 5 SDS

T:à76 5 pq{õ·nR¬�³»�fS[ Ì Ç `�OYL'K³ÏzUNcsP-^Èf�[;X:[öT � {ZKSR'[öX:Ki»:Æ�Onx�þ,KML>KM{|ã�`-T�xgjQ[;X:[ÄUNKM{ZP�[-à�ä
T � {ZKMR'[öX:KÅ»:Æ�OYxSþ,KSL�T�jQ[;P:R'KgfS^sL¬OÄrnOYR�^~OQR>L'KM{DP-R'KÅKM{ `:{ÄOÄ`-T-^eX�OYX:Ktà�J1OY{iw�âM{
P�[,X:K¹¸�OMr¯KSR�{Å`�X�OQT�xgOQL&X:K�æ¹k&Ê ì L'KM{�»:Æ�OYxSþ,KMLgo,[ Ç `-K¹KSL'U'K�·tRN�Q»�fS[-o,P�[nR<fS[nT-L3É
U'R'`�xgjQ[-o-T�jQ[ZP�[EX:K�KSrE^eX:KMT�fS^ÈOYRMàHàbàbà�àbàbàbà�àbàbà�àbàbàbà�àbàbà�àbàbàbà�àbàbàbà�à 5 S 5

T:à7636 y ^sL�UNR'^sw-`-^exgjQ[ZXE[v^sTVUNKMR3rtOQms[ÅU'KM{ZP�[nR¬OYm�KMTVU'R'K�{i`�X�OYT-xgOYLzX:K�æ�kzÊ ì KM{ `-{ÄO�P�[QÉ
P-`:m~OYxgjQ[ÍX:K 5 S3SH^sT�X:^_rEcÈXE`-[tLgàHä	fS[t{DP�[nR�U¬OY{DKMTVUN[¿K�Æ:P�[nT-KMT�fS^ÈOQm�[EfS[nR'R�KlOYP�KMT�OQL
OQL'L'^eTVU'[nU'^ÈfMOY{ZKSTVUNK¿K�OÓfS[nT-L�UWOQTVUNK0X:K0X:KgfgOQ^e{DKMTVUN[ K�Æ:P�[nT-KMT�fS^ÈOQm�T�jQ[ R'KML'P�[tT-X:K
{D[tT-[YUN[nT-^efgOY{DKMTVUNK�ôvL'KMmsKgxgjQ[-à àbàbà�àbàbàbà�àbàbà�àbàbàbà�àbàbà�àbàbàbà�àbàbàbà�à 5 S�6

T:à76D8 ì OQÎ�jQ[lKMTVU'R'Ki[nL�UWOQ{ÄOYT-¸:[tL�X:KiP�[nP-`-mÈOnxgjQ[lKMã�KSUN^_r¯[ÄKiR'K�OQmòo�KS{|ã�`-T�xMjY[öX:[lfS[VKS»:É
f�^eKMT¯UNKbX:KbL'KMmsKgxgjQ[�à àbà�àbàbà�àbàbàbà�àbàbàbà�àbàbà�àbàbàbà�àbàbà�àbàbàbà�àbàbàbà�à 5 S�6

ÆE^sr
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k�à 5 J�R'^ÈûYT-·n`-ms[]X:Ki½�`-msKMR à�àbàbà�àbàbàbà�àbàbàbà�àbàbà�àbàbàbà�àbàbà�àbàbàbà�àbàbàbà�à 5D5ON
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À²ÁOÀ ÂpÃ�Ä�Å?ÆÈÇJÃ�É�Ã�Ê�ËBÌiÃ"Å Í¸ÎOÉ1ÏOÐÑÅ Ã"Å ÒÓÏ�Ô?Ä�Ô{Õ?Ï�Å

ú OYL � m_U'^e{ÄOQL>X:âMfgOnX�OQL�X:[ÄLNâgf�`-me[Äù¹ùvo�[l{i`-T�X:[l[nw-L'KMR�r¯[n`�T-[YUW�Mr¯KM^sL>X:KML'KMT¯r¯[tm_rE^s{ZKMT¯UN[nL�T�OYL
fS^s}MT�fS^ÈOQL�{ZâgX:^efgOQL1K<w-^s[tmsÂn·t^efgOQL�àdæ¹P�ÂnL1{Å`-^_UN[nL¾OQT-[nL¾XEK<L'`-P-R'KS{ÄOnf�^~OÃ^eT-X:^eLNfS`:U'csrtKMm:X�O�adceL'^efgO¹fS[n{Z[
¶ R¬OQ^sT-¸�OZX-OYL�fS^s}MT�fS^ÈOYL3º¬o�O³UNR¬OQ^sT�X:[lOv{ÄOQ^s[tRqP�OQR�UNKbX:[tLqR'KgfS`-R�LN[nL�X:KML�UN^sT�OYX:[tL¹ôvP�KML Ç `-^sLWOD{i`-T�X:^ÈOYm
KM{|P-R'[néêKSUN[nL>fS[n{Z[l[tL�X:[tL�·nR¬OQT�X:KML�OYfSKMmsKMR¬OYX:[nR'KML�X:KiP�OYR3UNcefS`-mÈOYLgo4Ol��^s[tms[t·n^ÈO:o�{ZKSR'KgfS^eX�OQ{ZKMTVUNKno
UWOQ{Åw�âS{ÀOYmefgOQT�xS[n`¿OÅfS[nT�X:^exgjY[DX:K §×ÖØv«���Öó©�´@�¬© Ì ¶ fS^s}MT�fS^ÈOi·nR¬OQT�X:K�º¬o-X:K�·nR¬OQT�X:K>P�[nR�U'K³Ï�oEãøO³UN[vw�KS{
^sms`-L'U'R¬OYX:[lP�[nR¹P-R�[né$KSUN[nL�X�OZKMTVr¯KMR�·VOYX:`-RNOÄX:[;ç�KMT-[n{ÄO:o�fS`Yé$[l[nw-éêKSUN^_r¯[Ä^eT-^efS^ÈOYmdKMRNO]L'K Ç¯ÿ KMT�fS^ÈOYR¹[
fSÂ,X:^s·t[Z·tKMT:âSUN^efS[Z¸,`-{ÄOQT-[�o:KbX:[ u R'[YUNKM[n{ÄO:o Ç `-K�KMT-ã~[EfgOZOÅ^ÈX:KMT¯UN^_»�fgOnxMjY[]X:K�P-R'[YUNKMcsT�OQL�à
ú [7KMT¯UWOQTVUN[-o¹L'KM{ X:KSLN{DKMR'KgfSKMR;[ UNR¬OQw�OQme¸-[7X:[tLHP-R'[Y»�L'L'^e[nT�OQ^eL¿X�OYL0�QR'K�OQLHw-^s[tmsÂt·n^efgOYL¿KßX�O

L¬O � X:Kto:â>P-R�KgfS^sL'[ZX:KML�U¬OnfgOQR Ç `:K>KML'L'K>P-R�[t·nR'KML'L'[vã�[n^4mÈOQR'·¯OY{ZKSTVUNK>w�OQL'K�OYX:[DKM{ X:KML'KMTVrt[tm_rE^s{ZKMT¯UN[tL
UNKMfST-[tmsÂn·t^efS[nL¹X:K�[n`:UNRNOYLÃX:^sLNfS^eP:me^sT�OQL�à�J![EX�OZOvfgOQR¬OYf�UNKMR�^eÎ�OYxgjQ[ÄXEKbP-R�[nU'KMceT�OYLgo-P�[nRqK�Æ:KM{ZP:me[-o-KML�UW�
w�OQL'K�OnX�OlKM{ {ZâSUN[,X:[nL Ç `-cs{Z^efS[tL�KDã~ceL'^efS[nL�o�fS[n{Z[¿OöfSR�^eL�UWOQms[t·nR¬O³»�OEàÅæ¹L�{Z[,X:KMR�T�OYL>UNâgf�T-^ÈfgOQLbX:K
X:^ÈOQ·tT-ÂnL�UN^efS[ Ç `-K�UWOQTVUN[Ã^s{ZP-`-msLN^s[nT�OYRNOY{ OÃÊ0KMX:^ÈfS^sT�OqL'`-R'·n^eRNOY{ X:K�KML�UN`�X:[nL1X:K�ã~KMT-Ët{DKMT-[tL!ã�csL'^ÈfS[nLgo
fS[n{Z[]OiR'KML'L'[tT�ûYT�fS^ÈOÅ{ÄOY·nT-âSU'^ÈfgOEà�ÊÍOQL�OQLÃfS[nTVU'R'^sw-`-^Èx�þ,KMLÃX:K>[t`:U'R¬OQLÃX:^sLNfS^sP-me^sT�OQL¹ôD��^e[nms[t·n^~OÅT�jY[
L'K�R'KML�U'R'^sT-·tKM{Ho-KM{AOQw-L'[nme`:U'[�o-L'[n{ZKMTVU'K�Ovã~KMR'R¬OQ{ZKMT¯UWOQLqU'KgfST-[nmeÂn·t^efgOQLgà
½�{Åw�[nR¬O�O0R'K�OQms^eÎgOnxgjQ[ÓX:[ u R�[né$KSUN[ßç�KMT:[t{ÄO0ã~[tL'L'Kö^s{ZP�[nLNL'c_r¯KMm&fS[n{ [nLvms^e{Z^_U¬OnX:[nLvR'KgfS`-R�L'[tL

fS[n{ZP-`:U¬OnfS^s[nT�OY^sL�X�O>X:âgfgOYX�O�X:K 5 <�o�S:o¯[tL�{D[EX:KMR�T-[tL�P-R'[,fSKML'L¬OnX:[nR'KML�LNKMR�^ÈOY{�KWÆEUNR'KS{ÄOY{DKMTVUNKzL'`-wEÉ
`:U'^ems^sÎ�OnX:[nL�LNKq[bL'KM`]X:KML'KMTVr¯[nm_rE^s{ZKMTVUN[bT�jQ[�UN^_r¯KML'L'KqLN^eX:[iOYfS[t{DP�OYT-¸�OnX:[bP�KMme[iOQP-R'^s{Z[tRNOY{DKMTVUN[bX:K

5



UNâMfST-^efgOYL¹KML'U¬OQU'ceL�U'^ÈfgOQL�KÅf�[t{ZP:`:UWOYfS^e[nT�OQ^eL�P�OQR¬OZ[lL'K Ç¯ÿ KMT�fS^ÈOY{ZKSTVUN[lKvOQme^sT-¸�OQ{ZKMTVU'[öX:[l{]OQU'KMR'^ÈOYm
·nKMT-âSUN^efS[-à ú Obr¯KMRNX�OYX:Kto,¸��i`-{]OÅOYw-`-T-X�ûYT�fS^ÈOÅfgOYX�O�rtKMÎ�{]OY^s[tR&X:K�X�OnX:[nL&K�fS[tTVU'^sT,`�OY{DKMTVUNK�L'`-R$É
·nKM{ëT-[�rtOQL�P�[nL'L'^ew-^sms^ÈX�OYX:KML&X:KÃKML�UN`�X:[nL�K�Æ:P�KMR�^e{DKMTVUWOQ^sL�KMTVr¯[nm_r¯KMT�X:[�L'^eL�U'KM{ÄOYL�fS[n{ZP-msK�Æ:[nLgàÚÙ `-{
ãøO³UN[ÅOQ{ZP-mÈOY{DKMTVUNK�R�KgfS[nT-¸-KgfS^eX:[ Ç `-K�P-R�[né$KSU'[tL<fS[n{Z[�[vç�KMT-[n{ÄObfS[tT-L�UN^_U'`-KM{	OQP�KMT�OYL�[�P-R'^s{ZKM^sR'[
P�OQL'LN[�R'`:{Z[ÓOQ[Óf�[tTVU'R'[nmeKöX:[tLvP-R�[EfSKML'L'[nLD{D[tmsKgfS`-mÈOQR'KMLDR�KML'P�[tT-L¬�Mr¯KM^sLvP�[tRvX:^_r¯KMR�LWOQLDX:[,KST�xgOYLgo¾â
P-R�KgfS^sLN[lU¬OY{iw�âM{ fS[nT-¸-KgfSKMR�[nL>{DKgfgOYT:^eL'{Z[nL�X:KÅ^sTVUNKMRNOnxMjY[öKMTVU'R'KDOQL�P�OYR3UNKML>X�OÄ{ÄO Ç `-^sT�OQR'^ÈOlfSK�É
ms`-mÈOYRMà
u [tR3UWOQTVUN[-o�OYfS^s{ÄOvX:K¹UN`�X:[-o:â>P-R'KgfS^sL'[ZX:KML'KMTVrt[tm_r¯KMR&U'âgfST-^efgOQLqP�OQR¬OÅ[nR'·¯OYT-^sÎ�OQRzKbOYT�OYms^sLWOQRzU'[EX�O

KML'L¬OÓ^sT-ã�[nR'{ÄOYxgjQ[ K¿KMm~OQw�[nR¬OQRÄ{Z[,X:KMms[tL Ç `�OYT¯UN^_UWO³UN^_r¯[nLÄP�OQR¬OïU'KMTVU¬OYR]KSTVUNKMT�X:KSRlfMOnX�OÓP-R�[tw-msKM{ÄO
Kto+L'KZP�[nL'L'csrtKMmóo+KMT�fS[tT¯UNR¬OQR�P-R'^sT�fScsP-^s[tLb·nKMR¬OQ^eL Ç `-KD·t[�r¯KMR�T-KM{îO;fS[n{ZP-msK�Æ:^eX�OYX:K]X:K]OYms·n`-T-L�UN^sP�[tL
X:K;L'^sL�UNKM{ÄOQLgà ½¾L'LWOÍ^sTVU'KM·tRNOnxgjQ[ßfS[n{ U'âgfST-^efgOYL Ç `�OYT¯UN^_UWO³UN^_rtOQL Ì KM{ð`:{ðL'KMTVU'^ÈXE[Ów�KM{ð·nKMR¬OQm~Ïiâ
ã�`:T�X�OY{ZKSTVUWOQm�T�OYL¿P-R�KSrE^sL'þ,KML0X:[tLHã�`:UN`-R�Âtms[n·t[nLÍX:KßfS^s}MT�fS^ÈO Ç `-K OQ»�R�{ÄOY{ Ç `-Kß[7L'âgfS`-ms[7ù�ù>\
L'KMR¬� ¶ X�O���^s[tms[t·n^ÈO³º¬àßpÃ{ R�KgfSKMTVU'KöãøOQLNfScefS`-ms[ÓX�O0R'K�rE^eL�U¬O ¥d��Öò©�´��¬© o¾X:[ � m_UN^s{Z[v63o0X:Klã�KSr¯KMR�KM^sR'[-o
KMT-ã OQU'^eÎ�OïKM{ L'KM`7KgX:^_UN[nR'^ÈOYm{Û;<36xÜqKHU'R¬OQÎHrn�QR'^s[tLÄOYR3UN^s·t[nL]L'[tw-R�KÍO ¶ T:[³rnOï[nT�X�O�ºWo<X:KM{Z[nT-L�UNRNOYT�X:[
Ç `-K�KML�UWOZâ�`-{ÄOZâMP�[,fgOÄXEK�r¯KMR'X�OnXEKM^eRNO]KSã�KMR�rtKMLNfS}MT�fS^ÈO:o�KM{ Ç `-K�[tL¹fS`-R'R�cÈfS`-ms[nL>X:[nL�fS`-R�LN[nL¹KSL'U¬jY[
L'KMT�X:[�fS[n{ZP-msKSUWOQ{ZKMTVU'KzR'KMã�[nR'{i`-m~OYX:[nL¾Kz¸��¹`-{ÄO¹K�ÆEP-me[nL¬jY[�X:KzP�KML Ç `-^sL¬O:otK�ÆEU'KMT-L¬OY{DKMTVUNKzw�OQL'K�OYX�O
T-[öUNRNOYw�OQms¸-[¿fS[nTné$`:TVUN[HX:[nL�P-R'[Y»�L'LN^s[nT�OY^sL�XEKDã�[nR'{ÄOYxgjQ[;w-^e[nmsÂt·n^ÈfMO;fS[t{ KML�UWO³UNcsL�UN^efS[nL�o+fS^eKMT¯UN^sL�UWOYL
X:KïfS[n{ZP-`:U¬OnxgjQ[-oÃ{ÄOQU'KM{Ä�³UN^efS[nLöK àeàeà ã�csLN^efS[nLg¼ëä¹Löã�csL'^ÈfS[nLöU'KMÂtR�^efS[tLöT�O³UN`-R¬OQms{ZKMTVU'KÓOnX Ç `-^eR�KM{
¸�OQw-^sme^eX�OYX:KML<rnOQR'^ÈOnX�OQL<T�O�UNKMTVU¬OQU'^srnObX:K¹fS[t{DP-R'KMKMT�X:KSR�LN^sL�UNKM{ÄOQL�w�KM{ fS[n{ZP-ms^ÈfgOYX:[nL�à1æÃfSR'KgXE^sU¬O³É�L'K
Ç `-K]`:{ÄOHã~[tR3UNKÄfS[V[tP�KMRNOnxgjQ[ÍKSTVUNR�KlO0��^s[nme[n·n^~OHKlO¿adcsL'^ÈfgOEodKM{îP�OQR�U'^Èf�`-m~OQRgodP�[,X:KÄmsKSrnOYRÅO;`-{ÄO
r¯KSRNX�OYX:KM^sR¬OvR'K�r¯[nme`�xgjQ[]fS^sKMTVUNc_»�fgOvT-[nL¹OQT-[nLqrE^sT�X:[n`-R'[nL?Û 5 Ü�à
Ê¿`-^_UN[nLbã~ceL'^efS[nLbKML�UWO³UNcsL�UN^efS[tLgo�KS{ P�OQR�UN^efS`-mÈOQRgo�L'KMTVU'KM{vÉ�L'KDw�OQL'U¬OYT¯UNK]O³UNR¬OQceX:[tLbP�KMms[¿fgOQ{ZP�[¿X�O

KSrt[tms`�xgjQ[v{Z[nmsKgfS`-mÈOYRMoE¸�OQé�ObrE^sL�UWO Ç `-K�UNâgfST-^efgOQLqf�[t{Z[iK Ç `�OYxSþ,KMLzX:K�X:^sã�`-L¬jY[-oER�KMmeKSrt[tL&X:K�KMT-KSR'·n^~OEo
OQ`:UNËn{ÄO³UN[nL>fSKMms`-m~OQR'KML�KÅL'^e{i`-m~OYxSþVKML�fS[n{ZP-`:U¬OnfS^s[nT�OY^sL�X:KDOQ·tKMT¯UNKML�KM{|^eTVU'KMR¬OYxgjQ[öL¬jY[l`:U'^ems^sÎ�OnX�OQL
KM{ÀOQ{Åw�OQLqOQLÃ�YR�K�OQL�oEKMTVU'R'K�[n`:UNRNOYL&L'KM{ZKMms¸�OYT-xgOYL²Û9ox<�Üóà�½�TVUNKMT�X:KST�X:[YÉ�L'K>KSrt[tms`�xgjQ[DL'^s{ZP-msKML'{ZKMTVU'K
fS[n{Z[ÜX:KMLNfSKMT�X:}MT�fS^ÈOÜfS[n{ {D[EX:^_»�fgOYxgjY[-ozâÍfSmÈOYR�[ Ç `-K�OßK�r¯[tms`�xgjQ[Ü{Z[nmeKMfS`-m~OQRöOYP-R�KML'KMTVUWOÓ`-{ÄO
fS[nT-L'^ÈXEKMR¬�Mr¯KMm�L'`-P�KMR'P�[nLN^exgjQ[DfS[t{ Ob·tKMT:âSUN^efgOÅX:K¹P�[tP-`-mÈOYxSþ,KMLgo Ç `-K¹KML'U'`�X�O�[tL<P-R'[,fSKML'L'[tL&K¹{ZKgfgO�É
T-^sL'{Z[nL<^sT-KMR'KSTVUNKML&ôYL�{Å`-X�OYT�xgOQL<R�KML'P�[tT-L¬�Mr¯KM^sL<P�KMmÈO�X:^_r¯KMR�LN^eX�OYX:K¹·nKMT-âSU'^ÈfgObKMTVU'R'K�R�KMP-R'KML'KMT¯UWOQTVUNKML
X:K�`-{ÄOq{ZKML'{ÄOzKML'P�âgfS^sK<[n`iKSTVUNR'K�KML'P�âgfS^sKML1X:^eã~KMR'KMTVU'KMLgonfS[nT-L�UN^_UN`-^sT�X:[QÉ�LNK�T-[�ã�`-T-X�OY{ZKSTVUN[¹X:K�U'[EX�O
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O;w-^s[tms[n·t^ÈOHKSr¯[nme`�f�^e[nT��QR'^ÈO:à¿ä OnXQé$KSUN^_r¯[¿{Z[nmeKMfS`-m~OQR�^sT�X:^efgO Ç `-K][nL�[nw-é$K�UN[nLÅX:K]KSL'U'`�X:[¿T�jY[¿L¬jY[
{ÄOYfSR'[QÉ�KML'P�âgfS^sKMLqfS[n{Z[�Ý ®x¬Ä®Å«g²³Þ(Öó©�´-« Ì ¸-[n{ZKM{lÏ�[n`_ß ªN®³«g®³ÞMàsÖmzs²�¬Ä©Ozs²³´�®³ØV²³«�µ�©�ª Ì `-{ÄO�{Z[nLNfgO¯Ï�K
L'^s{ rnOYR�^~OQTVU'KML�X:KMTVU'R'[ZX:K�`-{ÄOvfSKMR�U¬OvP�[nP-`-m~OYxgjQ[ÄX:K�·nKMT-KMLgà
ä¹L1R�KMLN`:msU¬OnX:[nL�OQP-R'KML'KMTVU¬OnX:[nL�T-KML�U¬OÃUNKML'K&fS[nT-L�UN^_UN`-KM{ÅÉ�LNK<KM{ {]OY^sL�`-{]O�^sT�fS`-R�LWjQ[>X:K<`-{ ã�csL'^efS[

KML�UWO³UNcsL�UN^efS[>T�O¹KSrt[tms`�xgjQ[>{Z[nmeKMfS`-m~OQRgà y KML'L¬O¹ã�[nR'{]O:otOYTVU'KML¾X:K&^sTVUNR�[EX:`-ÎM^sR�[nL¾fS[nT�fSKM^_UN[nL¾R'KMmsKSrnOQTVUNKML
K�OYP-R�KML'KMTVUWOQR+[ÃfS[tT¯UNK � X:[ÃX:KML�UNK�UNR¬OQw�OQme¸-[-o³â�fS[tTVrtKMT-^sKMTVUNK�[nã�KMR�KgfSKMRdOQms·t`-{]O&P�KMR'L'P�Kgf�UN^_rnOz¸-^sL�UNÂtR�^efgO
OYfSKMRNfgOZX�OZKSr¯[nms`�xgjQ[Äw-^e[nmsÂt·n^ÈfMO:à�ä¹L�meKM^_UN[nR'KSL Ç `-K�KSr¯KSTVUN`�OQms{ZKMTVUNKiXEKML¬f�[tT-¸-KMxgOY{õOYms·n`-T-L�UNKMR�{Z[nL
UNâMfST-^efS[tL�w-^s[tmsÂn·t^efS[nL!`:U'^ems^sÎ�OnX:[nL�T-[zUNK�ÆEU'[qP�[,X:KM{ KMT�f�[tTVU'R¬OQR!OY`EÆEcems^s[ÃT-[q·nms[tL'L¬�YR�^s[ Ç `-K¾L'K¾KMT�fS[tT¯UNR¬O
T-[v»�{GX�OÅU'KML'Ktà

À²Áâá ã#ä åæÅ?ÊæÔ{ÌBÅ{ä Å ç�Å ËiÃèÔ{Ì/Ï�Å ç�Å ÃÑé�Ô?ÄOêæÆÑë{Ô Ãìç�Å Õ{Ã�Ê�íÑË/Ï�ÐÑÅ

ç�Ã"å�Ô{å�êæÄ�Å?ÆÈÇJÃ�É

îÚïñðòï�î óõô1ösô1÷Èøúùúû�ø�ü�ý�ô1÷úþFùÓÿ�ü�ö3þ�����ü��@ù
æ�P-R�^e{ZKS^eRNO]UNKM[nR'^ÈOlL'^sL�UNKM{Ä�³UN^efgOlX�OÄKSr¯[nms`�xgjY[öã�[n^�KSm~OQw�[tRNOnX-OlP�KMme[öT�OQU'`-R¬OQms^eL�UWOÄã�R¬OQT�fS}ML��YK�OQT

�&OQP:UN^sL�UNK�Q!OY{]OYR'f
	 Ì 5 o NDN É 5 :36D<¯Ï�à�½�{Åw�[nR¬O¿L'`�OH^ÈXEâM^~O0X:K Ç `-KöOYLÅfgOQR¬OYf�UNKMR�ceL�UN^efgOQL Ç `-Kl`:{I[tR$É
·¯OYT-^sL'{Z[ßOYX Ç `-^sR'^sL'L'K;P�KMms[ï`-L'[ïP-`�X:KSLNL'KM{ L'KMRiUNR¬OQT-L'{Z^_UN^eX�OQL]OQ[tLvL'KM`-LDX:KMLNfSKMT�X:KMTVU'KMLvUNKMT:¸�OÍL'K
{Z[nL�UNR¬OYX:[bf�[t{ZP-msKSU¬OY{ZKSTVUNKzK Ç `-^_r¯[,fgOYX�O:osQ!OQ{ÄOYR'f
	ÅX:KM^áÆ:[n`Z`-{ÄO¹^e{DP�[tR3UWOYT¯UNKqfS[tT¯UNR'^sw-`-^exgjQ[�o¯P�[n^eL
^sTVUNR�[EX:`-ÎS^e`ß[¿fS[nT�fSKM^_UN[¿X:KÄOYX�OQP:UWOYxgjQ[0X:[nLb^sT�X:^_rEceX:`-[tLiOY[H{DKM^e[HKS{ Ç `-KDr,^srtKM{¿o+ã�`-T�X�OQ{ZKMT¯UWOQm
P�OQR¬OÅ[tLÃX:KML'KMTVrt[tm_rE^s{ZKMTVU'[tLqP�[tL�UNKSR'^s[tR�KMLgà
� `�OQT�X:[lk�¸�OYR�meKSL y OYR���^sT Ì 5 :DS3<³É 5 :3:36¯Ï&fS[nT�fSKMw�KM`¿L'`�OÅU'KM[nR'^ÈODX�OvL'KMmsKgxgjQ[]T�O³UN`-RNOYm4T-[ZL'âgfS`-ms[

ù>\óùvoMKMmeK+é�OQ{ÄOQ^eL�P�[EX:KMR�^~Oz^s{ÄOQ·t^sT�OYRdOQL!P�[nL'LNc_r¯KS^eL1OQP-ms^ÈfgOYxSþVKML1X:K�LN`�OqX:KMLNfS[nw�KMR�U¬O:à!æ�»�T�OQmóo³KM{Åw�[nR¬O
[;OQ`:UN[nR�X:K ¶ æèä¹R'^s·tKS{ X�OQL�½�LNP�âgf�^eKML3º Ì 5 :�T�<VÏzU'^srtKML'LNKiP-msKMT�OÄfS[tT:L¬fS^s}MT�fS^ÈOlX�OQL�R'K�r¯[nme`�fS^s[nT��YR�^~OQL
^s{ZP-ms^ÈfMOnxSþVKMLvfS^sKMTVUNc_»�fgOQLgo1»�ms[nLNÂY»�fgOQLÅKÄR�KMme^s·n^e[nL¬OYLÅX:KÄL'KM` UNR¬OQw�OQme¸-[-o¾OHP-R'ÂnP-R'^ÈOH^ÈX:âM^ÈO0X:Kö�³UN[n{Z[
KMRNOifS[tT-L'^eX:KMRNOnX�O�`-{ÄO�¸-KSR'KML'^~OifS^sKMTVU'cs»�fgOiP�KMmÈOi{]OY^s[tR<P�OQR�U'K�X:[tL&P�KSL Ç `-^eL¬OYX:[tR�KMLzX�O Ç `:KMm~O�âMP�[EfMO:à
Ê¿KML'{Z[ÍOYL'L'^s{¿odL'`�O;^eX:âM^~O¿X:K Ç `-K]{Z[,X:^s»�fMOnxSþVKML Ç `-K]R'KMP-R�KML'KMTVUNKS{î{ÄOQ^s[tRifN¸�OYT�f�KlX:K]L'[nw-R'KSrE^áÉ
r¯}ST�fS^~OöK
	Q[n`ßã�KMR3UN^sme^eX�OYX:KZUNKMT�X-OY{IOlUN[nR'T�OYR3É�L'K]fgOYX�Olr¯KMÎZ{ÄOQ^eL�P-R'KML'KMTVU'KML�KS{B`-{ÄOöP�[nP-`-m~OYxgjQ[�o
X:KSr,^ÈX:[]ô�rtOQTVU¬OY·nKM{ÀfS[n{ZP�KSUN^_UN^_rnOvX:K�L'KM`-LzP�[nR�U¬OnX:[nR'KMLzK�ôiL'`�OiUNRNOYT-L'{Z^sL'L¬jY[ZôÅP-R�[tmsKto�OQ^eT�X�OÅâ>[
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ã�`:T�X�OY{ZKSTVUN[iXEKqUN[,X�O�P�KML Ç `-^sL¬O�KM{ëKSrt[tms`�xgjQ[�à¾½¾L'L'K¹OQP-R'^s{Z[nR¬OQ{ZKMTVU'[iX�O>P�[tP-`:m~OYxgjQ[�rE^ÈO�L'KMmsKgxgjQ[
T�O³UN`-RNOYm�âÄX:KMT-[n{Z^sT�OnXE[�OnX�OQP:UWOYxgjQ[0KSr¯[nme`�f�^e[nT��QR'^ÈO:odK]L'KM{ZP-R'KZ[EfS[nR'R�KÄX:K]`-{ÄO;ã�[nR'{ÄOHfS[nT�X:^efS^áÉ
[nT�OnX-O:o¾X:KMP�KMT�X:KSTVUNKöX�OQLvfS[tT�XE^ÈxSþVKMLZOY{iw-^sKMTVUWOQ^sL�à u OQR¬O¿ã OYÎMKMR�é$`-L�U'^ÈxgOEo�âl^s{ZP�[nR�U¬OYTVU'KlmsKM{Åw-RNOYR
Ç `-Kno�^eT�X:KSP�KMT�X:KMTVU'KvKiL'^e{i`-msU¬OYT:K�OY{ZKSTVUNKvO y OYR���^sT+o�æ¹msã�R'KgX ì `-L'L'KMm�ñ OQmsm~OYfSK Ì 5 :36D8³É 5 < 5 8¯ÏÃf¬¸-K�É
·n[t`öObfS[nT�fSms`-L'þ,KML<L'KM{ZKMms¸�OQTVUNKSL�à¾½¾msKML<f¬¸-KM·¯OYRNOY{ O�OYP-R�KML'KMTVUWOQR<fS[nTné$`-T¯UWOQ{ZKMTVU'K�L'KM`-L�R'KML'`-m_UWOYX:[tL
ôHh,[,fS^sKgX�OnXEKfQ+^eT-K�OQT�OöX:KJQ+[nT�X:R'KMLgo4KM{ `-{]Ol¸-^sL�UNÂnR'^efgOöR�KM`-T-^ÈjY[;KM{ 5 :3TD::àv½¾TVU'R'KSU¬OYTVU'[�o+fS[n{Z[
y OYR���^sTÓX:^eL'P-`-T-¸�O;X:Kv`-{ÄO Ç `�OQTVUN^eX�OYX:KD{Å`-^_UN[ö{ÄOQ^s[tR>Kv{ÄOQ^sLbX:K�UWOQme¸�OYX�OöX:Kv[tw-L'KMR�rnOYxSþ,KSL Ç `-K
ñ OYmsmÈOnfSKto�O Ç `-KMmsKbã~[t^�f�[tT-L'^eX:KMR¬OYX:[Z[ZP-R�^eT�f�^eP�OQmdOQ`:UN[nRÃX�OÅ^ÈXEâM^~ODX�OÅLNKSmeKgxgjQ[]X:[nLÃ{ÄOQ^sL�OYP:U'[tLgà
äÀ{ZKgfgOQT-^sLN{D[ïR�KML'P�[tT-L¬�Mr¯KMm<P�KMmÈOÍ¸-KMR¬OQT�xgO0·tKMT-âSU'^efgOÍã�[n^zX:KMLNfS[nw�KMR�U'[ïP�[tRÅ`-{ fS[nTVUNKM{DP�[tRNû³É

T-KM[0X:K y OYR���^sT+od[¿{Z[nT-·tKlç�R'KM·n[nRÅÊ¿KMT�X:KMm Ì 5 :�6D6³É 5 :3: N Ï�odKM{iw�[tRNOHL'KM` OQR�U'^e·n[ÍXEK 5 : P TöUNKMT-¸�O
P�KMR�{ÄOYT-KMfS^ÈXE[ÓX:KMLNfS[nT-¸-KgfS^eX:[ßO³UNâ 5 <DS3S:àÓ½¾L�U'`�X�OYT�X:[ÍrnOQR'^ÈOnx�þ,KMLvã~KMT-[nU'csP-^ÈfgOQLvKM{ K�ÆEP�KMR'^s{ZKMTVU'[tL
fS[n{ KMR3rE^ems¸�OQLÄR�K�OYms^sÎ�OYX:[tLÄKMTVU'R'K 5 :3T P K 5 : P 8:o&KSmeK0fS[nT�fSme`:^e` Ç `-KÍOÓ^sT-ã�[nR'{ÄOYxgjQ[ ·tKMT:âSUN^efgOÓKMR¬O
UNRNOYT:LN{D^sU'^ÈX�OvL'KM·n`-T�X:[Z`-{À{ZKgfgOQT-^eL'{Z[]X:K�¸-KMR¬OQT�xgO�� Ö~«���ªN©Sµê² X�OQL�fgOQR¬OYf�UNKMR�csL'U'^ÈfgOQLÃP�OQU'KMR'T�OQLgà�æ¹L
KMR3rE^sme¸�OQLzX:K�Ê0KST�X:KMm�KMR¬OQ{ër¯KMRNX:KSL&[n`;OQ{ÄOQR'KMmÈOYLgo,ms^eL¬OQL&[n`lR'`-·n[nLWOQLgo,T�jY[i¸�Ogr,^~Ob{ZKM^s[iU'KMR'{Z[-à¾½¾{
ms^sT-·t`�OQ·tKS{ {Z[,X:KMR'T�OEo,P�[EX:KWÉêL'K�X:^sÎMKMR Ç `-K�Ê¿KMT�X:KMm�{Z[nL�UNR'[n` Ç `-K�[nL&X:[n^eL&OYmsKMms[tL&X:K¹fgOYX�Ob·tKMT-K�L'K
L'KMP�OQR¬OQ{ÀT�Ovã~[tR�{ÄOnxMjY[]X:[nLq·VOQ{ZKSU¬OYLgo-KM{ `-{ÀP-R�[EfSKML'L'[]X:KMT:[t{Z^sT�OYX:[]L'KM·nR'KS·VOYxgjY[-à
� `�OQT�X:[�R'KgX:KMLNfS[nw�KMR�U'[�oV[bUNRNOYw�OYms¸-[ÅX:K¹Ê¿KMT�X:KMm�T�jY[bU'KSr¯K¹Onf�KM^sU¬OnxMjY[i^s{ZKgX:^ÈO³UWO�P�[tR�w�[¯ObP�OQR�U'K

X:[nL�w-^e[nmsÂt·n[nL¾KSr¯[nms`�fS^s[tT-^sL�UWOQLgoVOYP�KML¬OQR¾X�O�^s{ZP�[tR3UWûQT�fS^ÈO¹¸-[né$KqO³UNR�^ew-`:cÈX�O>O�OQms·t`-T:L�X:KML'KMTVrt[tm_rE^s{ZKMTEÉ
UN[nL�O]KMmsKÅR'KMmÈOYfS^e[nT�OYX:[tLgo4fS[t{D[ö[ÄU'KM[tR�KM{ÄOÄX:Kj¯¹OQRNX��VÉòñ KM^sT,w�KMR'· Ì 5 <3SD:¯Ï�à�½¾T Ç `�OYT¯UN[HO]¸-KMRNOYT-xgO
X:^sLNfSR'KSU¬Ob{ZKMT�X:KMms^ÈOYT�O�KMT Ç `�OnX:RNOMrtO�É�L'K¹P�KMR'ã~KM^_UWOQ{ZKMTVUNK�T-[iLWOQm_UWOYfS^e[nT-^sL'{Z[�oEfS[nR'R'KSTVUNK Ç `-K�XEKMã�KMT�X:^ÈO
Ç `-KvOQL¹{Å`�X�OQT�xgOQL�KSrt[tms`�fS^s[tT��YR�^~OQL�[EfS[nR'R'KSR'^ÈOY{ArE^ÈO ¶ L¬OQmsU'[tL3ºiX:K�{ÄOY·nT-^_UN`�X:KvOYP:R'KgfS^È�Mr¯KMmòo�KMmÈO]KMR¬O
UN^eX�OHfS[n{Z[¿^eT�fS[n{ZP�O³UNc_r¯KMm�fS[t{IOYL�^eX:âM^ÈOQLÅX:[0·nR¬OYX:`�OQme^sL'{Z[-o1X:KMã~KMT�X:^eX�OYLiP�KMms[0P-R�ÂtP-R�^e[ y OQR��Ã^sT+o
P�KMmÈOQL Ç `�OQ^sLvOQLifgOYRNOnf�U'KMR'csL�UN^efgOQLiã�KMT-[YUNcsP-^efgOYLiX:KSr¯KMR�^~OQ{îL'KMRb{ZKgX:^eX�OYL�KM{B`-{ÄO;KMLNfgOYmÈO¿f�[tTVU'ceTV`�O
K�OYP-R�KML'KMTVUWOQR'^ÈOQ{ÀrnOYR�^~OYxSþVKML�L'`�OMr¯KMLÃK�P-RNOQU'^ÈfgOQ{ZKMT¯UNKb^s{ZP�KMRNf�KMP:UNc_r¯KM^sLgà<½¾L'L¬OÅrE^sL¬jY[ZP�OQR'KgfS^ÈOD{]OY^sL
OYX:K Ç `�OYX�O Ç `�OYT�X:[öL'KZOQT�OYms^sL¬OgrnOöfgOQR¬OYf�U'KMR'csL�UN^efgOYL�fS[t{D[¿OQm_UN`-RNOÄKvP�KML'[�o�KÅUN^sT-¸�OöO³»�T-^ÈX�OYX:KDfS[n{
OÅT-[ExMjY[Z^sTVU'`-^sU'^srnOvX:K�`-{	»�ms¸-[ZL'KMRÃO ¶ {Z^eL�U'`-R¬OvX:K�L'KM`-LqP�OY^sL3º¬à�pÃ{ÀX:[nLÃ{]OY^s[nR'KMLÃX:KMã~KMT-L'[tR'KSL�X:[
·nR¬OYX:`�OYms^sL'{Z[ Ì OQP�KMLWOQRqX:K>`-{ÄOvfSKMR3UWOvOY{Åw:^e· ÿ ^eX�OnX:K�KS{AOQms·t`-T:LÃ{D[t{ZKSTVUN[nLWÏ�ã~[t^+a-R¬OQT�fS^sL�ç>OYm_UN[nT
Ì 5 :3636�É 5 < 5D5 ÏWoY`-{ P-R'^s{Z[�X:K y OQR���^sT+o Ç `-K�ã~[t^¯`-{ P-^s[nT-KM^sR'[�T�O�OQP-ms^ÈfMOnxgjQ[�X:K�U'âgfST-^efgOQLdKML�UWO³UNcsL'U'^ÈfMOYL
ôD��^s[tms[t·n^ÈODKbfS[nT-L'K ÇVÿ KMTVU'KM{ZKMTVU'KbfS[tT-L'^eX:KMR¬OYX:[][Dã�`-T�X-OnX:[nRÃX�OZ��^s[n{ZKSUNR�^~OEà

N



ú Ovr¯KMR'X�OnX:Kno�OQL�^eX:âM^ÈOQL�XEKvç�OQm_UN[nT0KiÊ¿KMT�X:KMm�T�jY[]KMRNOY{À^eT�f�[t{ZP�O³UNc_r¯KS^eLgà y K�ã OQU'[�o�ODR�KMmÈOnxgjQ[
KMTVU'R'K&·nKMT-ÂYUN^sP�[�K&ã�KMT-ÂYUN^sP�[>âz[nw-LNfS`-R�KgfS^ÈX-O�P�KMmÈO>f�[t{ZP-msK�Æ-O�^sTVU'KMR¬OYxgjY[>KMT¯UNR'K&·nKMT-KML¾KqOQ{Åw-^sKMTVUNK&T�O
X:KSU'KMR'{Z^sT�OYxgjQ[¿X�O]»�LN^s[nme[n·n^~OEo�X:KML'KMTVr¯[nm_rE^s{ZKMTVU'[;KDfS[t{ZP�[nR�U¬OY{DKMTVUN[-à�æèfS[n{ZP-msK�Æ:^eX�OnXEKZâZOQ^eT-X�O
{ÄOQ^s[tR>T�Olw-^s[nme[n·n^~OöKSrt[tms`�fS^s[tT��YR�^~OöP�[nR Ç `-Kv[;P�[tTVU'[;P-R'^sT�fS^sP�OQm¾â]Ol¸�OQw-^sme^eX�OYX:K ªN©Ozs²QµmÖ�¨n² X:[nL�[tR$É
·¯OYT-^sL'{Z[nLlKS{ L'[tw-R�KSrE^_r¯KMRÄK¿R'KMP-R�[EX:`-ÎM^sR3É�L'K0KM{ L'KM`-LöOQ{Åw-^sKMTVUNKMLgà ½�{Åw�[nR¬O OYms·n`-T-LÄUNRNOYw�OQms¸-[tL
UNKST-¸�OY{ëOQw�[tR'X�OnX:[bKML'L¬O Ç `-KML�U¬jY[�T�O>P-R�^s{ZKM^sR¬O>X:âgfgOYX�O�X:[�LNâMfS`-me[>ù¹ù KqP�OQL'LWOYX:[�XEKMLNP�KSRNfSKMw-^eX:[nL�o
fS[nT-L'^ÈXEKMR¬O�ÉêL'K Ç `-K�[]fS[n{ZKgxS[ZX�OvR'Kgf�[tT�fS^sms^~OYxgjQ[ZUNKMÂnR'^efgOvKMTVU'R'K�[D·tRNOnX:`�OQms^eL'{Z[ZK�[DL¬OYm_UWOYfS^s[tT-^sL'{Z[
ã�[n^¾X:KSUNKMR�{Z^sT�OnX�OlP�[tR�`:{îOQR�UN^s·n[¿X:K 5 < 5 :HX:[HfSR'^ÈOYX:[tRbX-OH½¾L�U¬OQU'ceL�UN^efgOl{Z[EXEKMR'T�OEo ì [nT�OQmÈXïæh�EmáÉ
{ZKMRÃad^sLN¸-KSR Ì 5 :D<DSQÉ 5 < P 6tÏ�o Ç `-Kb{Z[tL�U'R'[n` Ç `-Kb`-{G{Z[,X:KMms[ÄfS[n{G{ � m_UN^sP-ms[tLÃãøOQU'[tR�KML�{DKMT�X:KMms^~OQT-[nL
^sTVUNKSR¬OY·nKMTVU'KML>KMRNOlfgOQP�OQÎDX:KÅ·nKMR¬OQR¹rnOQR'^ÈOnxSþVKML�fS[nTVU'ceT,`�OQL>KM{|`-{õã~KMT-ÂnU'^eP�[-àbÊÍOQU'KM{ÄO³UN^efgOQ{ZKMTVUNKno
[ Ç `-KÅL'Ki[nw-L'KMR�rnO]âvOYP�KMT�OYL�`-{ÄOZ{ÄOQT-^eã~KML�UWOYxgjY[öX:[]UNKM[nR'KM{ÄO]X:[lms^e{Z^_U'KvfSKMT¯UNR¬OQm�bo�RNOYÎ�jQ[lP�KMmÈO
Ç `�OQm�OYLÃX:^sL'U'R'^sw-`-^exSþ,KMLÃ[nw-L'KMR�rnOYX�OYLqKM{ZP-^sR'^efgOQ{ZKMTVU'KbP�[nR¹ç�OQm_UN[nTHT�jY[DL'[t{ZKSTVUNK�KSR¬OQ{GfS[nTVUNcsT,`�OQLgo
{ÄOQLzUN^sT-¸�OQ{AOvã OY{Z[nL¬Ovã~[tR�{ÄOvX:KbL'^sT-[]X:K�`-{ÄOvfS`-R3rtOÅ·VOQ`-L'L'^~OQT�OEà
ú Oir¯KMR'X�OnX:Kno-[ZfgOQL¬OY{DKMTVUN[DKMT¯UNR'K>[ZX�OQR��Ã^sT-^eL'{Z[ZfSmÈ�YL'L'^efS[ZK>[D{ZKgfgOQT-^sL'{Z[ZX:K�¸-KMRNOYT-xgOv·nKMT-â�É

UN^efgO]{DKMT�X:KMms^~OQT�O]ã�[n^d[lR�KML'`-msU¬OnX:[lX:KiU'R'}ML�X:âgfgOYX�OQL>X:KiP�KSL Ç `-^eL¬OQL�KM{ZP-csR'^efgOQL�K�UNKMÂnR'^efgOQL�o�X�OYT-X:[
[nR'^s·tKS{ ôzUNKM[nR'^ÈOqL'^sTVUNâSU'^efgOÃX�OqKSrt[tms`�xgjQ[�o³UWOQ{Åw�âM{ fS[tT:¸-KgfS^eX�O�fS[n{Z[ÃT-KM[YÉêX�OQR��Ã^sT-^eL'{Z[-à¾ä�P�KMR�ce[,X:[
Ç `-K¹L'K�KML�U'KMT�X:K>X:[i»�{ X�OÅXEâgfgOnX�OiX:K 5 SvO³UNâ¹[i»�{	X�OiX:âgfMOnX�OiX:K N Siâ�fS[tT-¸:KgfS^ÈXE[DfS[t{D[DO ¶ KMR¬O
X:[n`-R¬OYX�O�º²Û;8DS-oD< N Ü�X�O�·tKMT:âSUN^efgO�X:KzP�[nP-`-m~OYxSþVKML�Kqã~[t^-ã~`-T�X�OY{DKMTVUWOQm-P�OYRNO Ç `-KzKML'LWO>X:^sLNfS^sP-me^sT�ObOYX,É
Ç `-^sR'^sL'L'K�`-{Gf�[tTnéê`-TVUN[ZL'^sL�UNKM{Ä�³UN^efS[DK�L'[n»�L�U'^ÈfgOYX:[]X:K�P:R'^sT�fSceP:^e[nLÃ{ÄO³UNKM{Ä�³UN^efS[nLgo-K�Æ:fSme`-L'^_rnOY{ZKSTVUNK
X:KSr,^ÈX:[lOQ[nL�KML'ã�[nRNxS[nL�X:K�a1^sL'¸-KMRgo�h,K��qOQmem4ñ R'^s·t¸¯U Ì 5 :D:3<³É 5 <D:3:¯Ï&K��Y[t¸-TÍ��`-R'X:[nTïh:OQT�X:KMR�L'[tTt¯�OYmáÉ
X�OQT-K Ì 5 :3<36³É 5 < P�N Ï�à�½dÆ:P�KMR'^s{ZKMT¯UWOQme{DKMTVUNKto,X:KML�UWOYfgOY{ÅÉ�LNK�[nL�UNR¬OQw�OQme¸-[nL&X:KMfS^eL'^_r¯[nL&X:K�·nKMT-KSU'^ÈfS^sL�UWOQL
fS[n{Z[0Jz¸:KM[EX:[nL'^e`-L y [nw-ÎM¸�OQT-Lâ	s� Ì 5 <3SDS³É 5 <�oDTtÏ>KÄ½¾R'T-L�UÅÊÍOO�ER Ì 5 <3S N É3ÏWodX:KM{Z[nT-L'U'R¬OQT�X:[ÍOHw�OQL'K
{ZKMT-X:KMme^ÈOQT�ODX�OirnOQR'^ÈOnxMjY[D·nKMT-âSUN^efgOEo:UWOQTVUN[DfS[nTVUNcsT,`�O Ç `�OQTVU'[ZX:KMLNfS[nTVUNcsT,`�OEo-KbOÅ^s{ZP�[nL'LN^sw-^sms^ÈX�OYX:K
X�OiUNR¬OQT-L'{Z^sL'LWjQ[]X-OYLÃfgOQR¬OYf�UNKMR�ceL�UN^efgOQL¹OnX Ç `-^eR�^ÈX�OQLgà
½�TVUNR�KSUWOQTVUN[-o:T-[tLÃOYT-[nL�TDS:o�OQ^sT�X�Ov¸�OgrE^ÈOÅ{Å`-^_UN[DP�[n`�fgOvKSrE^eX:}MT�f�^~OvKM{DP-ceR�^ÈfgODOYfSKMRNfgOvX�OÅ^eT¯UNKMTEÉ

L'^eX�OnX:KÄX�O;rtOQR'^ÈOYxgjY[0·tKST-âSUN^efgOEà�¯¹OMrE^ÈO¿fS[nT-L'KMT-L'[ Ç `�OYTVU'[�ôHP-R'[VKM{Z^sT-}MT�fS^ÈO0X�OHL'KMmsKgxgjQ[ÍT�O³UN`-RNOYm
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KMTVU'R'K;OQLÅã�[nRNxgOQLvK�r¯[tms`�fS^s[nT��YR�^~OQLgo¾{ÄOQLÅ[tLÅ·nKMT-KSUN^efS^sL�UWOQLZXE^srE^eX:^ÈOY{ÅÉ�LNKlKMTVU'R'K;O Ç `-KMmsKML Ç `-KöX:KMã�KMTEÉ
X:^ÈOQ{BL'KM`ÓP�OQP�KMm¾P-`-R'^_»�fgOYX:[tRMo!R�KM{Z[�r¯KMT�X:[;{Å`:U¬Onx�þ,KML�X:KSmeKSU'âMR'^ÈOYLbKDR'KMX:`-ÎM^sT�X:[ÍOÄrtOQR'^ÈOQw-^ems^eX�OYX:Kto
KH[nL]X:KMã~KMT-L'[tR�KMLÄXEKH`-{ÄO�L'KMmsKgxgjQ[ X:KHw�OQm~OQT�xS[-à�æ Ç `-KMmsKMLgo�[nLZP�OQR�UN^eX��QR'^s[tL]X�O�KMLNfS[nm~OïfSmÈ�YL'L'^ÈfMO:o
OYfSR'KgX:^_UWOMrnOQ{ Ç `-KZ[tLb{ZKS{Åw-R'[nL�X:KZ`-{]O;P�[nP-`-mÈOnxMjY[¿LNKSR'^ÈOY{ ¸-[t{Z[nÎM^s·t[YUN[nL�T�Oö·tRNOYT-X:K]{ÄOQ^s[tR�^~O
X:[nL&L'KM`-L z_®*��Ö Ì `-{ÀOQmsKMms[DfS[n{Å`-{ P�OYRNOÅfgOYX�O z_®*��¦,« ÏWà�æ KMLNfS[tmÈOÅX:[Åw�OYmÈOQT�xS[-o:P�[nR&[n`:UNR'[ÅmÈOnX:[-o:X:K�É
ã�KST�X:^~O Ç `-K�[tL�^sT�X:^sr,cÈX:`-[nL¹LWjQ[Ä¸-KSU'KMR'[nÎM^s·t[YUN[nL�KS{A`-{ÄOZP�OQRNfSKMmÈO]fS[nT-LN^eX:KMRN�grtKMmdX:[tL zs®*��Ö ·t}ST-^ÈfS[nLgà
y KML'KMTVr¯[nm_rE^s{ZKMTVUN[nLDK�Æ:P�KMR'^s{ZKMT¯UWOQ^eLgo�fS[n{Z[ï[ïLNK ÇVÿ KMT�fS^ÈOQ{ZKMTVUN[ïK¿OÍKMmsKSUNR'[nã�[nR'KML'KHX:K;P-R'[YUNKMcsT�OQLgo
R'KSLN[nm_r¯KMRNOY{|KMLNL¬O Ç `-KML�UWjQ[HOQ[lKSrE^eX:KMT�fS^ÈOYR�KM{ ·nR¬OQT�X:KirnOYR�^~OQw-^sme^eX�OYX:KvT�jY[;OQP�KST�OYL>KSTVUNR'KiKML'P�âgfS^sKML
{ÄOQLÃU¬OY{Åw�âS{AX:KMTVUNR�[ÄX:K�P�[tP:`-m~OYxSþVKML�àÃk�[tTVU'`�X:[-o�LN`-R�·t^s`0`-{GP-R�[tw-msKM{ÄOD{Å`-^_UN[]{ÄOQ^sL�L'âMR'^s[-o�OQU'â
¸-[néêKbT�jQ[ZR�KMLN[nm_rE^eX:[�à
h,^s{ZP-ms^_»�fgOQT�X:[Zw�OYL�U¬OYTVU'Kto:P�[EX:K�É�L'KbX:^sÎMKMR Ç `-KbOirtOQR'^ÈOQw-^ems^eX�OnX:K�[tw-L'KMR3rtOYX�OÅKMR¬OÅw�KM{ {ÄOQ^s[tRqX:[

Ç `-K0OïKML'P�KMRNOnX�OEo<KM{ `-{ T-c_r¯KMm�OQP�OQR'KMTVU'KM{ZKMTVU'KH^eT�fS[nT-L'^sL'U'KMTVUNK0fS[n{ OïK�ÆE^eL�UN}ST�fS^~OÓX:K¿L'KMmsKgxgjQ[
T�O³UN`-RNOYmòà ú KML'LNKÄ{Z[n{ZKMTVU'[�o�X:KSL'U¬OnfgO�É�L'Kl[ÍP�KML Ç `-^sL¬OnX:[nR¹é�OQP�[tT-}SLZÊ¿[YUN[,[t±>^s{Å`-RNO Ì 5 <�6 N É 5 <D< N Ï
msKM{Åw-RNOnX:[-o:Onf�^e{ÄO�X:K�U'`�X:[�o,P�[nR<L'KMR�`-{ X:[tL&fSR�^~OYX:[nR'KML�Û;<D:�Ü Ì ^sT�X:KMP�KMT�XEKMTVUNK�K�LN^s{Å`-m_U¬OYT-K�OQ{ZKMT¯UNK
O��:àeQ�àe±>^sT-·ÅK¹J�à�¯�à��Y`�	tKML�Û 5 S N Ü�Ï�KnoEL'KM{ X � r,^ÈX�OEoE[i{ÄOQ^s[tR<X:^_rE`-ms·VOYX:[tR&X�O�UNKM[nR'^ÈO�X�O�K�r¯[tms`�xgjQ[
T-KM`:U'R¬OEà�½�L'LWOzUNKS[tR'^ÈO�OQ»�R�{ÄO Ç `-K&OÃ{ÄOQ^s[tR!P�OYR3UNK<X�OQLd{Å`:UWOYxSþVKML1â�LNKSmeKSU'^srnOQ{ZKMTVU'K<T-KM`EUNR¬Oq[t`vOQP-R'[QÉ
Æ:^s{ÄOYX�OQ{ZKMTVUNKbT-KM`:UNRNOWÛ 5 S 5 Üóo�X:Kb{Z[EX:[ Ç `-KÅOZX:KMR�^_rtOD·tKMT:âSUN^efgO:o�K�T�jQ[öODL'KMmsKgxgjQ[ÄT�OQU'`-R¬OQmóo�L'KMR�^~O
OöP-R�^sT�fS^eP�OYm¾R'KML'P�[tT:LW�Mr¯KSm�P�KMms[HP�[tms^s{Z[tR3»�L'{Z[nLb^sTVUNKMR�KD^sTVUNRNOYKML'P�Kgf�cs»�fS[nLgàÄ½�L'LWOl¸-^eP�ÂYUNKSLNKDâ]fS[nTEÉ
UNR�[�r¯KMR'L¬OEo�P�[t^sL�KM{Åw�[nR¬ODR'KgOYms{ZKMTVU'K�¸�OQé3OZ{]OY^s[tRqrnOYR�^~OQw-^sme^eX�OYX:Ki·nKMT-âSUN^efgO]X:[ Ç `:K�L'KMR'^ÈODKML'P�KSR¬OYX:[
T�ObP-R�KML'KMT�xgO�X:K�L'KMmsKgxgjQ[ÅT�O³UN`-RNOYm�KS{ fSKMR3UN[nL<L'^eL�U'KM{ÄOYL�K�L¬OQ^ew�O³É�L'K>O³UN`�OQms{ZKMTVUNK Ç `-K�OQP�KMT�OQL&fSKMRNfgO
X:K

4%
X:[�·tKST-[t{ÄObX:[tL�{ÄOQ{Zcsã�KMR'[nL<fS[,X:^s»�fMO�P-R�[nU'KMceT�OQLgo:OQP�OQR'KMTVU'KM{ZKMTVU'K¹X�OYT�XE[DOQ{ZP-mÈOb{]OYR�·tKM{

P�OQR¬OiOb[Ef�[tR�R'}MT�fS^ÈOiX:K¹{i`:UWOYxSþ,KML<T-KS`:UNR¬OQLgo,[tL<X:KMã�KMT-L'[nR'KML&X�ObL'KMmeKgxMjY[iU¬OY{iw�âS{ëUN}M{ X�OYX:[tLzObL'KM`
ãøOMr¯[nR{Û P o,o 5�N3N Ü�à�ÊÍOQL�±>^s{Å`-RNODX:KML'KM{DP�KMT-¸-[t`H`-{ÀP�OYP�KMm+^sT�fS[nTVU'KML'U¬�Mr¯KMmúÛ 5D5OP Ü�T�OÅ`-T-^s»�fMOnxgjQ[ÄX�O
KSrt[tms`�xgjQ[v{Z[nmeKMfS`-m~OQRzfS[n{ O�·tKMT-â�UN^efgOÅX:K¹P�[tP-`-mÈOYxSþ,KMLgo-fSR�^~OQT�X:[v{D[EX:KMms[nL Ç `-K>fSKMR3UWOQ{ZKMTVU'K�OQ^eT-X�O
L'KMR¬jQ[D`-LWOYX:[nLÃP�[nRq{Å`-^_UN[nL�OYT-[nLgà
pq{ ^s{ZP�[nR�U¬OYTVU'KÍfS[nTVU'KM{ZP�[nR¬ûQT-KM[ X:K_±>^s{Å`-RNOßfS`né3Oß[nw-R¬OÓP�KMR'{ÄOQT-KgfSKS`�X:KMLNfS[tT-¸-KMfS^ÈX�OßP�[nR

{Å`:^sU'[�UNKM{ZP�[bã�[n^�[�ã~R¬OQT�fS}ML&ç�`-L�UWOMr¯K�ÊÍOYmsâgfS[YU Ì 5 < 5D5 É 5 <D<3:¯Ï�à y KMP�[t^sL<X:KMmsKMLgoV{ÄO³UNKS{Ä�QU'^ÈfS[nL�fS[n{Z[
±bOQR'ms^eT4oV½/�&KMT-LgoYñ OQU�UNKMR�LN[nT+o¯Ê0[nR¬OQTvK ú OQ·��EmÈO�	,^E»�ÎSKMR¬OQ{�fS[nTVU'R'^sw-`-^exSþ,KML¾R'KMmsKSrnOYT¯UNKML¾KM{å{Z[,X:KMms[tL
X:K�{Å`-^_UN[nL!·nKMT-KMLgoYX:^sT�ûY{D^ÈfMOqKML'P�Onx�[YÉóUNKM{DP�[tRNOYmVX:K�P�[nP-`-mÈOnxSþVKMLdK�{D[EX:KMms[tL!·nKMT-âSU'^ÈfS[nL!KML�UN[EfM�YL�UN^efS[nL

P



X:^_r¯KMR�L'[tLgà!æ�me·n`-T-L!X:KMmsKML+UWOQ{Åw�âM{ OQTVUNKMfS^eP�OQR¬OQ{ Û 5 SD::o 5 o 5 Ü,OYR�·t`:{ZKMTVUN[nL Ç `-K¾rE^sR'^ÈOQ{ O<ãøOYÎSKMR�P�OQR�U'K
X:[]f�[tTnéê`-TVUN[]X:K>U'âgfST-^efgOYL�fS[nT-¸-KgfS^eX:[Äf�[t{Z[vUNKM[nR'^ÈODX:[]f�[VOQmsKML¬f�KMTVUNKto-KMmÈOYw�[nR¬OYX:[]K�L'^sL�UNKM{ÄO³UN^sÎ�OYX:[
Û 5 S�oEo 5 S�TEo 5 S P Ü�P�[nR^�:à�a<à<k�àú±>^sT-·n{ÄOQT�`-{ P�[n`�fS[ OYTVU'KMLÄK¿^sT�X:KMP�KMT�X:KMT¯UNKM{ZKMT¯UNKÍX:K ì à ì à
¯Ã`�X:L'[nT Û;:�olÜ!KÅa<à�J1OQé$^s{ÄOWÛ 5OP <xÜ�àq½¾L'L¬OZ{ZKSU'[EX:[nms[t·n^ÈO]P�KMR�{Z^_UN^s`Í·nR¬OQT�X:KML�P-R'[n·tR�KML'LN[nL�T-[ÄKML�UN`�X:[
X:[¿P�[nme^s{Z[nR�»�L'{Z[¿·tKMT-âSU'^efS[0KM{BP�[tP-`:m~OYxSþ,KSLÅT�OQLiX:`�OQL � m_U'^e{ÄOQLiX:âgfgOYX�OQLiK]w�OQL'KM^ÈO³É�L'K]KM{IXE`�OYL
P-R�[tP-R�^eKgX-OnX:KML�X:[DR'KM·n^s{ZK�T-KM`:UNR�[]X:K�T-[YUW�Mr¯KMm4LN^s{ZP-ms^efS^eX�OnX:Kb{ÄOQLq^s{ZP�[tR3UWOQTVUNKMLÃfS[nT-L'K ÇVÿ }MT�f�^~OQLgà
½�{|P-R'^s{ZKM^sR'[lme`:·VOQRgo�âÅP�[nL'LNc_r¯KMmdL'KMP�OYRNOYR¹[lP-R'[,fSKML'L'[;X:KÅ{i`:UWOYxgjQ[;X:[lP-R�[EfSKML'L'[ö·nKMT-K�OQmeÂn·n^Èf�[

Ç `�OQT�X:[ÍOQLb{Å`:UWOYxSþVKML�L¬jY[HT-KM`:UNRNOYLgà]æ�»�T�OQmòo!P�[nR�X:KS»�T-^exgjQ[�o�UWOQ^eL�rnOYR�^~OYxSþVKMLiT�jY[0OYã�K�UWOQ{B[¿L'`EÉ
fSKML'L'[�R'KMP-R�[EX:`:U'^srt[ÅXEK�L'KM`-L�P�[nR�U¬OnX:[nR'KMLgà y KMLNL¬O�ã~[tR�{ÄO:o,O�KSr¯[nme`�xMjY[iX:K�`-{ÄO>P�[tP-`-mÈOYxgjY[iP�[,X:KMR'^ÈO
L'KMR�L'^e{i`-m~OYX�O]L'KM{A^sT�fSme`:^eR>O]^sT�fS^eX:}MT�fS^ÈOÄX:KÅX:KMã�KM^_UN[nL�Kno4OQ[ÄU'âMR'{Z^sT-[lX:[ÄP-R'[,fSKML'LN[-o�OYL¹{Å`:U¬Onx�þ,KML
P�[,X:KMR'^ÈOY{ëL'KMR�X:^sL'U'R'^sw-`-ceX�OYL<OY[bms[tT:·t[iX:[nL�R¬OQ{Z[nL�X�Ob�YR3r¯[nR'KÃ·nKMT-K�OQmsÂt·n^ÈfMO:o,KM{iw�[tRNO>KML'LNKÃP:R'[EfSKMX:^_É
{ZKMT¯UN[vT�jQ[vLNK�é3OÅP�OQR�U'^Èf�`-m~OQR'{DKMTVUNK � U'^em�P�[nRzKMTVrt[tm_r¯KMRqOiL'^e{i`-m~OYxgjQ[ZX:K�U'[EX�OvOiP�[nP-`-mÈOYxgjY[-o�fS[n{Z[
Ovã�[nR'{i`-m~OYxgjQ[][nR'^s·t^sT�OQmóà ú KML�U'KiOQLNP�KgfWUN[-o�XEKML'U¬OnfMO³É�L'KiOvL'KM·t`:T�X�ODP-R'[nP-R'^sKgX�OYX:Kto�P�KMmÈO Ç `�OQm�â�P�[tL3É
L'c_r¯KMm�X:KMLNfSR'KSrtKMRzOb·nKMT-K�OQms[t·n^~OiX:K¹`-{è·nR'`-P�[ÅX:K¹^sT�X:^sr,cÈX:`-[nLzX:K�ã�R'KMT¯UNK¹P�OQR¬O�U'R¬�QL Ì §¬²3��_
`<²Qª � « Ï�OY[
ms[tT:·t[lX:[ZUNKM{DP�[�o�L'KM{AfS[nT-L'^ÈX:KSR¬OQR�[ÄR�KML�UWOQTVUNKiX-OZP�[nP-`-mÈOnxMjY[-à¹ç¹KMR¬OYxgjY[]P�[nR�·tKMRNOnxMjY[-o�OÄ�QR�rt[tR�K
·nKMT-K�OQmeÂn·n^ÈfgOvXEKMLNL'K�·nR'`-P�[vâ�R¬OQL�UNR'KgOnX�OiP�OQR¬OiX:KSUNKMf�UWOQRzfS[VOQmsKMLNfS}MT�fS^ÈOYLzKMTVUNR�K�me^sT-¸�OQ·tKST-L�O³UNâ Ç `-K�[
æ¹k&Ê ì L'K�é3O>KMT�fS[nTVUNRNOnX:[-o Ç `�OQT�X:[bKMTVU¬jY[�R'KSUN[n{ÄO�É�L'Kq[bLNKSTVUN^eX:[bR'[YUN^sT-KM^sR'[�X�O>KSr¯[nms`�xgjY[�UNKS{ZP�[tRNOYm
P�OQR¬OÅ^e{DP-meKM{DKMTVUWOQRq[DP-R'[,fSKML'LN[]X:K>{Å`:UWOYxgjQ[�à
½�L'LWO>OQw�[nRNX-OY·nKM{�msKSrnO>X:^sR'K�UWOQ{ZKMTVUNKÃO>OYms·n[tR�^sU'{Z[nL�K�ÆEU'R'KM{ÄOQ{ZKMT¯UNKzKS»�fS^eKMT¯UNKMLgo Ç `-KÃXEKML¬fMOYR3UWOQ{

Oö{ÄOY^s[nRbK]^sR'R�KMmsKSrnOYTVU'K]P�OQR�UNK]X�Oö¸-^eL�U'ÂtR'^ÈO;KSr¯[nms`:UN^_rnO:àlÊ�OQLgo1OYfS^s{ÄOHX:KDUN`�X:[-o�UNRNOQU¬O³É�L'K]X:KZ`-{ÄO
UNKS[tR�^~OHKMmsKM·VOQTVUNKÄKlX:K]·tRNOYT�X:K]rnOQme[nRi¸-KM`-R�ceL�U'^ÈfS[-o Ç `-KöOQã�KSU¬O¿P-R�[tã~`-T�X�OY{DKMTVUNKöOHã�[nR'{ÄO¿fS[n{Z[0L'K
OQT�OYms^sL¬O�O�X:^sT�ûQ{Z^efgO�K�r¯[tms`�fS^s[nT��YR�^~O�T:[�R�KM·t^s{ZKqT-KM`:U'R'[-à�ä f�[VOQmeKSL¬f�KMTVUNKÃP�[nLNL'^sw-^sme^_UWO>[�fg�QmÈfS`:me[�X�OYL
P-R�[tw�OQw-^sme^eX�OYX:KML�X:KzfS[nT:»�·n`-R¬OYxSþ,KML�OQ{Z[nL'U'R¬OQ^eL�L'[nwDX:^srtKMR'L'[nL¾{Z[,X:KMms[tL¾X:K&·tKMT-âSU'^efgO�X:K&P�[tP-`-mÈOYxSþ,KML
Ì {DKML'{Z[¿{Z[EX:KSme[nLiT-KM`:U'R'[nLi{ÄOQ^sLÅfS[n{ZP-msK�Æ:[nLiã�R�K ÇVÿ KMT¯UNKM{ZKMT¯UNKÄfS[tT¯r¯KMR'·nKM{îP�OQR¬OH[nL�R'KML'`-m_UWOYX:[tL
X:K{±>^sT-·n{ÄOQT�Ï&KiOQT��Qme^sL'KML¹X:K�rtKMR'[nL'LN^s{Z^sms¸�OYT�xgODX:K�X�OnXE[tL�X:KbP�[nme^s{Z[nR�»�L'{Z[�Û9ox8-o 535 8-o 5OP o,o 5 o�6xÜ�à
k�[t{Z[>T�jQ[�P�[EX:KMR�^~O>X:KM^áÆ�OQR�X:KzLNKMRMotKML'L'KzLN`�f�KML'LN[�UNKM{6KML�U'^e{i`-m~OYX:[�O¹w-`-LNfgO>X:Kz`-{ÄO�{DKSUN[,X:[tms[n·t^ÈO
L'KM{ZKMms¸�OQTVUNKÃP�OYR¬O�X:KMLNfSR�KSr¯KMR�·tKST-K�OYms[n·t^ÈOQL<L'[nw]L'KMmsKgxgjY[�Û;:D<-o�<D8-o 535 6:o 5 83<�Üóo¯KM{Åw�[nR¬O>[nL�R'KML'`-m_UWOYX:[tL
OQ^eT-X�O;T�jQ[¿L'K�é�OQ{ U¬jY[HKWÆ:P-R'KML'L'^_r¯[nL�àÄ½�{Åw�[nR¬OöP�[nRb{i`-^sU'[;UNKM{ZP�[;UNKST-¸�O;L'^eX:[¿X:^eã~cÈf�^em�KMT�fS[nTVU'R¬OQR
X:^sLNfS`-L'L'þ,KMLDOYX:K Ç `�OnX�OQLÅT�O¿ms^_UNKMR¬O³UN`:R¬OZÛ N 8-oB:D:�Ü�o�OQme·n`-T-LvOYR3UN^s·t[nLÅX:KÄR�KSrE^sLWjQ[0w�KM{IR�KgfSKMTVU'KML�Û7T�<-o

o



5 83S:o 5ON�5 o 5 TD:xÜ�oEKMT-ã�[,fgOQT�X:[ZX:^sã�KMR'KMT¯UNKMLÃOQL'P�Kgf�UN[nLqX�O�UNKM[nR'^ÈO:oE[tã~KMR'KgfSKS{ `-{ÄO�w�[¯OiP�KMR'L'P�Kgf�U'^srnOvX�O
R'KSmeKSrnûQT�fS^ÈOZX:[ZfS[VOQmsKMLNfSKMTVUNKtà

îÚïñðòïñð acb�û�ü��-dfe-gòô1ö ý ù'h�ô*��÷idúö ô ô1öjb²ô)�@k�û\dfe-gòô1ö öeù�lL�Fô ùnm0k�þ�ko�Fù
æz[Dme[nT-·n[]X:[DU'KM{ZP�[-o�OiUNKM[nR'^ÈODX-OvKSr¯[nms`�xgjQ[]fS[t{DKgxS[n`ÍOÅL'KMP�OQR¬OQR3É�L'KbX�Ov·nKMT-âSU'^ÈfgOvX:K�P�[tP-`-mÈO�É

xSþVKMLqK>¸-[néêK>KMm~OiT�jY[vL'[t{ZKMT¯UNK>L'K�fS[nT-L�UN^_UN`-^s`HKS{ `-{ÄOims^eT-¸�OvX:K>P�KMT-L¬OY{ZKMT¯UN[ Ç `-K>`-T-^_»�fgOiUN[,X�OYL
OQL&�QR'K�OQL<X�Oi��^e[nms[t·n^ÈO:oEfS[n{Z[bUWOQ{Åw�âM{ëP�KMR�{ZKM^ÈO�XE^srtKMR'L¬OYL&�QR'K�OQL<X:[�P�KMT-L¬OQ{ZKMTVU'[i{D[EX:KMR�T-[�à y ^sL3É
fS`-L'L'þ,KSL�·nKMR¬OQ^sL<OYfSKMR'fgO�X:[�L'^s·tT:^s»�fgOYX:[�X�O�KSr¯[nms`�xgjY[�KqL'`�OQL�^e{DP-me^efgOYxSþ,KSL�P�[EX:KM{6LNKSR�KMT-fS[tTVU'R¬OYX�OYL
T-[nLqme^_rER'[nL�XEK ì ^ef¬¸�OQRNX y OO��	,^sT-L?Û 8�6Eo48D8-o�8 N Ü�K y OYT-^sKMmdk¹à y KMT-T-KSU�U?Û;8D:�Ü�à
æ�P�KMR'L'P�Kgf�UN^_rnOöKSrt[tms`�fS^s[tT��QR'^ÈO;X:KS`Ó[nR'^s·tKS{îOÄã�[tR3UNKML�fS[nTVUNR�[³rtâMR'L'^ÈOYL>KMTVUNR�KDfS^sKMTVUN^sL�UWOQL�L'[EfS^ÈOQ^eLgo

P-L'^efSÂtms[n·t[nLÅK]KSU'[tms[t·n^sL�UWOYL Ç `�OQTVU'[�ôHT�O³UN`-R'KMÎgO0X:[nLvOQL'P�Kgf�UN[nLÅfS[t{DP�[tR�U¬OY{DKMTVUWOQ^sLiKM{ OYT:^e{ÄOQ^sLiK
¸,`-{]OYT-[nLgoEfS[tT-L'^eX:KMR¬OQT�X:[QÉ�LNK Ç `-KML�UNþVKML&fS[t{D[DObL'KMmsKgxgjY[ÅL'K�ÆE`�OYm�X:K¹P�OQRNfSKM^sR'[nL°Û;6D<:o 5 6�<�Ü�K¹[iLN`-R�·t^áÉ
{ZKMT¯UN[ÃK�P�KMR�{ÄOQT-}MT�fS^ÈO�X:[�OQm_UNR�`-ceL'{Z[?Û 5 T N ÜóàdJ!KMR�{Z[nL1fS[n{Z[�L'[,fS^s[tw-^s[nme[n·t^ÈO?Û 5 :3::o 5 :3<xÜ,K�P-L'^efS[nme[n·n^~O
KSrt[tms`�fS^s[tT-^sL�UWO�Û 5 < 5 ÜdKML�UWjQ[ÄfgOnX�ODrtKMÎ�{ÄOQ^eL¹X:^sã�`-T-X:^ÈX:[nLgàqæ¹ms·n`-T-L�X:KML'L'KML�P-R'[nw-meKS{ÄOYL¹fS[t{DKgxgOQR¬OQ{
O;L'KMR�P�OYL'L'csrtKM^sLÅX:KlOQT��Yms^sL'KML Ç `�OQTVUN^_UWO³UN^_rnOYL Ç `�OQT�X:[¿[0w-^sÂnme[n·n[p�Y[n¸-T ÊÍOO�ET�OYR'X h,{Z^_UN¸+o!{Z[,X:K�É
mÈOYT-X:[][]fS[t{DP�[nR�U¬OY{DKMTVUN[]X:KiOQT-^s{ÄOQ^eLÃKM{GX:^sLNP:`:UWOQL�o-·tKMT-KMRNOYms^sÎM[n` Û 5 63TlÜ1OÅU'KM[tR�^ÈODKgfS[nT-Ën{Z^efgOZX:K
é$[n·n[tL>X:Kq�Y[t¸-TÍí�[tT ú KM`-{ÄOQT-TÓOQT�Xßä¹Lâ	YOQR�Ê¿[nR'·nKMT-L�UNKMR'T Û 5 o�TxÜ�à�æz[ö^sTVU'R'[EXE`-ÎM^eR�[öfS[tT-fSKM^sU'[;X:K
KML�UNRNOQU'âM·t^ÈO�KSr¯[nme`�f�^e[nT�OQR'^ÈOY{ZKSTVUNK>KML�U¬�grtKMmóoE[vfS^sKMTVU'^eL�U¬Oi^sT-·tms}MLqX:KM`ö[nR'^s·nKM{ÀôbUNKM[nR'^ÈO�KSr¯[nme`�fS^s[nT��YR�^ÈO
X:K<é$[n·t[nLgo Ç `-K�R'KSr¯[nms`�fS^s[tT-[n`;[vKML�UN`�X:[DXE[DfS[t{DP�[tR3UWOQ{ZKMTVU'[�oE^sT�fSms`-L'^srtK>T�Ov�QR'K�OiKgf�[tT-Ën{Z^efgO:o Ç `-K
é��irE^s`¿{]OY^sLÃX:K�`-{ÀP-R�}M{Z^s[ ú [nw�KMm�fS[nTVUNKM{DP-m~OQRqKML'L'KbfgOY{DP�[]X:K�P�KML Ç `-^sL¬O:à
u [tR�[t`EUNR'[lmÈOYX:[�o�âiP-RNOQU'^ÈfMOY{ZKMT¯UNKÅfS[tT-L'KMT-L'[ Ç `-KvOQL�KML'P�KMRNOYT�xgOQL>X:[l¸-[n{ZKM{|P�[,X:KMR>fS[n{ZP-R�K�É

KMT�X:KSRö{DKMme¸-[nRl[Üã�`-T�fS^s[nT�OY{DKMTVUN[ X:KÍLN`�O {ZKMTVU'KÍR'KML'^eX:KM{ T�O `:T-^~jQ[ Û 5 T�S�Ü�KMT¯UNR'KïOQLöfS^e}ST�fS^~OQL
fS[n·tT:^sU'^srnOQL�Û P�N Ü�KZ[¿P�KMT:LWOQ{ZKMTVU'[0X�OQR��Ã^eT-^ÈOQT-[�àöä	X:KML'KMTVrt[tm_rE^s{ZKMTVU'[0X�Oö^eT¯UNKMms^e·n}MT�fS^ÈO0OQR�U'^s»�f�^~OQm
KMT-ã~[EfgOÓfgOYX�O�r¯KMÎH{ÄOY^sLÄOYLDUNâgfST-^efgOQLÄX:K¿[YUN^s{Z^sÎ�OYxgjY[ßK¿fS[t{DP-`:UWOYxgjQ[ w:^e[QÉ�^eT-L'P-^sR¬OYX�OQL�o&fS[n{Z[ß[nL
OQme·n[nR'^_UN{Z[nLÃ·nKMT-âSU'^ÈfS[nL?Û P :�Ü+KbX:KM{ÄOQ^sL¹OQme·n[nR'^_UN{Z[nLqKSr¯[nme`�fS^s[nT��YR�^e[nLgà
pq{ÄOvOYP-ms^efgOnxMjY[Z`-{	P�[n`�fS[D{ÄOY^sLzR'KMmÈOYfS^e[nT�OYX�OZOiKML�UNK�UNRNOYw�OQms¸-[DâbOÅR�KgfS`-P�KMRNOnxgjQ[]X�Oi¸-^sL�UNÂnR'^ÈO

X:K¹P�[nP-`-m~OYxSþVKMLqfS[n{ w�OQL'K�T�OÅOQT��Yms^sLNK�X�O�KML�UNR�`:UN`-RNO�{Z[nmsKgfS`-mÈOYR&X:K¹L'KM`-L<{ZKM{Åw-R�[tLgà1æ T:[³rnOÅ�QR'K�O
X�O�»�ms[t·nKM[n·tRNOQ»�OfÛ 535 S�Ü�w�OQL'KM^~O�É�L'KÃT-[�ãøO³UN[�X:K Ç `-KÃKSrtKMTVUN[nL�X:KM{Z[n·nR¬�³»�fS[tL�Kqw-^e[n·nKM[t·nR¬�³»�fS[nL�{Å`-^_UN[
OQTVUN^s·n[tLgonfS[n{Z[¹{Z^s·tRNOnx�þ,KML1[n`Åã�KST-Ët{ZKST-[tL1T�O³UN`-RNOY^sL Ç `-K�K�ÆEU'^eT-·n`-KM{ {Å`-^_UWOQL1KML'P�âgfS^sKMLgonP�[,X:KM{ L'KMR

:



^sT-ã�KMR�^ÈX:[nLqO�P�OYR3UN^sR&X�OifS[n{ZP�[tL'^exgjQ[v·tKMT:âSUN^efgOÅX:K¹P�[tP-`-mÈOYxSþ,KMLgà y KML'L¬Oiã~[tR�{ÄO:o:OQme·n`-{ÄOQL&¸-^sP�ÂnU'KML'KML
¸-^sL�UNÂnR'^efgOYL�P�[,X:KM{GL'KMRqUNKML�UWOYX�OQL¹X:Kb`-{ÄOvã�[nR'{ÄOv[tw:é$KSU'^srnOEo�P�[YUNKMT�fS^ÈOQme{ZKSTVUNK�KMLNfSmÈOYR�KgfSKMT�X:[ Ç `-KML3É
UNþVKMLiOYfSKMRNfgO;X:[HL'`-R'·n^e{DKMTVUN[¿X:KZT:[³rnOQLbKML'P�âgfS^sKML�KM{ `-{ KgfS[nLNL'^sL�UNKM{ÄOö[n`ßL'[tw-R�KÄO;fS[QÉêK�r¯[tms`�xgjQ[
X:Kv{D^ÈfSR�[,[nR'·¯OYT:^eL'{Z[nLbf�[t{õ[;¸-[n{ZKM{Ho4`:{õUNKS{ÄOlX:Kv^sTVUNKMR�KML'L'KÅUWOQTVUN[ö¸-^sL�UNÂnR'^efS[]Û N SxÜ Ç `�OQTVUN[;X:K
L¬O � X:KvP � w-ms^efgOEà�½¾{|U'KM{ZP�[nL�XEKvw-^s[nU'KMR'R�[tR�^eL'{Z[lKÅT�OÄ^s{Z^eT:}MT�fS^ÈOöX:KÅ`-{ÄO]P�OYT�X:KS{Z^~OÄ·nms[tw�OQm�X:K
·nR'^sP�Kto:fS[n{Z[DO Ç `-K�rE^_UN^s{Z[n`ö{]OY^sLzXEK°6�Si{Z^sms¸-þ,KML&X:K�P�KSLNL'[¯OYL&KM{ëUN[EXE[Å[Å{i`-T�X:[ÅKM{ 5 < 5 :�Û P TlÜ�o
[ÅKML�UN`�X:[vX�OÅX:^sT�ûQ{Z^efgOiKSr¯[nms`�fS^s[tT��QR'^ÈOvX:K¹r,ceR�`-L&K�w�OYf�UNâMR�^~OQLgo-XEK�ã�[tR�{ÄO�·tKMRNOYmòo:fSKMR3UWOQ{ZKMTVU'K�P�[EX:K
X�OQRqL'^s·tT-^_»�fgO³UN^_rnOYL�fS[nTVUNR�^ew-`-^exSþVKML�ôÅKMP-^eX:KM{Z^s[nme[n·t^ÈOEà
æ�meâM{ X:^sL'L'[�oQT�OYL!P-R'ÂgÆ:^s{ÄOQL1X:âgfgOYX�OYLd·nR¬OQT�X:KML�OMrnOYT�xS[nLdL'KMR¬jQ[�[tw:U'^ÈXE[tLdT�Oq^sTVUNKS·tR¬OYxgjQ[¹X:K<X�OYX:[tL

OYfSKMRNfgO;X:KDU¬O³Æ-OYL�KZP�OYX:R'þVKML�X:KZKSrt[tms`�xgjQ[¿·nKMT-Ët{D^ÈfgOöKZã~KMT-[nU'csP-^ÈfgOEàZæ�»�T�OQm�X:K]f�[tTVU¬OYLgodOQL�X:^sã�K�É
R'KST�xgOYLqKMTVUNR�KbKML'P�âgfS^sKML�X:KSr¯KM{ÅÉ�LNK�Ov{D^ems¸�OQR'KML�X:K�{Å`:UWOYxSþVKML¹OYfS`-{Å`-mÈOYX�OYLÃ[n`ÍOZOQms·t`-{]OYLÃP�[n`�fgOYL
Ì XEKMÎMKMT�OQL+r³ÏD{Å`:UWOYxSþVKML�R�KM·t`-mÈOYX:[tRNOYL�r u [nRÃ[n`:UNR'[ZmÈOnX:[-o�L'KMR¬�vP�[tL'L'c_r¯KMm Ç `-KiOYms·n`-{AX:^~Ov[]¸-[n{ZKM{
P�[nL'LWO�fSR'^ÈOQR1ã~[tR'{]OYL1X:K�rE^eX�O¹OYR3UN^_»�fS^ÈOY^sL�r�ÙÍ^sT�fSR'c_r¯KMm Ç `-K<K�ÆEP�KMR'^s{ZKMTVU'[tL�fS[n{ [nR'·¯OQT-^eL'{Z[nL�X:^s·t^_UWOQ^sL
Û;6:o 5D5 TEo 5 : N o 5 :solÜ,é3�bP�KMR'{Z^_U¬OY{èKML'P�KgfS`-mÈOnx�þ,KMLqOnf�KMRNfgO�X�ObKgfS[nme[n·t^ÈOEoE·nKMT-âSUN^efgO�K�KSr¯[nms`�xgjY[ÅX:KML'L¬OYL
KSrtKMTVUN`�OQ^sLÅã�[nR'{ÄOQLvX:K]rE^ÈX-O0KlP�[nL'L¬OY{ImsKSrtOQRDO¿`-{]O¿{ZKMms¸-[tRÅfS[n{ZP-R'KSKMT-L¬jY[�X�OHrE^eX�O0[nR'·¯ûQT-^ÈfMO:à
� `-KML�U'þ,KMLDã�`:T�X�OY{DKMTVUWOQ^sLZfS[t{D[ïKML'LWOQLZfSKSR�UWOQ{ZKMTVU'KöL'KMR¬jQ[ßOYm_r¯[ÓX:Kö{Å`-^_UN[nLvKML'ã�[nRNxS[nLDT-[ïã�`:U'`-R'[
P-R�Â�ÆE^e{Z[DK�^sT-LNP:^eRNOYRNjY[ZT-[�rnOYLq^eX:âM^~OQL¹OYfSKMRNfMOZX-OÅrE^eX�OvKbX�OÅKSr¯[nme`�xgjQ[-à

À²Á�s t Ô?Ê�ËBÃouæç�Ô Ã"Ô{ÌiÕ{Å?ÊæÏ!vÑÅ?ÆÑë{Ô ç�Å ËBÃ�É-Ã

½�L�UNKZr¯[nme`-{DKlX:^sLNfS`:UNKlXEKSUWOQme¸�OYX�OQ{ZKMTVU'KöOYms·t`:T-LiP-R'[nw-meKM{]OYLiKM{îK�r¯[nme`�xgjQ[Í{D[tmsKgfS`-mÈOQRvOYT�OQms^_É
L¬OYX:[tL�P�KMms[HOQ`:UN[nR>X:`-R¬OQTVU'KÅ[tL�8öOQT-[tL>X:[lLNKS`ïX:[t`:U'[tRNOY{DKMTVUN[-àbäëfgOQP-csU'`-ms[�6öOQP-R'KML'KMTVU¬O]rn�QR'^s[tL
fS[nT�fSKM^_UN[nL>KÅ{D[EX:KMms[nL Ç `-KÅL¬jQ[ö`EUN^sme^sÎ�OYX:[tL>KM{AUN[,X:[l[öR'KSL'U'[öX�O]U'KML'Kto4fS[nT-L�UN^_UN`-^sT�X:[QÉ�L'KvKM{|`-{ÄO
w-R�KSr¯K�^sTVUNR�[EX:`�xgjQ[ÄôvK�r¯[nme`�xgjQ[Z{Z[tmsKgfS`-mÈOQRÃP�KSme[Z[nme¸�OYRÃX:K�`-{ ã�csLN^efS[-à
ú [�fgOYP:csU'`-me[?8:o¯{Z[nL'U'R¬O�É�LNK Ç `-KÃ[�fS[n{ZP�[tR3UWOQ{ZKMTVU'[�X:KÃ`-{ÄO>P�[nP-`-mÈOnxMjY[iX:KqU¬OY{]OYT-¸-[b^sT:»�T-^_UN[-o

fS[nT-L�UN^_UN`-ceX�O]P�[tR¹^sT�X:^_rEceX:`-[tL�L'`né$KM^_UN[nL�ôÄOnxgjQ[öX:Ki{Å`EUWOYxSþ,KML�X:KMmsKSUNâMR�^~OQL�KiL'KMmeKMxgjY[-o�P�[EX:KiLNKMR¹X:K�É
UNKSR'{Z^sT�OYX:[]K�Æ�O³UWOQ{ZKMTVU'K Ç `�OYT�X:[ÄfgOYX�OD^sT�X:^_rEceX:`-[ÄâbR'KMP-R�KMLNKSTVUWOYX:[]P�[tRÃ`-{]ODL'K ÇVÿ }MT�fS^ÈOD^eT:»-T-^sU¬O
X:Kv·tKMT-KSL Ì X:KD{D[EX:[ Ç `-KvT�jQ[H¸�OQé3Ol{Å`:UWOYxSþVKML�R'KSrtKMR'L¬OYLWÏ�KvL'K]OlL'KMmsKgxgjQ[0O³UN`�OQRbXEKDã�[nR'{ÄOl{i`-máÉ
UN^sP-ms^efgOQU'^srnOÄ[t`ÍUNR�`-T�fgOnX-O:à�½�{Åw�[nR¬OlOÄL'[tms`�xgjQ[HX:KÅK Ç `-^smscew-R�^e[-o4T:[HfMOYL'[ö{Å`-m_UN^sP-ms^efgOQU'^srt[�oEé��Äã~[tL'L'K

<



fS[nT-¸-KgfS^eX�O�¸��b{ÄOQ^eL&X:KÃrE^sTVUNK�OYT-[nLgo,LN`�Oif�[tTVU'R¬OQP�OYR3UN^eX�OiX:^sT�ûQ{Z^efgOÅOQ^eT�X�ObKMR¬O�X:KMLNfS[nT-¸-KgfS^eX�OEà ú [
fgOQL'[öUNR'`:T�fgOnX:[-o4[¿OQ`:UN[nR>T�jQ[;KMT�fS[nTVUNR�[t`ïT�Olms^_UNKMRNOQU'`-R¬OlK�Æ:P:R'KML'L'þ,KMLbOYT�OQmscsU'^ÈfgOQL�P�OYRNO;OöfS[nT�fSKMTEÉ
UNRNOnxMjY[;X:KÅK Ç `-^smecsw-R�^e[HX-OYL>L'K ÇVÿ }ST�fS^~OQL>{Å`:UWOQTVU'KML>KÅT-KM{õP�OQR¬OÄ[;fS[n{ZP�[tR3UWOQ{ZKMTVU'[;X:^sT�ûY{D^ÈfS[;X:K
UN[,X�O;OÄP�[tP:`-m~OYxgjQ[�àv½�LNL'KML>R'KML'`-m_UWOYX:[nL>U¬OY{iw�âM{ L¬jY[;X:^eLNfS`:U'^eX:[tL�T�OQL�R�KMã�KMR�}MT�fS^ÈOYLfÛ 5 6 5 Ü�K�Û 5 6DSxÜ�o
R'KSLNP�KMf�UN^_rtOQ{ZKMT¯UNKtà
ä¹LbfMOYP-c_UN`-ms[nLbL'KM·t`-^sTVU'KMLbL¬jQ[¿X:KgX:^efgOYX:[nLÅOlP-R�[tw-msKM{ÄOQL�KM{ Ç `-KD[nL�KMã�KS^sU'[tLbX:K��`:UN`�OYxSþVKMLbKML3É

UN[,fg�QL�UN^efgOYLÄLWjQ[ ^e{ZP�[nR�U¬OYT¯UNKMLgà \�L'L'[ÜâÍX:KS{Z[tT-L�U'R¬OYX:[ fSmÈOQR¬OQ{ZKMTVUNK0T:[ fgOQP-csU'`-ms[ N ozX:KgX:^efgOnX:[ ô
·nKMT-KMR¬OQms^eÎgOnxgjQ[ X:K0X:[t^sLÄ{D[EX:KMms[tLgozf�[tT�fSKSw-^ÈX:[nLÄP�[tR]æÅà�k<[nmÈOQU'[ Kw�:à�a<à�a�[nTVUWOQT�OYR�^òo&KM{ Ç `:K�O
rnOYR�^ÈOYw-^sms^ÈX�OYX:K�T-[iU¬OY{ÄOQT-¸-[ÅX�O�P�[nP-`-mÈOnxgjQ[vâ¹KML'L'KMT�fS^ÈOQm�T�O�fgOQR¬OYf�UNKMR'^sÎ�OYxgjQ[DX�O�X:KM·nKMT-KMR¬OYxgjQ[v{Å`,É
UWOYfS^s[nT�OYmòà ú [�P-R'^s{ZKM^sR'[-o¾`-{ÄO0P�[tP-`-mÈOYxgjY[ïâöL'`-w-{ZKSU'^ÈX�O�O¿UNR¬OQT-L'ã�KMR�}MT�fS^ÈOYLDL'KMR'^ÈOQ^eLZOQR'w-^_UNRN�YR�^~OQLgo
KMT Ç `�OYTVU'[�oVT-[�L'KM·n`-T�X:[-oV`-{ëP-R'[,fSKML'L'[iX:K�RNOY{Z^_»�fgOYxgjQ[i·nKMT-KMRNOYms^sÎ�OnXE[Åã~[t^�`EUN^sme^sÎ�OYX:[iP�OQR¬O>KML'U'`�X�OQR
T,`-{DKMR'^efgOQ{ZKMTVUNK�[nL¹KSã�KM^_UN[nL�X�O]fgO³UNRNOnfgOZX:KvÊ¿`-msmsKMR¹KS{AP�[tP-`-mÈOYxSþ,KML¹L'[twÍfSR�KMLNfS^e{DKMTVUN[ÄKWÆ:P�[tT-KSTEÉ
fS^ÈOQmóà
ú [öfgOQP-csU'`-ms[�TEo�LN^s{Å`:m~OYxSþ,KSL>fS[t{DP-`:UWOYfS^s[tT�OQ^eL�ã�[nR¬OQ{|K�ÆEUNKST-LN^_rnOY{DKMTVUNKi`:UN^sms^eÎgOnX�OQL>P�OQR¬O]KSL'U'`EÉ

X�OQRbrn�YR�^~OQLÅfgOQR¬OYf�UNKSR'csL'U'^ÈfMOYLÅX:K]P�[nP-`-m~OYxSþVKMLi»�T-^_UWOQLi`-L¬OYX�OYL�KM{BUNKSL'U'KML�KML'U¬OQU'ceL�U'^ÈfS[nLÅfgOQP�OQÎMKMLÅX:K
X:KSU'Kgf�UWOQR]OQLZ{]OYR'fgOYLZX:KM^áÆ�OYX�OYLDP�KMm~O�L'KMmsKgxgjQ[ÓT�OQU'`-R¬OQmóo�X:KMT-[n{Z^eT�OnX:[nLDUNKML�UNKSL]X:KöT-KM`:UNRNOYms^eX�OnX:Ktà
½¾L'L'K¹KML�UN`�X:[ÅK�Æ:^s·t^s`HOifS[tT-L�U'R'`�xgjQ[DfS[n{ZP-`:U¬OnfS^s[nT�OYm4X:K¹·tKMT:K�OYms[n·t^ÈOYL&P�OYRNOvOQT�OQme^sL¬OYRqOQms·t`-T-L<U'KML'U'KML
w�OQL'K�OnX:[nL�T-[¿P�[nme^s{Z[nR�»�L'{Z[¿·nKMT-âSUN^efS[0KS{BLNK Ç¯ÿ }MT�fS^ÈOYLiX:K y�ú æ KZ[t`:U'R'[nL�KMmÈOYw�[nR¬OYX:[nLvO;P�OQR�U'^eR
X:KbfgOQR¬OYf�UNKSR'csL'U'^ÈfMOYLqUN[nP�[nmeÂn·t^efgOQL¹X�OQLq·tKST-K�OYms[n·t^ÈOQL�Û 5 6D6xÜ�à
æ�LÃfS[nT�fSme`-L'þVKMLq»�T�OQ^eLqLWjQ[ÄOQP-R�KMLNKSTVUWOYX�OYLqT-[ZfgOYP:csU'`-me[ P o-L'KMT�XE[ZL'KM·t`-^eX�OQLÃP�[nR�OQP�}MT�X:^Èf�KML Ç `-K

OQw�[tR'X�OY{ UNÂnP-^Èf�[tLlX:^_r¯KMR'L'[nLgoÃOQP-R�[tã�`:T�X�OYT�X:[ OQms·t`-{]OYLlX:^sLNfS`-L'LNþVKMLl[n`�L'^s{ZP-msKML'{ZKMTVU'K0^sTVUNR'[,X:`EÉ
ÎM^sT�X:[�fS[nT�fSKM^_UN[nL�P:R'KML'`-{Z^_r¯KMms{ZKMT¯UNKÃX:KMLNfS[nT-¸-KgfS^eX:[tL�X:K¹OQms·t`-T-L�msKM^_UN[nR'KMLgà¾ÊÍOQL�âqP-R'KMfS^eL'[bR'KML'L¬OQmsU¬OYR
Ç `-Ki[ � m_U'^e{Z[öOYP�}MT�X:^efSKÅâi`-{|P�K Ç `-KMT:[ö·nme[nL'L¬�YR'^s[öX:K�UNKMR�{Z[tL¹w-^s[nmeÂn·t^efS[nLgo Ç `-KiP�[EX:KiLNKSR¹{Å`-^_UN[
� U'^emòà
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í>�YR'^s[nLÃfS[nT�fSKM^_UN[nLÃK>{Z[EXEKMme[nLqL¬jY[D`:U'^ems^sÎ�OnX:[nLÃKS{À{]OY^sLÃX:K>`-{ÄOÅ[,fgOYL'^ÈjQ[ZT-KML�UWOiUNKSLNKnà�ä [tw:é$K�É
UN^_rt[öX:KML�UNKÅfgOQP-c_UN`-ms[lâDOQP-R�KMLNKSTVUWOQR¹KML'L'KML¹U'ÂtP-^efS[nL>X:Ki`-{ÄOZã�[nR'{ÄOZ^eT¯UNKM·nR¬OYX�O:o4OQL'L'`-{Z^sT�X:[lP�[n`�fS[
fS[nT-¸-KgfS^s{ZKMT¯UN[�P-R'âSr,^e[�X:KlKSrt[tms`�xgjQ[�Kl·tKMT:âSUN^efgOÍX:KlP�[nP-`-m~OYxSþVKMLgà y KML'L¬O¿ã�[tR�{ÄOEo�KML�UNKöfgOQP-c_UN`-ms[
fS[nT-L�UN^_UN`-^áÉ�L'K¿KM{ `-{ÄOï^sTVU'R'[EXE`�xgjY[ÜôïKSrt[tms`�xgjQ[ {Z[nmsKgfS`-mÈOYRgo�KMT-ãøO³UN^sÎ�OQT�X:[ {Z[,X:KMme[nL]L'^s{ZP-msKMLÄX:K
L'KMmsKgxgjQ[�Kl{i`:UWOYxgjY[-à ì KgfS[n{Åw-^sT�OnxgjQ[ Û;T3TlÜ<Klã~KMT-Ët{DKMT-[tLvX:KM{D[t·nR¬�³»�fS[nLDfS[n{ZP-msK�Æ:[nLgo¾fS[n{Z[Í{Z^áÉ
·nR¬OYxSþ,KML�K�L'`-w�X:^_rE^eL¬jQ[öXEK�P�[tP-`-mÈOYxSþ,KMLgo�T�jQ[ÄL¬jQ[öOQw�[tR'X�OnX:[nL¹T-KML�U¬ODUNKSLNKto�KS{Åw�[nR¬ODLNK3é�OY{GãøOQU'[tR�KML
R'KMfS[tT-¸:KgfS^ÈX-OY{ZKMT¯UNKb^s{ZP�[nR�UWOQTVU'KMLÃT�OÅP-R'KML'KMR3rtOYxgjQ[]X�OÅrnOYR�^~OQw-^sms^ÈX�OYX:Kb·tKMT-â�UN^efgO:à
ä¹w¯rE^ÈOY{ZKMT¯UNKto�L'ÂZâbP�[tL'L'c_r¯KMm!OnX Ç `-^eR�^eR�fS[nT-¸-KgfS^s{ZKMT¯UN[lOQP-R'[nã�`-T�X�OYX:[]T�O]�QR'K�Ov{ZKgX:^ÈOQTVUNKiOvmeKM^áÉ

UN`:R¬O¹X:[nL�ms^sr,R'[nL1UNK�Æ,UN[tL¾OYX:K Ç `�OYX:[tLgà¾ä¹L�ã�`:T�X�OY{ZKSTVUN[nL�{ÄO³UNKM{Ä�³UN^efS[nL¾X�O�·nKMT-âSU'^ÈfMO�X:K<P�[tP-`-mÈOYxSþ,KML
fSmÈ�QLNL'^efgO�LWjQ[iX:^sLNfS`:UN^eX:[nL<X:KSUWOQme¸�OnX�OQ{ZKMTVU'K�T-[nL<fSmÈ�QLNL'^efS[nL�Û;TD8xÜ�K?Û;8 5 Üóà u OQR¬O>`-{ÄO�rE^sLWjQ[�·nKMR¬OQm�fS[n{
}MT-ã OYL'K�T�O�^sTVU'KMR'P-R�KSUWOYxgjY[�w-^s[nmeÂn·t^efgOEo,R'KgfS[n{ZKMT�X�OQ{vÉ�L'K�[nL�me^_rER'[nL�Û7o3o*Ü�K?Û 5D5 o*Ü�o Ç `-KqUWOQ{Åw�âM{èOYw�[nR3É
X�OQ{À[nL�XEKMLNKSTVr¯[nmsr,^e{DKMTVUN[nLÃ{ÄOQ^eLqR�KgfSKMTVU'KMLgo-KM{Åw�[nR¬OvX:K�ã�[tR�{ÄODOYP�KST�OYLÃL'KM{Z^áÉ Ç `�OQTVUN^_U¬OQU'^srnOEà
u [tR�[n`:UNR'[¿mÈOYX:[�o1OQms·t`-T-LÅOQR�U'^e·n[nL�ã~[tRNOY{BKMLNfSR�^sU'[tLqé$`-L�UWOQ{ZKMTVU'KÄf�[t{B[H^eTVU'`-^_UN[0X:KZ^sTVUNR'[,X:`-ÎM^sR

ã�csL'^efS[tL�OY[¹UNKM{ÄO¹X�O�KSr¯[nme`�xMjY[>w-^s[tmsÂn·t^efgOEà1æ¹L�R'KMmÈOYxSþ,KML�KMTVUNR�K&[�fS[nT�fSKM^_UN[�X:K&R�KMmeK�r¯[bOYX�OQP:UWO³UN^_r¯[>KqO
ã�csL'^efgObKML�UWO³UNcsL�UN^efgObX:[nL�L'^eL�UNKM{]OYL�X:KML'[tR'X:KMT�OYX:[tL�ã�[nR¬OQ{ XE^eLNfS`:U'^ÈX�OQL�KM{èX:[t^sL�UNRNOYw�OQms¸-[tL�Û 5ON3P o 5�N olÜ�à
½7KMT Ç `�OYT¯UN[ÄOÅme^_UNKSR¬O³UN`-R¬OÅLN[nw-R'K�{Z[,X:KMms[tL�XEKbfS[,KSrt[tms`�xgjQ[]K�{ÄOYfSR'[VKSr¯[nme`�xMjY[-o�OQmsâM{GX:[ZP�OQP�KMm�X:K
R'KSmeKSrt[tL�OYX�OQP:UWO³UN^_r¯[nL¾KM{åKSr¯[nms`�xgjY[>{Z[nmeKgf�`-m~OQRgotã~[t^:R'K�rE^eL�U¬O¹KM{pÛ N TxÜóoVO¹R�KMã�KMR�}MT�fS^ÈOjÛ9o*Ü-[nã�KMR'KMfSKz`-{ÄO
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P�KMR�LNP�KgfWUN^_rtO0X:[nLiã�`-T�X�OQ{ZKMTVU'[tLÅX�OH·tKST-âSUN^efgO0X:KÄP�[nP-`-mÈOnxSþVKMLgo¾X:KML�UWOYfgOQT�X:[0UWOQ{Åw�âM{BUNRNOYw�OQms¸-[tL
R'KMfSKMTVUNKSLÃKM{À{D[EX:KMms[nL�X:K�{Å`:U¬OnxgjQ[DKbL'KMmsKgxgjQ[-à

áJÁâá Í�Ô{Ì/ÆÑÅ?É Ãòé�Ô?Ä�ê�ÐÑÏ�Ô?Ê^~{Ì/Ï�Å?É

ä KML�UWOYX:[ZXEK�`-{ÄOiP�[nP-`-m~OYxgjQ[Zâ>[DR�KMLN`:msU¬OnX:[ZX�Oi^eTVU'KMR¬OYxgjQ[]X:K�rn�QR'^ÈOYLzã�[nRNxgOQLqKSrt[tms`�fS^s[tT��QR'^ÈOQL�à
y K¹ãøO³UN[-o:O�X:^srtKMR'L'^eX�OnX:K¹·nKMT-âSUN^efgO�[nw-L'KMR�rnOnX-O�KM{è`-{èLN^sL�UNKM{]OiXEKSr¯K�É�L'K>OQ[tL<KMã�KM^_U'[tL&fS[tTnéê`-TVUN[nL&X:K
P-R�[EfSKML'L'[nLÃKMmsKM{ZKMTVU¬OYR�KML�fS[n{Z[D{Å`:UWOYxSþVKMLgo-L'KMmeKMxgjY[ZKbX:KMR�^srnOv·nKMT-âSUN^efgOEà
æ�TVUNKMLÃX:[]OnXErtKMTVUN[ZX:[DT-KM[EX�OQR��Ã^eT:^eL'{Z[-o�OYfSR'KMX:^sU¬OgrnO�É�LNK Ç `-K�OiUNKM[nR'^ÈOvX�OvL'KMmsKgxgjQ[]T�O³UN`-RNOYm4KMTEÉ

ã�R�KMTVUWOMrnO�[vL'âMR'^s[vX:KML¬OQ»�[DX:K�K�ÆEP-me^efgOQRÃO�·nR¬OQT�X:K>X:^srtKMR'L'^eX�OnXEK>w-^s[tmsÂn·t^efgOÅ[nw-L'KMR�rnOYX�OiT�OiT�O³UN`-R�KMÎ�OEà
æ�»�T�OQmòo�O¿L'KMmsKgxgjQ[�^sR'R�KMã�R'KgOgrtKMme{DKMTVUNK]UNKMT�X:KöOÍOQ`-{ZKMTVU¬OYRvO¿P�OQR�U'^Èf�^eP�OYxgjQ[ïX:[nLÅ^eT-X:^srEceX:`-[nLv{]OY^sL
OQP:UN[nLqT�OvfS[n{ZP�[tL'^exgjQ[]X:K�`:{ÄOÅP�[nP-`-mÈOnxgjQ[-à�½¾L'L'K�P-R�[tw:meKM{]ODfS[n{ZKgx�[t`0OvX:^sL'L'^eP�OQR3É�L'K Ç `�OYT�X:[DL'K
X:KMLNfS[nw-R'^s` Ç `-K�[Z{DKgfgOQT-^eL'{Z[ZX:K�¸-KMRNOYT�xMODX:^eLNfSR�KSUWOÅT�jY[DL'[t{ZKMT¯UNK�P�KMR�{Z^_UNK Ç `-KbOÅrnOYR�^~OQw-^sms^ÈX�OYX:K
·nKMT-âSUN^efgOiL'K�é�O�{ÄOQTVUN^eX�OiT�OvOQ`-L'}MT�fS^ÈOvXEK�LNKMmsKgxgjQ[-o-fS[n{Z[vã OYÎ>fS[n{ Ç `-K�OiKSL¬fgOQmÈOÅX:K¹UNKM{ZP�[ÅKMTVrt[tmáÉ
rE^eX�OZT�OZKMms^s{Z^sT�OnxMjY[öX:KÅOQmeKMms[nL¹P-^e[nR�OnX�OQP:UWOYX:[nL¹P�[tL'L¬OZLNKSR¹X�OZ[nRNX:KM{|X:KifSKMTVU'KMT�OYL�XEKi·nKMR¬OYxSþVKML
Û;TD8�Üóà
u [tR3UWOQTVUN[-o1T�O¿P-R�KML'KMT�xgOÍXEKl{ZKgfMOYT-^sL'{Z[nLvfgOQP�OYÎMKSLDX:KÄ^sTVUNR'[,X:`-ÎM^sR�rtOQR'^ÈOnxMjY[ÍKM{I`-{ÄOHP�[tP-`EÉ

mÈOnxMjY[ÜKM{ ^sTVU'KMR�rnOYms[nLöX:KHUNKM{ZP�[ R�KMm~O³UN^_rnOY{DKMTVUNKÍf�`-R�UN[nLgoqOÓL'KMmeKgxMjY[ÜT�jQ[ âÍfgOQP�OYÎÍXEK0KMms^e{D^eT�OQR
O0X:^_r¯KMR�LN^eX�OYX:KöP�[nP-`-mÈOnf�^e[nT�OYmòà�æÀ^sT-KSrE^_UW�Mr¯KSm<[EfS[nR'R�}MT�fS^ÈOÍX:Kl{Å`:U¬OnxSþVKMLÅâl`-{ X:KML'L'KMLv{DKgfgOQT-^eL3É
{Z[nLgà y ^_r¯KMR'L'[nL�{Z[EX:KSme[nL&OQP-R'KML'KMTVU¬OY{�`-{ëKML�U¬OnX:[�X:KÃK Ç `-^smscew-R�^e[�KML�UW�MrtKMmóoVX:KMT-[t{D^eT�OYX:[ IB\Mab\(&B0D+
Yt.-'�\M0D24+��
HOC�abCe0324+ o4P�OYRNOHOlfS[t{ZP�[nL'^ÈxMjY[¿XEKD`-{ÄOlP�[nP-`-mÈOnxgjQ[HL'[twßO;OnxMjY[HX:KML'L¬OYLbXE`�OYL�ã�[nRNxMOYL
OQTVUWOQ·nËtT-^efgOQL�à
ú O¹r¯KMR'X�OnX:Kno¯¸���{Å`-^_UN[nL¾[t`EUNR'[nL�ãøO³UN[nR'KML¾KMTVrt[tm_rE^eX:[tL�T-KML'L¬O Ç `-KML�UWjQ[-à u [tR¾K�ÆEKM{ZP-ms[�otKMT Ç `�OQTVUN[

ã�R�K ÇVÿ }MT�f�^~OQL�OYmsâMms^efgOYL�T�jY[öLNKZOQm_UNKMR¬OQ{ KM{ P�[nP-`-mÈOnx�þ,KML�^eT:»-T-^sU¬OYL Ì [t`ïL'`:»�fS^sKMTVU'KM{ZKMTVU'KD·nR¬OYT-X:KMLgo
X:KMP�KMT-X:KlX:[¿P-R�[tw-msKM{ÄOtÏ�KM{BK Ç `-^smecsw-R'^s[-odKMmÈOYL�P�[,X:KM{îL'[tã~R'KMRbã�[nR�U'KML²�`:U'`�Onx�þ,KMLiX:KSrE^eX:[�O;KSR'R'[nL
X:KbOQ{Z[nL�UNR¬OQ·nKM{ KM{	P�[tP-`:m~OYxSþ,KSLq»�T-^_UWOQLgà�½¾L'L'K>ã�KST-Ët{ZKST-[Zf¬¸�OQ{ÄO�É�LNK ,BCe)xEbkF\��MCF&*�s'lE[A3\ K>P�[EX:K
msKSrnOYR¹ôDP�KSRNX�OZX:KiOYms·n`-{ÄOQL¹fSm~OQL'L'KML¹X:Kb^eT�X:^_rEceX:`-[nLgo�KML'P�KgfS^~OQms{ZKMTVU'KÅO Ç `:KMm~OQL�{ZKMT-[nLÃT,`-{ZKMR�[tL¬OQL�o
R'KMX:`-ÎM^sT�X:[lOirnOYR�^~OQw-^sme^eX�OYX:K�P�[nP-`-mÈOnf�^e[nT�OQmóà
u [tR¹[n`:UNR�[lmÈOnX:[-o�T�jQ[öâiR¬OQÎM[¯�grtKMm1KML'P�KMRNOYR Ç `-KÅ`:{õ{Z[,X:KMms[öKMmÈOQw�[tRNOnX:[öP�OQR¬OÄX:KMLNfSR�KSr¯KMR¹`-{ÄO
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P�[nP-`-mÈOnxgjQ[DX:K�UWOQ{ÄOQT-¸-[vfS[nT-L�UWOQTVUNK¹L'K�é�Obrn�Yms^eX:[Å^eR�R'KML�UNR�^sU¬OY{ZKSTVUNKtà¾pÃ{ {Z[,X:KMms[vfS[t{ KML'L¬OifgOQR¬OYfWÉ
UNKSR'csL'U'^efgOvP�[EX:K�LNKMR � UN^sm+P�OQR¬ODOYT�OQms^eL¬OQRÃ`-{ LN^sL�UNKM{]OvKM{ KML¬fMOYmÈOYL�X:K>U'KM{ZP�[]fS`-R3UWOQLgo�fS[n{ZP�OQR¬OYX�OYL
OQ[bUNKS{ZP�[�T-KgfSKML'L¬�QR'^s[iP�OYRNO�[�T � {DKMR'[iXEK�^sT�X:^_rEceX:`-[nL�rnOQR'^ÈOYR<OQP-R'Kgf�^~OMr¯KMms{ZKMT¯UNKtoV[t`]P�OQR¬O>KML'U'`�X�OQR
OQme·n`-{ÄOQL�P-R'[nP-R'^sKgX�OYX:KML�KML'P�KgfSc_»�fgOQLÅX:[¿L'^eL�U'KM{ÄO;{Z[,X:KMmÈOnX:[-à u [nR�U¬OYTVU'[�o!X:KMP�KMT�X:KMT-X:[�X:[H[tw:é$K�É
UN^_rt[ïX:[ïKML�U'`�X:[�o¾P�[,X:K;L'KMRÅP-R'KMfS^eL'[ïfS[tT-L'^eX:KMR¬OQRvK�Æ:P-ms^efS^_UWOQ{ZKMTVUNKö{Z[,X:KMms[tLDX:KöP�[nP-`-mÈOnxSþVKMLZfS[n{
UWOQ{ÄOQT-¸-[nLqrnOQR'^È�grtKM^sL�o:[ Ç `-K>U¬OY{Åw�âS{AOQã�KSUWODODX:^_r¯KSR'L'^ÈX�OYX:Kb·nKMT-âSU'^ÈfgOEà

áJÁ�s � Ôfç�Ã�Ä�Ô?É ç�Ã ä ê�ËBÅ?ÆÈë{Ô

ðèï6�èï�î �ìù'h�ô1û�ù�h�ô ösô)�F�i�-÷L��ü\dÚö
ç¹KMT-KMR'^efgOQ{ZKMTVU'Kto<X:KMT-[n{Z^sT�O³É�L'KH{Å`:UWOYxgjQ[ Ç `�OQm Ç `-KMRÄOQmsU'KMR¬OYxgjY[ÓKM{ `-{ UNR�Kgf¬¸-[ßX:KH{]OQU'KMR'^ÈOYm

·nKMT-âSUN^efS[ZK Ç `-Kto:P�[nR�U¬OYTVU'[�o:P�[EX:K>LNKMR&U'R¬OQT-LN{D^sU'^ÈX�OvOÅ`-{ÀX:KMLNfSKMT�X:KMTVU'Ktà�J1OQ^eL�OQm_UNKMR¬OYxSþVKMLÃP�[,X:KM{
[,fS[tR�R'KMRMoVP�[nR�K�Æ:KM{ZP-ms[-oVP�KMmÈO�R�KM{Z[ExMjY[b[n`]^sT-L'KMRNxgjQ[iX:KqT-[�r¯[nL�L'KM·t{DKMTVUN[nL�T�O>L'K ÇVÿ }MT�fS^ÈO�[tR�^e·n^sT�OYmòà
½¾L'L'KML&UN^sP�[nLÃX:K>{i`:UWOYxSþ,KSLqL¬jY[v^s{ZP�[nR�UWOQTVUNKSL�o:¸�OQé�OirE^sL�UWO Ç `-K>P�[,X:KM{GOYm_UNKMRNOYRzfS[t{ZP:meKSU¬OY{DKMTVUNK>[
[nRNX:KMT�OQ{ZKMT¯UN[DX:[nLÃOY{D^eT-[¯�YfS^ÈXE[tLzKM{	`-{ÄO�P-R'[YUNKMcsT�OEà�ÊÍOQLÃOQLz{i`:UWOYxSþ,KMLz{]OY^sL&KML�UN`�X�OYX�OYLgo,UWOQTVUN[
P�[nR�R'KMmsKSrnûYT�fS^ÈO Ç `�OQTVUN[�P�[tR¾fS[nTVr¯KMT:^e}MT�f�^~O¹T�O¹{Z[,X:KMmÈOY·nKM{¿otL¬jQ[bOQL¾P�[nTVU'`�OY^sLgotKM{ Ç `-KqOQms·t`-T-L�T,`EÉ
fSmsKM[YUNceX:KM[nL<^eL'[nm~OYX:[nL<L¬jY[�L'`-w-L�U'^sU'`-cÈXE[tL Ç `�OYT�XE[i`-{ÄO�T-[�rnO�LNK ÇVÿ }MT�fS^ÈObâ¹fS[nP-^ÈOnX�O�^eT�f�[tR�R'KSUWOQ{ZKMT¯UNK
OÅP�OYR3UN^sRÃX�OÅ[tR�^e·n^eT�OYmòo�{]OYLq[DT � {ZKMR�[DU'[nU¬OYm+X:K�T,`�fSmsKM[nU'ceX:KM[tLÃP�KMR�{ÄOYT:KgfSK�fS[nT-L�UWOQTVUNKtà
ú KMLNL¬OQL�fS[tT-X:^ÈxSþVKMLgoVâÃfS[nTVr¯KMT:^eKMT¯UNKq^eT¯UNR'[,X:`-ÎM^sR�`-{6{Z[,X:KMms[�X:KqL'K ÇVÿ }MT�fS^ÈOQL�o¯KM{ Ç `-Kq·tKMT:ÂnU'^eP�[nL

L¬jQ[v^eX:KMTVUN^_»�fgOYX:[nLqfS[t{ OYR�R¬OQTné$[nLzms^sT-K�OQR'KMLqXEK
L
L'c_UN^s[tLgà�ä KML�UWOYX:[

σi
XEK>fgOnX�O�LNc_UN^s[

i
â�R'KSP-R'KML'KMTEÉ

UWOYX:[iP�[nR<`-{ X:[nL<LNcs{Åw�[nms[tL<P�KMR3UNKMT�f�KMTVUNK>Ob`-{ fS[nTné$`-TVU'[
Vi
oEX:KMT:[t{Z^sT�OYX:[DOQmeã OYw�KSU'[�à ú Ob{ÄOQ^s[tR

P�OQR�U'KbX:[nL�fMOYL'[nL�o:[Z{DKML'{Z[]OYmsãøOQw�KSU'[�o
V
o�OYP-ms^efgO³É�L'K�OÅU'[EX:[nLq[tLqL'c_UN^s[tLqK�[D·nKMT-ÂnU'^eP�[

σ
P�KMR3UNKMT�fSK

OQ[ZKML'P�OYxS[
L
ÉêX:^s{ZKMT-L'^s[tT�OYm

V L à
ú [ fS[tT¯UNK�ÆEU'[Ü{Z[nmeKMfS`-m~OQRgoqfgOYX�OßL'csU'^e[ÜR�KMP-R'KML'KMTVU¬Oß`-{ T,`�f�meKM[YUNceX:KM[ KM{ `:{ÄOßL'K ÇVÿ }ST�fS^~O X:K

y�ú æÅoEKM{ Ç `-K>[ZOYmsãøOQw�KSUN[DL'KMR�^~OÅfS[nT-L'U'^sU'`-ceX:[DP�KMm~OQLzw�OYL'KMLzT-^_UNR'[n·tKST�OnX�OQL�OYX:KMT-^sT�O Ì æ�ÏWoE·t`�OQT-^sT�O
Ì ç�Ï�o�fS^_UN[nLN^sT�O Ì kqÏ&K>UN^s{Z^sT�O Ì JÃÏ�o-[n` ìÃú æÅo-KM{ Ç `-KiOvU'^e{D^eT�OvâbL'`-w-L�UN^_UN`-ceX�ODP�KMmÈOD`-R¬OYfS^emÈO Ì p�ÏWà
Ê¿`-^_UWOQL�rtKMÎMKMLgodX:^sL'U'^sT-·t`-KM{ÅÉêL'KlOQP�KMT�OYLÅOQL�P-`-R'^sT�OYL Ì æ KöçbÏ�KlOQL�P-^sR'^s{Z^eX:^eT�OQL Ì k KÄJÃÏ�o+K]`-{
OQmeã OYw�KSU'[lw-^sT��QR'^s[

V = {0, 1} R'K�r¯KMmÈO³É�L'KiL'`:»�fS^sKMTVU'Ktà ú KML�U'KÅfgOQL'[�o V L âiX:KMT-[n{Z^sT�OYX:[lKSLNP�OYxS[lX:K
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L'K ÇVÿ }MT-fS^~OQLgà
ÊÍOQL�¸���`-{ÄO�[n`:UNR¬O�^sTVUNKMR�P-R'KSU¬OnxgjQ[�P�[tL'L'csrtKMm/Û7olÜ�P�OQR¬O�[bUNKMR�{Z[�L'csU'^e[�T�ObX:^sLNfS`-L'LWjQ[vOYfS^s{ÄO:à ú [

f¬¸�OQ{ÄOYX:[ZfS[nTVUNK�Æ,UN[ZfSmÈ�YL'L'^efS[�o-[ÅUNKMR�{Z[D·nKMT-ÂYUN^sP�[ZR�KMã�KMR'KWÉêL'KbOÅ`-{ÀfS[nTné$`-T¯UN[ZX:K
L
·nKMT-KMLgà¾æ�LNL'^s{¿o

fgOYX�OÅL'csU'^e[Dâ�^eX:KMTVU'^s»�fgOnX:[ZfS[t{ `-{ ·nKMT-Kto:[t` z_®*��¦,« ·n}MT-^efS[�o-K>[]OQmeã OYw�KSU'[�o-KM{ P-R�^eT�f�ceP-^s[-o�L'KMR�^~OÅ[
fS[nTné$`-T¯UN[vX:K�U'[EX:[nL&[nL<P�[tL'L'c_r¯KM^sLqOQmeKSme[nLgà�k�[nTVUN`�X:[-oEKSLNL¬ObKMLNfS[tms¸�ObUN[nR'T�OQR'^ÈOb[Å{Z[,X:KMms[Å^sTVUNR¬O³UW�Mr¯KSmóo
L'KM{ ã OYmÈOQRbT�Ol^sT�OnX:K Ç `�OnxMjY[0X:[;`-L'[¿X:[H{DKML'{Z[¿OYmsãøOQw�KSUN[HP�OQR¬OlU'[EX:[nLb[nL�LNc_UN^s[nL�à y KML'L¬Oöã�[nR'{ÄOEo
{Å`:^sU¬OYLbrtKMÎMKML�âÄfS[tT¯r¯KMT-^sKMTVU'KöOYX:[nU¬OYRb{ÄOY^sL�`-{ÄOör¯KMÎZ`-{ OQmsãøOQw�KSUN[0w-^eT��YR�^e[-odKM{ Ç `-K]LNcs{Åw�[nms[tL
^sT�X:^efgOY{BOQP�KMT�OQL�L'Kv`-{ fSKMR3UN[öLNc_UN^s[öKML�UW�Ä[EfS`-P�OnX:[;P�[nR>`-{õ{Å`:U¬OYT¯UNKÅ[t`ïP�KSme[¿OQmsKMme[ Ç `-KZOQme^1L'K
KMT�fS[nTVU'R¬OMrtOÅ[tR�^e·n^sT�OYms{ZKMT¯UNKto�X:KMT-[n{Z^sT�OnX:[ÄOQmeKMms[ZL'KMm_rtOQ·nKM{ Ì ``Ömz � µ6�×Þ�© Ï�à
½�{IOQ{Åw�[nL�[nL�fgOYL'[nLgodfS[tL�U'`-{ÄO�ÉêL'KZ^s{ZP�[nR Ç `-KZ[nL�L'c_UN^s[tLbL'[tã~R¬OQ{B{Å`:UWOYxSþVKMLiX:KZã~[tR�{ÄO;^sT�X:K�É

P�KMT�X:KSTVUNKtà�æ¹msâM{ X:^eL'L'[-o+KS{ `-{ {D[EX:KMms[;L'KM{õLN`-P�KSR'P�[tL'^exgjQ[¿X:Kv·nKMR¬OYxSþVKML�o�UWOQ{Åw�âM{õâDfS[n{Å`-{
OYX:{Z^_UN^sR Ç `-Kto:OifgOnX�O�P�OQL'LN[iU'KM{ZP�[tRNOYmòoE¸�O³é�O�`-{ÄO�{ZKSLN{]O�P-R�[tw�OQw-^sme^eX�OYX:K u X:K Ç `-K¹`-{ÄO�{i`:UWO�É
xgjQ[Ä[EfS[nR'RNOZKM{|fgOYX�OZLNc_U'^e[-à¹h,K�[öOQmsãøOYw�K�UN[

V
fS[nTVUN^_r¯KSR

A
LNcs{Åw�[nms[tL¹K�`-{AL'c_UN^s[�o�OY[ÄL'[nã�R'KSR�`-{ÄO

{Å`EUWOYxgjY[-o+OYL'L'`-{Z^sR�OQmeK�O³UN[nR'^ÈOQ{ZKMTVUNKÅ`-{õT-[�r¯[öKMmsKM{ZKMT¯UN[;X:K
V
o�KSTVUWjQ[HOÄP-R'[nw�OYw-^sms^eX�OnX:KDX:Kv`-{

·nKMT-ÂYUN^sP�[]P�OQL'LWOQRÃX:[DKML�UWOYX:[
σ
OY[DKML�UWOYX:[

σ′
KS{À`-{ÄOÅ·tKMRNOnxMjY[Zâ

P (σ → σ′) =

(
u

A− 1

)d(σ,σ′)

(1− u)L−d(σ,σ′),
Ì 6:à 5 Ï

KM{ Ç `-K d(σ,σ′)
âï[�T � {ZKSR'[7X:KÓL'c_UN^s[tL Ç `-KßX:^sL�UN^sT-·n`-KM{ [nL¿X:[t^sLH·nKMT-ÂYUN^sP�[tLgo>XEKMT-[t{D^eT�OYX:[

,/E[H�'�XM&BAsEb\ ,BC   \MYZYZEL&1� àbk�m~OQR¬OQ{ZKMTVU'Kto4OÄX:^sL'U¬ûYT�f�^~OlXEKj¯¹OQ{Z{Z^sT-·lâÅL'^s{ZâSUNR�^ÈfMOÄKM{|R�KMmÈOnxgjQ[
OQ[tL�·nKMT-ÂYUN^sP�[nL!K�fS[nT-L'K ÇVÿ KMTVU'KM{ZKMTVU'K�[q{ZKML'{Z[z[,fS[tR�R'K�fS[n{ O&P-R�[tw�OQw-^sme^eX�OYX:K�X:K�UNR¬OQT-L'^exgjY[�OYfS^s{ÄOEà

ðèï6�èïñð �3÷o��÷ ü£þ�ùúö�dúû�ô1û�ùúö ô ü�÷H��÷ ü þ�ùúö ö��£þFü�ùúö
æ�P�KSLWOQRZX�OÍL'^e{ZP:me^efS^eX�OnX:K¿X:[ï{Z[,X:KMme[ßXEKHL'K ÇVÿ }MT�fS^ÈOYLgo�KM{ð{Å`-^_UN[nLZfgOQL'[tLDãøOQÎ�É�LNK;T-Kgf�KML'LW�QR'^ÈO

`-{ÄOÓã�[nR'{Å`:m~OYxgjQ[ OYm_UNKSR'T�O³UN^_rtOEà pÃ{ w�[n{ K�Æ:KM{ZP-ms[Üâ�OßL'^_UN`�OYxgjY[ÜR�K�OYmscsL�UN^efgO KS{ Ç `-K0¸��ß`-{
T � {DKMR'[öKMT-[nR'{ZKDX:KvP�[nLNL'c_r¯KM^sL�OQmeKMms[nL�{Å`:U¬OYTVU'KML>KM{ f�[t{ZP�OQR¬OYxgjQ[HfS[n{ [ � T-^efS[¿OQmeKMms[ Ì [n`ÓfS[n{
[nL&{ZKM{Åw-R�[tL&X:K¹`-{ÄO�P�K Ç `-KMT�OÅf�m~OQL'LNK>X:K>OYmsKMms[tL&{ÄOQ^eLzOYP:U'[tLWÏ�[tR�^e·n^sT�OYms{ZKMT¯UNK�P-R'KML'KMTVU'K�KM{	fgOYX�O
L'c_UN^s[�o�X:KZ{Z[,X:[ Ç `-KDâZ^s{ZP-R�[�rt�Mr¯KMm Ç `-KD`-{BL'c_UN^s[H[Ef�`-P�OnX:[HP�[tR�`-{ {i`:UWOQTVUNKvrtKMT-¸�OHOöP�KMRNXEKMR
KML'L¬ODfS[nT�X:^exgjQ[�à
½�{ 5 < P�N o1±>^s{Å`-RNOlK��¯OQ{ZKML�a&à�k�R'[��ëfS[nT�fSKMw�KMR¬OQ{ `-{ {Z[,X:KMms[HP�OQR¬OöX:KMLNfSR�KSr¯KMR>`-{ zs®*��¦V«
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·n}MT-^efS[;KM{ Ç `:KZfMOnX�OlT-[�rnOl{i`:UWOYxgjY[;X��Ä[tR�^e·nKM{BOÄ`-{BOQmsKMme[;T,`-T-fgO;OYT¯UNKML>P-R'KML'KMT¯UNKvT�OÄP�[tP-`EÉ
mÈOnxMjY[-o�L'KM{AfS[nT-L'^ÈX:KSR¬OQR Ç `�OQm Ç `-KMR�KML�UNR�`:UN`-RNOZ{D[tmsKgfS`-mÈOQR�K�Æ:P-mscefS^sU¬O:à ú ODms^sT-·t`�OQ·nKM{õX:KML�U¬OZL'KgxgjQ[-o
^sL'LN[0fS[nR'R'KSLNP�[nT�X:KMR�^~O0O¿OnX:[YUWOQR�[0fS[nTVUNK�Æ,UN[Íf�m~�QL'LN^efS[0KZãøOQÎMKMR

L = 1
K
A → ∞ T�O0½ Ç à Ì 6Eà 5 Ï�o

[ Ç `-KÄ{Z[nL'U'R¬O0OQP�KMT�OYL Ç `-Kl`:{ OQmeKSme[ÍP�KMR'{ÄOQT-KgfSKÄ^sT�OYm_U'KMR¬OYX:[ïfS[n{IP-R�[tw�OQw-^sme^eX�OYX:K 1 − u
{ÄOQL

Ç `-KÅT�jY[öâvP�[nL'L'csrtKMm�ãøOQÎMKMR�P-R'KSr,^eL'þVKML�L'[nw-R'KÅ[öKML'U¬OnX:[l»�T�OQm¾X:K Ç `�OQm Ç `-KMR�UNRNOYT:LN^exgjQ[�àik<[n{ w�OQL'K
T-KML'L'K Yv+-,BC�ab+v,BC�EL&1gh&iEG'�+(H?\MabCFab+(H Û 5 S�6lÜ�o,KMmsKML<P-R'KSrE^sRNOY{è[tL<KMã�KS^sU'[tL&fS[tTYé$`-TVUN[nL&X�OYL<{Å`:U¬Onx�þ,KML
KvX�OöX:KSR'^_rtOÄ·nKMT-âSUN^efgOÄLN[nw-R'KDOÄ¸-KSUNKMR�[tÎM^s·n[tL'^eX�OnX:K Ì P-R�[tP�[nRNxgjQ[HX:KÅ·tKST-ÂnU'^eP�[nL�¸-KSU'KMR'[nÎM^s·t[YUN[nLWÏ¹X:K
`-{ÄOHP�[nP-`-mÈOnxMjY[0»�T-^_UWO¿X:KlX:^sP-msÂt^eX:KMLgà y KML'LWOHã�[nR'{]O:od[0{Z[,X:KMms[�X:K�±>^e{i`-R¬OHKök<R�[*� T�O³UN`-RNOYmáÉ
{ZKMT¯UNK;L'`-·tKMR�^ÈOï`-{ '�C�H�'�C ,BC &1C�.-'*)*\(aLE[,B\4,BC o�P�[n^sL][n`:U'R¬OYLZã~[tR'xgOYLDKSr¯[nme`�f�^e[nT��QR'^ÈOYLgozOQmsâM{ X�O
X:KMR�^srnO�KÃX�O�P-R'KML'L¬jY[�{Å`:U¬OnfS^s[nT�OYmòoVX:KSrtKMR'^ÈOY{6L'KMR�R�KMLNP�[nT-L¬OYw:^ems^sÎ�OnX�OQL�fgOYL'[�`-{6·tKMT-K�OQP-R'KML'KMTVU¬OYL'L'K
¸-KSU'KMR'[nÎM^s·t[nL'^ÈX�OYX:K�X:^eã~KMR'KMT¯UNKbX�OvP-R'K�rE^eL�U¬O:à
½�TVUNR�KSUWOQTVUN[-oÃ[ {Z[,X:KMme[�X:K�^eT:»�T:^sU'[tL¿OQmeKMms[nLHT�jQ[ KMR¬O fgOQP�OQÎÓX:Kï^sT�fS[nR'P�[nR¬OQR¿OÜ^sT-ã�[nR'{ÄOYxgjQ[

fS[nTVUN^eX�OÅT-[D·tRNOY`¿X:K>L'^e{Z^smÈOYR�^ÈX-OnX:K�KMTVUNR�K�OQmsKMme[nL�XE^eL�UN^sTVU'[tLgà�½¾{ 5 < P <:o4±>^s{Å`-RNOvX:KML'KMTVrt[tm_r¯KM`H`-{
T-[�r¯[ß{D[EX:KMms[�Û;<D<�ÜÃP�OQR¬OïL'`-P-R�^eRZKML'L¬OÓX:KS»�fS^s}MT�fS^ÈOEà/äõP�KSL Ç `-^eL¬OYX:[tRbé3OYP�[nT-}ML]T-[YUN[n` Ç `-Kto�L'KÍO
P-R�[tw�OQw-^sme^eX�OYX:KÅX:Kb{Å`:UWOYxgjQ[]P�[tRÃL'c_UN^s[

u
ã�[nR�P�K Ç `-KMT�ODKM{GR'KMmÈOnxMjY[lOY[ÄfS[n{ZP-R'^s{ZKMT¯UN[ L X:Kb`-{ÄO

L'K ÇVÿ }MT-fS^~OEotP�[n`�fS[nL¾LNc_UN^s[nL�LN[nã�R�KMR'^ÈOQ{å{Å`:U¬OnxSþVKML�O�fgOYX�O¹·nKMR¬OYxgjQ[>K&L'KMR'^ÈO¹T:KgfSKML'LW�QR'^s[>{i`-^sU'[�U'KM{ZP�[
O³UNâ Ç `-KÃ`-{ëL'csU'^e[Ãé3��OYm_UNKMRNOnX:[�L'[nã�R'KML'L'KÃ`-{ÄO�T-[�rnO�{Å`:UWOYxgjQ[�à1æ¹msâM{èX:^sL'L'[�oVKML'L'K¹fS[n{ZP�[nR�U¬OY{ZKSTVUN[
âqUWOQTVUN[b{ÄOQ^sL�^sTVU'KMT-L'[ Ç `�OQTVUN[b{ÄOQ^e[nR�ã�[nR L Ì O�P:R'[tw�OYw-^sms^ÈX�OYX:K¹X:K�`:{ÄO�{i`:UWOYxgjY[b[EfS[nR'R�KMR�KM{ë`-{
fSKMR3UN[]L'csU'^e[]â

1/L
Ï�o�L'`-·nKMR'^sT�X:[][tL�ms^s{Z^_UNKML

L →∞ K u→ 0
àqä UNKMR�{Z[ Yv+d,BCFab+ ,BC�Em&-gh&iEG'�+@H

H2�G'lEb+(H L'`-R'·n^e`0OQP�KMT�OYLqKM{ 5 <so 5 Û 5 SDS�Ü�à
Ù ^s{ZP�[nR�UWOQTVU'KlT-[YUWOQR Ç `-Kto Ç `�OQT�X:[ÍLNKlfS[nT-L'^ÈX:KSR¬O0`:{ÄO0fS[nmeKgxMjY[ïXEKMLNL¬OQLÅms[tT:·VOQLÅLNK Ç¯ÿ }MT�fS^ÈOYLgo

[ f�[t{ZP�[nR�U¬OY{DKMTVUN[ OnfS^s{ÄOÜXEKML¬f�R'^_UN[�OQP-me^efgO�É�L'KÓOßUN[,X�O O P�[nP-`-mÈOnxgjQ[-o�X:KÍ{Z[EX:[ Ç `-KÍâÍ{Å`-^_UN[
^s{ZP-R'[�rn�Mr¯KMm Ì ÎMKMR�[�o Ç `�OQT�X:[ L → ∞ Ïq¸�OMr¯KMR�{ÄOQ^eL�X:[ Ç `-Ki`-{ÄOZ{Å`:UWOYxgjQ[lKM{A`-{õfS[nTné$`-T¯UN[öX:K
L'c_UN^s[tL¹¸-[n{ZÂnme[n·n[tL Ì `-{AKM{|fgOnX�OZL'K ÇVÿ }MT-fS^~OEo�U'[EX:[nL�T�OZ{DKMLN{]OZP�[tL'^exgjQ[,ÏWà y KML'L¬O]ã~[tR�{ÄOEo�UNKMT�X:[
KM{ rE^sL�UWO>O¹¸-[t{D[tms[n·t^ÈO:oVO¹{ÄOQ^e[nR'^ÈO�X:[nL¾L'csU'^e[nL¾âz{Z[nT-[n{ZÂtR3»�fgO¹K&U'[EX:[nL¾[tL¾L'c_UN^s[nL¾P�[tms^s{ZÂtR3»�fS[nL�L¬jY[
L'KM·nR'KM·¯OYT¯UNKML�P�OQR¬O¹OYP�KMT�OQL¾X:[n^eL1L'ce{iw�[nms[tLgon[¹[tR�^e·n^sT�OYmEK<`-{ {i`:UWOQTVUNKtà1½¾L'L'K<P�OYX:R¬jQ[�âdé$`-L�UWOQ{ZKMTVU'K
[ Ç `-KbL'K�[nw-L'KMR�rnODT-[nL¹X�OYX:[tL¹X:K�rnOYR�^~OYxgjQ[öOQmeâSme^efgOZKM{GL'K Ç¯ÿ }MT�fS^ÈOYL¹X:K y�ú æÅà�½�{Åw�[nR¬ODKSLNL¬ODL'K�é�O
O�OYP-ms^efgOnxMjY[Å{]OY^sL<X:^eR�KSUWObK�^s{ZP�[nR�U¬OYTVU'K�XE[i{Z[,X:KMms[vXEK¹^sT:»�T-^_UN[nL<L'csU'^e[nLgo,KMmsK�T�jY[�â¹^sT�fS[n{ZP�O³UNc_r¯KMmòo
KM{GOYw-L'[nme`:U'[�o�fS[n{AOirE^sLWjQ[]fSmÈ�QLNL'^efgODX:[Z{D[EX:KMms[]X:K�L'K ÇVÿ }MT�fS^ÈOQLgà
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Ù fSm~OQR'[ Ç `-Kß¸�� `-{ÄO�f�KMR�UWO L'KM{ZKMms¸�OQT�xgO�KSTVUNR'KÓKSLNL'KMLH{Z[EXEKMme[nLgà æÃ»�T�OYmòo�L'KÓT-[)fgOQL'[)X:K
^sT:»�T-^_UN[nL�L'c_UN^s[tL�fgOYX�OlT-[�rnOl{i`:UWOYxgjQ[;[,fS[tR�R'KvKM{õ`-{õLNc_U'^e[HOQU'âvKMTVUWjQ[ö{Z[nT-[t{ZÂnR�»�f�[�o�T�jY[öP�[EX:K
¸�OMr¯KMR¹{i`:UWOYxSþ,KML¹R'KSr¯KSR'L¬OYL¹KÅL'KM{ZP-R�KÅL'`-R�·tKM{|L'K ÇVÿ }MT�f�^~OQL>^sT-âgX:^_UWOQLgo4fS[n{Z[lT-[öfgOQL'[;XEKÅ^sT:»�T-^_UN[tL
OQmeKSme[nLgà u [tR3UWOQTVUN[-o�[Ó{Z[,X:KMms[ßX:K;^sT:»�T-^_UN[nLZL'c_UN^s[tLDR'KMP:R'[EX:`:ÎH[nLDR'KSLN`-m_UWOYX:[nL]X:[ïL'KM`)OYT¯UNKgfSKML'L'[nR
{ÄOQLgo�fS[n{Z[HX:KSrtKvUNKMR�»�fgOYX:[¿fSmÈOQR'[-o+P�[tL'L'^sw-^ems^_UWOöKML�UN`�X:[nL�w�KM{ {ÄOQ^sL�·nKMR¬OQ^eLgàD½�{Åw�[tRNO Ç `�OQm Ç `-KMR
UNRNOYT:LN^exgjQ[lKMTVU'R'KÅfS[nT:»�·n`-R¬OYxSþ,KML�w�KM{õXEKS»�T-^eX�OYL¹U'KMT-¸�O]P-R�[tw�OQw-^sme^eX�OYX:KÅT,`-mÈO:o�fS[t{Z[ÄT-[lfgOYL'[lX:[tL
OQmeKSme[nLgoQT-[Ã{Z[EX:KSme[�X:K�^sT:»�T-^_UN[nL!LNc_UN^s[nLdâ�P�[nLNL'c_r¯KMm¯P�KMT-L¬OQR!KM{ UNRNOYT-L'^exSþ,KSLdKMTVU'R'K �Ozs²³«¬«g©¬« X:K�KML�UWOYX:[nLgà
k�[t{Z[zé���ã�[n^�X:^sU'[iOQTVU'KMR'^s[tR�{ZKMTVU'Kto¯KM{ëOQme·n`-{ÄOQL�L'^_UN`�OYxSþVKML�w�OQL'U¬O�`:UN^sme^sÎ�OQR�`-{èOQmsãøOQw�KSUN[bw-^sT��QR'^s[bK
X:^sL�UN^sT-·t`:^eR!KMTVU'R'K�L'c_UN^s[tL!{Å`:U¬OYT¯UNKML!K�T�jQ[Ã{Å`:UWOQTVU'KML�à�æ¹msâM{ X:^sL'L'[�oQKM{ {Å`-^_UN[nLdfgOQL'[tLgoQ`-{ ·tKMT-ÂYUN^sP�[
âbfSm~OQL'L'^s»�fgOYX:[]P�KMms[]T � {DKMR'[]X:Kb{i`:UWOYxSþ,KML Ç `-K�fgOQR'R'KS·VODfS[tT:LN^s·n[�à<½�LNL'K�P-R'[,fSKgX:^s{ZKMTVUN[DUWOQ{Åw�âM{
â � UN^sm Ç `�OQT�X:[ZOQL&L'K ÇVÿ }MT�fS^ÈOYL&LWjQ[i»�T-^_UWOQLgoEP�[t^sL&R'KgX:`-Î¹[ÅT � {ZKMR�[vX:K�P�[nL'L'csrtKM^eLzf�[tT:»�·n`-R¬OYxSþVKMLqX:K
2L
O
L+ 1

o Ç `�OQT�X:[Z[ÄOQmsãøOYw�K�UN[Zâ�w-^eT��QR'^s[-à
ú [öOQP�}MT�X:^efSKiæÅo�{D[tL�UNRNO³É�L'K Ç `-K�[Ä{D[EX:KMms[lX:K�L'K ÇVÿ }MT�f�^~OQL¹P�[EX:K�L'KMR�`:LWOYX:[ÄP�OQR¬OZfgOQmÈfS`-mÈOQR>O

P-R�[tw�OQw-^sme^eX�OYX:K�X:KÃ`-{èfSKMR�U'[�·tKMT-ÂYUN^sP�[Åf�[t{
k
X:KMã�KM^_UN[nL�L'KÃU'R¬OQT-LNã~[tR�{ÄOQR�KM{ ²Dz ØY¦e¬ [t`:U'R'[ifS[n{

k′

X:KMã~KM^sU'[tLgà�æ¹msâM{GX:^eL'L'[-o�P-R'[�rnO³É�L'K�U¬OY{iw�âM{ Ç `-Kto�L'K uL→ U Ç `�OYT-X:[ L→∞ K u→ 0
o-T�jY[Z¸��

{Å`EUWOYxSþ,KML�R�KSr¯KMR�L¬OYL1K Ç `-K<[�OnfSR�âMLNfS^e{D[ n T�O¹fgOQR'·¯O�{Å`:UWOYfS^s[tT�OQm:X:`-R¬OQTVUNKzOÃUNRNOYT-L'^exgjY[�â&X�OnX:[�P�[nR
`-{ÄOirnOQR'^È�grtKMm!OQmeK�O³UNÂnR'^ÈODfS[t{ÀX:^sL'U'R'^sw-`-^exgjY[]X:K u [n^sLNL'[nT¿K>rnOQme[nRq{DâgX:^e[

U
o�fS[n{ÀP-R�[tw�OQw-^sms^ÈX�OYX:K

Mn = e−U
Un

n!
.

Ì 6:à76¯Ï

áJÁP� � Ôfç�Ã�Ä�Ô?É ç�Ã É-Ã�Ä�Ã�ÆÈë{Ô^� ÌiÃ�Ä�ÃÑé�Ô?É�Å?ç�Å{å�ËiÅ°ËiÏ×é�Ô?É

½dÆ:^sL'U'KM{î^sT � {ZKMR�[tLbUN^sP�[tLiX:KÄL'KMmsKgxgjQ[ Û9oDoEo 5D5 olÜ�odX:^eL�U'^eT-·n`-^sT�X:[ïO0O³UN`�OYxgjQ[�X:[¿{ZKML'{Z[¿P-R'^sTEÉ
fScsP-^s[�o ¶ L'[tw:R'KSrE^_r¯}MT�f�^~O�X:[ï{]OY^sLZOYP:U'[Yº¬o¾KM{ðX:^sã�KMR�KMTVUNKMLvL'^sU'`�OnxSþVKMLgà pq{ÄO�XE^eLNfS`-L'L¬jY[ÓX:K�UWOYms¸�OYX�O
X:KML'L'KML�UNÂnP-^Èf�[tLiã�[n·tKöOQ[ÍKMLNfS[nP�[�X:KML�UWO;UNKSLNKtàÍä � T-^efS[�fS[nT�fSKM^_UN[ÍR'K�OQms{ZKMTVUNK]R'KMmsKSrnOYT¯UNKÄP�OQR¬O¿[nL
X:KML'KMTVrt[tm_rE^s{ZKMT¯UN[tLÃP�[nL'U'KMR'^s[nR'KMLÃT-KML�UNK�U'R¬OQw�OYms¸-[Zâb[]X:K k�\Mab+()�\M,1\M^1'�\F'lEbk(+ Ì fS[tR�R'KML'P�[nT�X:KMTVU'KÅO
��µ ´�©W«¬« o-L'KM·t`-T-X:[tÛ P 6lÜ Ï&X:Kb`-{G^sT�X:^_rEceX:`-[öOv`-{Af�KMR�UN[ÄOQ{Åw-^sKMTVUNKno Ç `-Kbâb`-{ÄOv{ZKgX:^eX�OZX�ODfgOYP�O³É
fS^eX�OYX:KifS[nTné$`-TVU¬OZX:KbL'[tw-R�KSrE^_r¯}MT�fS^ÈO Ì rE^ÈOQw-^ems^eX�OYX:K³ÏzKbR'KMP-R�[EX:`�xMjY[ Ì ã~KgfS`-T�X:^eX�OYX:K³ÏqX:[][nR'·¯OQT-^eL'{Z[
KM{ÀX�OnX�OQL�f�[tT�X:^exSþVKMLgo�`-{ ¶ L'`�fSKML'L'[ZR�KMm~O³UN^_r¯[DKML'P�KSR¬OYX:[Yº¬à
½�{B{Z[EXEKMme[nLiX:KZUNKS{ZP�[0fS[tT¯UNcsT,`-[-od[HrnOYms[nRÅOYX�OQP:UWO³UN^_r¯[0T:[tR�{ÄOYms{ZKMT¯UNK]âÄOQLNL'[,fS^~OYX:[�ôHX:^sã�K�É
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R'KST�xgOÄKMTVUNR�KZOQL�UWO�Æ�OQL�X:KÅT�OQL¬fS^s{ZKMT¯UN[öKv{Z[nR�U'KvX:[ö^eT�X:^_rEceX:`-[-à � `�OYT-X:[;[lU'KM{ZP�[öâDX:^sLNfSR'K�UN[öK
T�jQ[H¸��lLN`:P�KMR'P�[nLN^exgjQ[0X:KD·nKMR¬OYxSþVKMLgo�{Å`-^_UWOQL>r¯KMÎSKMLb[örnOYms[nR�OnX�OQP:UWO³UN^_r¯[;âZX�OnX:[;P�KMme[;U¬OY{]OYT-¸-[
{ZâgXE^e[DX�OiP-R'[nmeK Ç `-K�`-{ [nR'·¯OQT-^eL'{Z[DX:KM^áÆ�OÅP�OYRNODOi·tKSR¬OnxMjY[vLNKM·n`-^sTVUNKnà�\�LNL'[vT�jQ[ Ç `-KMRqX:^sÎMKMR Ç `-K
OÅr,^~OQw-^sme^eX�OYX:K�L'K�é3OZXEKML¬f�[tT-L'^eX:KMR¬OYX�OEo�P�[t^sL�X:[n^sLÃ^eT�XE^srEceX:`-[nL¹f�[t{AOv{DKML'{ÄOÅã�KgfS`-T�X:^eX�OYX:K�P�[,X:KM{
UNKSR<f¬¸�OYT-fSKMLzX:K�LN[nw-R'K�rE^srt}MT�fS^ÈOiX:^sL'U'^eT¯UWOQL&KnoEfS[tT-L'K Ç¯ÿ KMTVUNKM{DKMTVUNKno-O Ç `-KMmsK�fS[t{è{ÄOQ^e[nR�rE^~OQw-^sms^ÈX�OYX:K
UNKS{ð{ÄOY^s[nRZT � {ZKMR'[ï{ZâgX:^s[ßX:K¿X:KMLNfSKMT�X:KMT¯UNKMLgà)½�LNL'KHfS[tT�f�KM^sU'[ X:KörtOQms[tR]OnX�OQP:UWO³UN^_r¯[Óã�[n^ÃOnXE[YÉ
UWOYX:[ZP�[tR¹h�à:ñÜR�^s·t¸VUÃKto�O³UN`�OQms{ZKMTVU'Kto�â�X:KMT-[n{Z^eT�OnX:[ZrnOYms[nR¹OYX�OYP:U¬OQU'^srt[lOYw:LN[nms`:UN[-à ú OÅr¯KMR'X�OnX:Kno
K�Æ-f�KSUN`�OQT�X:[QÉêL'K0fgOQLN[nLlf�[t{Z[ÜO Ç `-KMmsKMLÄKM{ Ç `-K¿`-{]OÓP�[nP-`-mÈOnxgjQ[Ü^sTVU'KM^sR¬OÓP�[,X:K¿LNK¿KWÆEUN^sT-·n`-^eRMoqO
L'KMmsKgxgjQ[ÓX:KMP�KMT�X:KHOYP�KMT�OQLZX�O�OnX-OYP:U¬OnxgjQ[ ªN©Ozs²YµmÖ~¨n² XEKö`-{ ^sT�X:^_rEceX:`-[�à u [nR�U¬OYTVU'[�o�KM{ ·nKMR¬OQmòo�O
X:^sT�ûQ{Z^ÈfMO�KSr¯[nme`�f�^e[nT��QR'^ÈOiT�jQ[Åâ>OQã�KSU¬OnX�O�L'K¹[nL�rtOQms[tR�KMLqOYX�OQP:UWO³UN^_r¯[nLqOQw-L'[tms`:UN[nLzX:[nL<{ZKM{Åw-R�[tL<X:K
`-{ÄOzP�[tP-`-mÈOYxgjY[¹ã�[nR'KM{ {i`-msU'^eP-ms^efgOYX:[tLdP�[tR!`-{ {ZKML'{Z[�ã OQU'[tRdX:K�KMLNfgOYmÈOEo Ç `�OQLNK�LNKS{ZP-R'K�KMLNfS[nme¸-^eX:[
X:K�{Z[,X:[ Ç `:K�[Z^sT�X:^_rEcÈXE`-[]{ÄOQ^eL�OQP:UN[vUNKMT-¸�OirtOQms[tR�OYX�OQP:UWO³UN^_r¯[Z^s·t`�OQm!OÅ`-{¿à
æ X:KSU'KMR'{Z^sT�OYxgjY[DX:[ÅrnOYms[nRÃOYX�OQP:UWO³UN^_r¯[vâ>`:{	P-R'[nw-meKS{ÄOÅKS{ZP-ceR�^efS[�à¾a�OYfSKbôQLz^s{ZKMT-L¬OQLqX:^_»�fS`-máÉ

X�OYX:KML<K�Æ:P�KMR�^e{DKMTVUWOQ^eLgo,KML'P�KgfS^ÈOQme{ZKSTVUNK¹T�OiOQLNL'[,fS^~OYxgjQ[vX:K¹KML�UN^s{ÄO³UN^_rnOYL<X:K�rnOYms[nR'KMLzOYX�OYP:U¬OQU'^srt[tLzO
·nKMT-ÂYUN^sP�[tL�KML'P�KMfScs»�fS[tLgo�{i`-^_UN[nLÃUNRNOYw�OYms¸-[tLÃU'KMÂtR�^ÈfS[nLÃUN}S{õOQT�OQme^sL¬OYX:[lX:^srtKMR'L¬OQL�ã�`-T�xSþVKML Ç `-KÅOQLNL'[QÉ
fS^ÈOQ{ `-{ rnOQme[nR1OnX�OQP:UWO³UN^_r¯[�OÃfMOnX�OÃfS[nT:»�·t`-RNOnxMjY[�X:[�KSLNP�OYxS[¹X:K�·nKMT-ÂYUN^sP�[tLgoYKSLNP�KMRNOYT-X:[�X:KMLNfS[nw-R'^sR
ã�KST-Ët{ZKST-[tLÃé��;[tw:LNKMR3rnOnX:[nLiKM{DP-^eR�^ÈfMOY{ZKSTVUNK]K]P-R�[tP-R�^eKMX�OnX:KML�`-T-^srtKMR'L¬OQ^eLiX:KML'L'KMLi{]OYP�K�OQ{ZKMT¯UN[nL�à
pÃ{ÄO�ã�`-T�xgjQ[vfS[n{ KML'L¬O�»�T�OQme^eX�OYX:K�â�X:KST-[t{Z^sT�OYX�O�`-{ )*C�a[C�k(+�\4,B\M^-'*\F'lEGk@+ à¾½¾L'L'K�fS[nT�fSKM^_UN[Åã~[t^
^sTVUNR�[EX:`-ÎS^ÈX:[0P�[tRvh�à4ñ R'^s·t¸VU�Û 5 <�6xÜ�KÄP�[EXEKÄL'KMR�KMTVUNKST�X:^ÈXE[�fS[n{Z[0`-{BUN^sP�[ÍX:K ¶ KMT-KSR'·n^~OHP�[YUNKMTEÉ
fS^ÈOQm_ºz^sT-KMR�KMTVUNK�ô>X:^sT�ûQ{Z^efgObOYX�OYPEUWO³UN^_rtO>X:Kq[YUN^s{Z^sÎ�OnxgjQ[�KSr¯[nme`�fS^s[nT��YR�^~OEàÚÙÓ^s{ZP�[nR�UWOQTVU'KqKMLNfSmÈOYR�KgfSKMR
Ç `-Kno�KM{Åw�[nR¬OvñÜR'^s·n¸VU¹UNKST-¸�O]`-L¬OYX:[ö[]UNKMR�{Z[ ² � ²
Þ�µmÖ�¨n©�zs²Q´ � «��N²
Þ�© [nR'^s·n^eT�OQms{ZKMTVU'Kto�KSL'U¬O]K�Æ:P:R'KML3É
L¬jQ[�UNKM{ë[t`:U'R'[iL'KMT¯UN^eX:[vOQU'`�OQme{ZKSTVUNK�Û PDP Üóà�æ�LNL'^s{¿oVR'KSmeKSrt[vOnX-OYP:U¬OQU'^srt[�o,[n`ÄP�OY^sL¬OY·nKM{	OnX�OQP:UWO³UN^_rnO
Û P 6xÜóo-K Ç `-^_rtOQmsKiOQ[DUNKMR�{Z[DKM{À^sT-·nme}ML �¾µø´�©W«¬«²zs²Q´ � «��¬²
Þ�© à
u R'[�rnOgrtKMme{DKMTVUNKtotO�P-R�KMLNKST�xgO¹X:K&`-{ÄOÃ^eT¯UNR'^efgOYX�O�KML'U'R'`:U'`-R¬O�X:K&P-^efS[nL�K<rnOYmsKMLgonP�OQR¬O�R�KMP-R'KML'KMTVU¬OYR

OiT-[YUNÂnR'^ÈOÅfS[t{DP-meK�ÆE^ÈX�OYX:K�X�OiR'KMmÈOYxgjQ[D·nKMT-ÂYUN^sP�[YÉ�ã�KMT:ÂnU'^eP�[-o�X:KSr¯K�L'KMR&`-{ÄOÅf�[tT�X:^exgjQ[DT-KgfSKSLNL¬�QR'^ÈODO
Ç `�OQm Ç `-KMRdR'KMmsKSr¯[¹P:R'KSUNKST-LWOQ{ZKMT¯UNK�R'K�OQmsceL�UN^efS[-à�½¾TVU'R'KSUWOQTVU'[�oQP�OYRNOqrE^ÈOYw:^ems^sÎ�OYR1[nLdKML'U'`�X:[nL¾OQT�OYmsc_UN^efS[tLgo
ã�R�K ÇVÿ KMT¯UNKM{ZKMT¯UNK¹L¬jQ[ÅKMLNfS[nms¸-^ÈXE[tL&R�KMmsKSr¯[nLzf�[t{èKML�UNR'`:U'`-R¬OQL<{ÄOQ^eL�LN^s{ZP-msKMLgo,{ÄOQLzOY^sT�X�O�fgOYP�OQÎMKML&X:K
R'K�r¯KMmÈOYRbP-R'[nP-R'^sKgX�OYX:KMLi^sTVU'KMR'KML'L¬OYT¯UNKMLgà ú KML�UWOöU'KMLNKnodL¬jQ[0KS{ZP-R'KM·¯OYX:[tLÅOYP�KMT�OQL�R'KMmsKSr¯[nL�KML'U¬�QU'^Èf�[tL
Ì P�OYRNOD{Z[,X:KMms[tL�fS[n{AX:KMP�KMT-X:}MT�fS^ÈODUNKM{DP�[tRNOYmòo-r¯KMR{Û 5 : P Ü Ï<KS{ Ç `-K�[ZrnOYms[nR¹OYX�OYPEUWO³UN^_r¯[ÄX:KMP�KMT�X:K

5 o



OQP�KMT�OQL�X:[ÄT � {ZKSR'[]U'[nU¬OYm!X:K�{Å`:U¬OnxSþVKML Ì [n`�fgOQR'·¯OZ{i`:UWOYfS^e[nT�OQm�ÏqX:K�`-{ÄODL'K ÇVÿ }MT�f�^~OEà�½�LNP�Kgf�^s»:É
fgOQ{ZKMTVU'Kto4L¬jQ[;`:U'^ems^sÎ�OYX:[tL�[öR�KMmeKSrt[;{i`-msU'^eP-ms^efgO³UN^_r¯[-o+^sT�fSms`-^sT�X:[HL'`�OöOYm_U'KMR¬OYxgjY[;P�OYRNOlR�KMP-R'KML'KMTVU¬OYR
KMã~KM^sU'[tLÃX:K Ce^/E[H�'*\4HOC o�Ov^sTVUNKSR¬OYxgjY[DKMTVUNR�K�·tKST-KMLÃT�ODXEKSUNKMR�{Z^eT�OnxgjQ[]X:[vrtOQms[tR�OYX�OQP:UWO³UN^_r¯[-o-K�[ZR�K�É
msKSr¯[�UNR'`-T�fMOnX:[ Ì [t`ÄX:KÃL'KMmsKgxgjQ[bUNR'`:T�fgOnX�OtÏ�o Ç `-KÃâÃ`-{ÄO>·tKMT-KMRNOYms^sÎ�OYxgjY[ÅXE[�ãøOQ{Z[nLN[bR'KMmsKSrt[iX:KÃP-^efS[
OQ·t`�XE[�à�k<[nT-L'^eX:KMR¬O�É�LNKno:T-KSLNL'KML&R'KMmsKSrt[tLgo Ç `:K�OYL&{i`:UWOYxSþ,KML&L¬jQ[ÅLNKM{DP-R'K�X:KMmsKSUNâMR�^~OQLgà u [tR3UWOQTVUN[-oE¸��
L'[n{ZKMTVUNK>`-{À{Ä��Æ:^s{Z[-o-KM{GOY{iw�[tLq[nL�fgOQL'[tLgà

ðèïT��ï�î � ô1û�ô�øÈùÚö ý�k û£þFü\b û�ü\�-dhþ�ü£øúù ô þ���k ÷L�-d�h�ù
u OYRNO�T�jQ[iL'[nw-R'KgfgOQR'R�KM·VOQR&O�T-[YUWOYxgjY[-o,[brnOQme[nR<OnX�OQP:UWO³UN^_r¯[iX:K�`-{ë^eT-X:^sr,cÈX:`-[ÅfS[n{

j
{Å`EUWOYxSþ,KML

L'KMR¬��L'KM{DP-R'KzXEKMT-[nU¬OnX:[�P�[tR
wj
on^sT�X:KMP�KST�X:KMTVUNKS{ZKMTVUNKzX:[�R'KMmsKSr¯[-à¾ä�fS[nTVUNK�Æ,UN[�L'KM{ZP-R'K�rnOY^:X:KM^áÆ�OQR

fSmÈOQR'[ Ç `�OQm+R�KMmeK�r¯[ÄOYX�OYPEUWOQU'^_r¯[ZKML�UWOQR¬�ÅL'KMT�X:[]fS[nT-L'^ÈX:KSR¬OYX:[�à
h,K
s ∈ [0, 1]

â�`-{ f�[,KS»�fS^sKMTVU'K¹LNKSmeKSU'^srt[�oEXEKS»�T-K�É�L'K¹`-{ëR'KMmsKSr¯[�KM{ Ç `-K�[brtOQms[tR&OYX�OQP:UWO³UN^_r¯[ÅX:K
`-{ÄOÅL'K ÇVÿ }ST�fS^~ODfS[n{ j

{Å`:U¬OnxSþVKMLqâbX�OnX:[ZP�[nR

wj = (1− s)jα. Ì 6:à;8VÏ

pÃ{ÄO�KSrtKMTVUN`�OQmq^sTVU'KMR¬OYxgjY[ßKMT¯UNR'KH[nLZLNc_UN^s[nLÄX�O�LNK Ç¯ÿ }MT�fS^ÈOÓâ¿X:KSU'KMR'{Z^sT�OYX�OïP�KMms[ßP�OYRNûY{ZK�UNR'[ßX:K
KMP-^sL�UWOQL'Kto

α
à � `�OQT�X:[

α = 1
od[nw:UNâS{vÉ�LNKZ[¿R'KMmsKSr¯[¿{Å`-m_UN^sP-ms^efgOQU'^srt[�odKS{ Ç `:K]T�jY[¿¸��;^eT¯UNKMRNOnxgjQ[

KMTVU'R'Kz[tL¾·tKMT-KMLgotP�[t^sL�fgOnX�O�T-[�rnO�{Å`:UWOYxgjQ[�meK�rtO�ô�{ZKML'{ÄO¹R'KgX:`�xgjQ[bR�KMmÈOQU'^srnO>X:[>rtOQms[tR�OYX�OYP:U¬OQU'^srt[
X:[ö^sT�X:^_rEceX:`-[�o4^sT�X:KMP�KST�X:KMTVUNKS{ZKMTVUNKDX:[öT � {ZKMR'[öX:Kv{i`:UWOYxSþ,KSLbOYfS`-{Å`-mÈOnXE[¿O³UNâÅKMTVUWjQ[-àih,K

0 <

α < 1
oEfgOnX-O�T-[³rt[ÅKMR�R'[ÅR�KgX:`-Î¹[irnOYms[nRzOnX�OQP:UWO³UN^_r¯[vX:K¹ã�[nR'{]O�{ÄOQ^sLqOQ{ZKMT�O�X:[ Ç `-K>OYL<{i`:UWOYxSþ,KML

OQTVUNKMR�^e[nR'KSL�àÃ½�L'LNK�ã~KMT-Ët{DKMT-[ÄâiX:KMT-[n{Z^sT�OnX:[ÄKMP-^sL�UWOQL'KvO³UNKMT,`�OQTVU'Ki[n`�OYTVU¬OY·n[nT-ceL�UN^efgOEà u [tRÃ[t`:U'R'[
mÈOnXE[�o!OQL�{Å`:U¬OnxSþVKML>UN[nR'T�OQ{vÉ�L'KDfgOnX�OÄr¯KMÎv{ÄOQ^eL>P-R'K�é$`�XE^ÈfS^ÈOQ^eL Ç `�OYT�XE[ α > 1

o+KMã~KM^_UN[¿f�[tT-¸-Kgf�^ÈX:[
fS[n{Z[DKMP-^eL�U¬OYL'K�L'^eT-KMR�·tâ�UN^efgO:à
½�L'LNKvR'KMmsKSr¯[¿OnX-OYP:U¬OQU'^srt[;UNKM{ L'^ÈXE[H{Å`:^sU'[H`:U'^sme^sÎ�OYX:[uÛ;T P o 5 <DS�Ü¾KM{ KML�UN`�X:[nL�X�O A3\F'*)*\MA3\ ,BC

� .iaLa[Ce) ÌP� ¦�z[z_©�ª�� «ÅªN²Yµ��×à:©Sµ Ï�o�`-{õP:R'[Ef�KMLNL'[öX:KvX:KM·nR¬OYX�OnxgjQ[ö{Å`:U¬Onf�^e[nT�OQm Ç `-KÅP�[,X:KÅ[EfS[nR'R�KMR�KS{
P�[nP-`-mÈOnxSþVKMLö»�T-^_UWOQLöLN`néêKM^sU¬OYLHô O³UN`�OYxgjQ[�fS[nTné$`-TVU¬O X:KÍ{Å`:UWOYxgjQ[ K�L'KMmsKgxgjQ[�à6½�LNL'K�ã~KMT-Ën{ZKMT-[-o
Ç `-K�L'KMRN�DXE^eLNfS`:U'^ÈX:[ZKM{ÀX:KSU¬OYms¸-KMLqT-[]fgOQP-c_UN`-ms[ N o:â�OÅP�KMRNX�OÅ^eT-KWÆ:[tRN�grtKMm�X:[nLq^eT�X:^_rEceX:`-[nLÃ{ZKMms¸-[nR
OYX�OYPEUWOnXE[tL!X:KSrE^eX:[�O&KSã�KM^_UN[nL!X:K�X:KMR'^_rnO&·tKMT-â�UN^efgO:o³msKSrnOYT�XE[¹O&`:{ X:KgfSR'âSL¬fS^s{Z[ÃX:[zrnOQme[nR!OYX�OYP:U¬OQU'^srt[
{ZâgXE^e[-à�½�L'P�KMfS`-mÈO³É�L'K Ç `-K>KML'L'K�fS[n{ZP�[nR�UWOQ{ZKMT¯UN[vP�[nL'LWOiL'KMR&R'KML'P�[tT-L¬�Mr¯KMm�P�[nRz`-{ÄO�ã�[tR3UNK�P-R'KML'L¬jY[

5 :



L'KMmsKSUN^_rnO�KM{èã Ogrt[tR<X:[�LN`-R�·t^s{ZKMT¯UN[ÅX:K�{ZKgfgOQT-^eL'{Z[nL<R�KMLNP�[nT-L¬�Mr¯KM^sL<P�KMmÈO�{ÄOQT,`:UNKST�xgjY[ÅX�OiOQP:UN^eX�jQ[
X:K�`-{]OvP�[nP-`-m~OYxgjQ[�o�fS[t{Z[]OvR�KgfS[n{Åw-^sT�OnxMjY[ZT�OvR�KMP-R'[,X:`�xgjQ[ZLNKWÆ:`�OnX-OWÛ;636lÜóà
äè[t`:U'R'[HR'KMmsKSr¯[H`:U'^ems^sÎ�OnXE[0T-KSL'U'KDUNRNOYw�OQms¸-[�o�[¿X:KZL'KMmeKMxgjY[HU'R'`-T�fgOYX�OEo!^sT�fS[nR'P�[nR¬O;KSP-^eL�UWOQL'K]X:K

`-{ÄOiã�[nR'{]OÅKWÆEUNR'KS{ÄO:o-OYm_UNKSR'T�OQT�X:[DKMã�KM^_UN[nLqP�[nL'^sU'^srt[tLzK>T-KM·¯OQU'^srt[tLgà¾æ OYP:U'^ÈX�jQ[ZX:K>`-{	^eT�X:^_rEceX:`-[
âÄ^sT�OYm_UNKSR¬OYX�O¿P�[nRi{i`:UWOYxSþ,KMLiKMT Ç `�OYTVU'[ïO0fgOQR'·¯O¿{Å`:U¬Onf�^e[nT�OQm�T�jY[�OQU'^eT-·nKÄ`-{ fSKMR3UN[0rnOQme[nRgo K à
æG{Å`:UWOYxgjQ[ÓL'KM·n`-^sTVUNK;R'KgX:`-Î;[�rtOQms[tRZOnX�OQP:UWO³UN^_r¯[ÓP�KMms[ÓãøO³UN[nR

1 − s
Kto<OÍP�OYR3UN^sRZXEKHKMT¯UWjQ[�o<OQL

{Å`EUWOYxSþ,KMLzUN[nR'T�OQ{vÉ�L'K�^sT-ÂEf�`�OYLÃT-[�rnOY{ZKSTVUNKtà�½¾{ÀL'cs{Åw�[nms[tLq{ÄOQU'KM{Ä�³UN^efS[tLgo

wj =





1,
L'K
j ≤ K

1− s, L'K j > K
.

Ì 6:à N Ï

ú [YUWO�É�L'K Ç `-Kno�LNK s = 1
o1`-{ÄO Ç `�OQTVUN^eX�OYX:KöX:Kl{Å`:U¬Onx�þ,KMLÅ{ÄOQ^s[tR Ç `-K K âlã OQUWOQm�P�OYRNO¿`-{ ^sTEÉ

X:^_rEceX:`-[-à � `�OYT�XE[
K = 0

K
s < 1

o4[tw:U'âM{vÉ�L'KD`-{ R�KMmsKSr¯[;KM{ Ç `-K]OQP�KMT�OQLb`-{ ·tKST-ÂnU'^eP�[;UNKM{
rnOYT¯UWOQ·tKM{|L'KMmsKSUN^_rnOÄL'[tw-R�KÅ[nL>X:KM{ÄOQ^sL�o�L'KMT�X:[ÄUN[,X:[tL�[nL�{Å`:U¬OYTVU'KML�^s·n`�OYms{ZKMT¯UNKÅP-^s[tR>OYX�OYP:U¬OnX:[nLgà
¯¹�i`:{ÄOiP-R�[tã~`-LWjQ[DX:K�U'KMR'{D^eT-[nms[t·n^~OQLzP�OYRNOiKML'L'K�fgOQL'[DKSLNP�Kgf�^~OQm4T�Oims^_UNKMR¬O³UN`:R¬Oi^sTVUNKMR�T�OnfS^s[nT�OYmòo:KMTEÉ
UNR�KqOQL Ç `�OY^sL «
à:²Qª�Þ@z1���Þ�©¬²2_t© � zs²Q´ � «��¬²
Þ�© o «×Ö�´�Ø3z_©z«
à-²³ª�Þ?Þ�©¬²2_²z_²Q´ � «��¬²³Þ�© o «×Ö~´�Ø3z1�/�Þ�©¬²
_t© � zs²³´ � «��¬²
Þ-© o
Ö~«M®Dzs²Yµê© � Þ�©¬²
_°zs²Q´ � «��¬²
Þ�© [n`]OQ^eT�X�O ¬Ä²³«�µ�©�ª&«g©0��¦�©�´@�¬©�zs²Q´ � «O�¬²
Þ�© à¾ä¹PEUN[n`EÉ�LNKzP�[nR¾f¬¸�OQ{Ä�³É�ms[>R'KMmsKSr¯[
X:KqP-^efS[iOQ·t`�X:[-oVT:[t{ZK Ç `-K�X:KS^_Æ�O�{ZKMT-[nR�{ÄOQR'·nKM{èO>^sTVU'KMR'P-R�KSUWOYxSþ,KML�K Ç `-^_r¯[EfMOnX�OQL<OnfSKSRNfgO�X�O>T�O�É
UN`:R'KMÎ�OÅX:[vR'KMmsKSr¯[-à�ä ·nKMT-ÂYUN^sP�[D{ÄOY^sLÃOQP:UN[vâ�X:KST-[t{Z^sT�OYX:[DL'K ÇVÿ }ST�fS^ÈOÅ{ZKML�UNR¬OEoE[ Ç `-K&éê`-L�UN^_»�fgOÅ[
� m_UN^s{Z[vUNKMR'{D[ZKS{À^sT-·tms}MLgà
æqfSR'KgX:^_UWO�É�L'K Ç `-K�[vR'KMmsKSrt[DX:K>L'KMmsKgxgjQ[vU'R'`-T�fgOYX�OÅP�[nL'L¬OÅX:KML'KM{ZP�KMT-¸�OQRz`-{	P�OQP�KMm�^e{ZP�[nR�U¬OYT¯UNK

T-[ïKML�UN`�XE[ßX�OÍX:^eT�ûY{Z^efgO�K�r¯[tms`�fS^s[nT��YR�^~OïXEK;L'K ÇVÿ }MT�fS^ÈOQLZR�KMP�KSUN^_UN^_rnOYLDKM{ KM`�fMOYR'^s[nTVUNKMLWÛ;6D8xÜ�à��t�
OHOYP-ms^efgOYw-^sms^ÈX-OnX:KlXE[0fgOQLN[HP�OYR3UN^efS`-mÈOYR�X:KZP-^efS[ÍOY·n`�X:[¿âZw�OQL�UWOQTVUNK Ç `-KSL'U'^e[nT��Mr¯KMmòàöh,`�O;P�[nL'LNc_r¯KSm
R'KSmeKSrnûQT�fS^ÈODw-^s[tmsÂn·t^efgODL'ÂZP�[EX:KbL'KMRÃXEKMã�KMT�X:^eX�O Ç `�OQT�X:[ZL'KbL'`-·nKMR'K�L'KM`¿`-L'[ZT-[ZKML�UN`-X:[]X:KbR'KS·t^sþ,KML
R'KSL'U'R'^_UWOQL�X:[l·nKMT-[n{ÄO Ì P�[tR�K�Æ:KM{ZP-ms[-o�[nL¹P�[t`�fS[nL�L'c_UN^s[tL¹T-[öfSKSTVUNR�[;O³UN^_r¯[lX:Ki`-{ÄOZKMT-ÎM^s{ÄOEo�fS`né�O
ã�`:T�xgjY[>P�[EX:KzLNKSR¾ã OnfS^sms{ZKMTVU'KÃfS[n{ZP-R'[n{ZKSU'^ÈX�O¹P�[nR Ç `�OQm Ç `-KMR¾KSr¯KSTVUN`�OQm:{Å`:UWOYxgjQ[,ÏWà¾Ê¿KML'{Z[bOQL'LN^s{¿o
[HR'KSmeKSrt[¿X:KZP-^efS[0OY·n`�X:[HU'KM{ L'^ÈXE[ÍOQ{ZP-mÈOY{DKMTVUNKDKML�UN`�X�OYX:[-àÄ½�meKZã~[t^¾`:U'^ems^sÎ�OnX:[HKM{ KML'U'`�X:[nL�X:K
KSrt[tms`�xgjQ[0KM{îOYms·n`-T-L�U'^sP�[nLiX:KDrEcsR'`-L�Û 5�N 8�Ü�o�KM{Åw�[nR¬OlUNKMT-¸�O;L'^eX:[¿P-R'[nP�[tL�U'[¿[tR�^e·n^sT�OYms{ZKMT¯UNK]P�[nR
ÊÍOQT-ã�R'KgX;½¾^s·tKST]Û N olÜóo:KS{	LN`�ObUNKM[nR'^ÈOÅX:K Ç `�OYL'K�É�KML'P�âgfS^sKMLqP�OYR¬O�KSr¯[nme`-xgjY[vP-R'â�É�w-^sÂnU'^ÈfMO Ì P�OYRNOi`-{ÄO
K�Æ-f�KMmeKSTVUNK�^sTVUNR�[EX:`�xgjQ[-oErtKMR�Û 5 TD<xÜ Ï�à1æ me^_UNKMRNOQU'`-R¬OÅOYfSKMRNfgOiX�ObUNKM[nR'^ÈOiX:K Ç `�OQL'K�É�KML'P�âgfS^sKMLÃO³UNâ 5 <3:D<:o
KM{ë·nKMRNOYmòoVK�X:[�R�KMmeK�r¯[iX:KÃP-^efS[ÅOQ·t`�X:[-oVKM{ëP�OQR�UN^efS`-mÈOQRgoVã�[n^�R�KSrE^sL'U¬O�KM{ Û N ::o N <�Üóà�J!RNOYw�OQms¸-[tL�{]OY^sL

5 <



R'KMfSKMTVUNKSLÃL¬jQ[]X:^sL¬f�`:UN^eX:[tLÃKS{¾Û9o*Ü�KfÛ N TlÜ�à

ðèïT��ïñð ��ü�ýÓü\d��ch�ô ô*���Fù
y KMLNX:KbL'KM`¿L'`-R�·t^s{ZKMTVU'[�Û N olÜ�o-[ZR'KSmeKSrt[ÄX:K�P-^ÈfS[ÄOY·n`�X:[DUNKM{ÀL'^ÈX:[ÄOQLNL'[,fS^ÈOnX:[_Û 5�P :�ÜdôDX:KSUNKSR'{Z^áÉ

T�OYxgjQ[ÅX:[ifN¸�OY{]OnX:[ aLELYZEb\M)�,BC�C�)l)�+ Ì ©Wª�ªN®Qª¹µLà¯ª¬©W«³à-®Dz �gÏWà�ä/ms^e{Z^ÈOQR�X:K�KMR'R�[�âÃ`-{�UN^sP�[iX:K�P�[nTVUN[
fSR�csU'^ÈfS[HKM{ `-{ÄOÄUNR¬OQT-L'^exgjY[¿X:KDãøOYL'KtàDJ!R¬O³UWO�É�LNKZX:KD`-{ ms^e{D^sU'KZL'`-P�KMR'^s[tR�P�OQR¬OHOlU¬O³Æ�OöX:KZ{Å`EUWO�É
xgjQ[ Ç `-KÄ`-{ÄO¿P�[tP-`-mÈOYxgjY[ïX:KlL'K ÇVÿ }MT�fS^ÈOYLvP�[,X:KöL'`-P�[nR�U¬OYRMo�LN[nw fSKMR3UWO¿^eT¯UNKMT-L'^eX�OnX:KöX:KlL'KMmsKgxgjQ[�à
æ¹m_UNKMR�T�OQU'^_rtOQ{ZKMTVU'Kto Ç `�OYT-X:[�[nLÅ·nKMT-[n{ÄOYLiLWjQ[0»�T-^_UN[nLgo�âÄP�[tL'L'c_r¯KMm<X:^sÎMKMR Ç `-KÄ¸��¿`-{îU¬OY{]OYT-¸-[
{Ä��Æ:^s{Z[ZX:[tLq^eT�X:^_rEceX:`-[nLgo�L'[tw¿X�OYX�OQLÃ^eT¯UNKMT-L'^eX�OnX:KML�X:K�{Å`EUWOYxgjY[ZK�L'KMmsKgxgjQ[�o�OnfS^s{ÄOvX:[ Ç `�OQm+T�jY[
âÍP�[tL'L'c_r¯KMm�KSr,^sU¬OYRl`-{ Onf � {Å`-ms[ ^sR�R'KMã�R�K��Mr¯KMm�X:K�KMR�R'[nL�oqKïO P�[tP-`-mÈOYxgjY[ âÍmeKSrnOYX�O ô K�ÆEU'^eT-xgjY[-à
½¾L'L'K>R'KML'`-m_UWOYX:[DâbfS[nT-¸-KgfS^eX:[]fS[n{Z[ZfSR'^sL'KbX-Ov^sT-ã�[nR'{]OnxgjQ[-o-P�[n^eL�OQLq{ÄOYfSR'[n{Z[nmsâgfS`-mÈOYLq^sT�fS^eP:^eKMT¯UNKML
X:KM·nR¬OYX�OQR3É�L'K�É�^~OQ{À{i`-^sU'[]OYT¯UNKML Ç `-K�P-`�X:KML'L'KM{Gf�[EX:^_»�fgOQRq^eT-ã~[tR�{ÄOnxMjY[DLN`E»�fS^eKSTVUNK�P�OQR¬OÅP�[nLNL'^sw-^sme^áÉ
UWOQR¾[bX:KML'KMTVr¯[nm_rE^e{DKMTVUN[bX:KqL'^sL'U'KM{ÄOQL�{ÄOQ^eL�fS[n{ZP-msK�Æ:[nLgà¾½¾L'L'KqP:R'[tw:meKM{]O>msKSr¯[n`ÄÊ àV½�^e·nKMTZK u KSUNKMR
hEf¬¸V`-L�UNKMRqOiL'`-·tKSR'^sR'KM{ Ç `-KbOi^sT-ã~[tR'{]OnxgjQ[D·nKMT-âSU'^ÈfgOiP�[EX:KMR�^ÈOÅL'KMRqOYR�{ÄOQÎMKMT�OnX-OÅKM{	`-{ �¬®Q´G�¬¦E´�µ�®
X:Kl{Z[nmeâgfS`:m~OQL Ç `-KHOQ`EÆ:^sms^~OQR'^ÈOQ{ð`-{]OYLDôYLv[n`:UNRNOYLgo¾fS[nT-L'U'^sU'`-^sT�X:[ï`-{ fS^efSme[ïfgO³UWOQmec_UN^efS[ÓX:KST-[t{Z^áÉ
T�OYX:[�¸-^sP�KMRNfS^efSms[�Û7T�SxÜ�o¯KM{Åw�[nR¬O�P�[nL�UNKMR'^s[nR'{ZKMT¯UNKqUNKMT-¸�OQ{ëL'^ÈXE[ÅOYP�[nTVU¬OnX:[nL&OYms·n`-T-L�P-R�[tw-msKM{ÄOQL�KS{
R'KSm~OYxgjQ[ÄôvKML�UWOQw-^sme^eX�OYX:K�X:KML'L¬OvKML�UNR'`:U'`-R¬OEà
½�TVUNR�KSUWOQTVUN[-o1¸���OQms·t`-T-LÅP�[tT¯UN[nLDfS[nTVU'R'[�r¯KMR�LN[nLDO0X:KML�UWOYfgOQRDO¿R'KML'P�KM^_UN[ïX:KÄme^s{Z^ÈOYR�KMLvX:KlKMR'R�[�à

Ê¿`-^_UWOQL�KML�UN^s{ÄO³UN^_rnOYLÃw�OQLNKS^~OQ{vÉ�L'K�T�Ov¸-^sP�ÂnU'KMLNKno Ç `�OQL'Kif�KMR�UWOQ{ZKMT¯UNKb^eT�OnX:K Ç `�OnX�OEo�X:K Ç `-K�UN[,X:[][
·nKMT-[n{ÄOZâiX:KSL¬fSR�^sU'[ÄP�KMms[ÄR'KSmeKSrt[lX:K�P-^efS[öOQ·t`�XE[�àzæ�meâM{AX:^sLNL'[-o�X:KMP�KMT�X:KMT�XE[öX�OQL>OQP-R'[gÆ:^s{ÄOYxSþ,KML
OYX:[nU¬OnX�OQL Ì T�jQ[ö¸��]L'[tms`�xgjQ[HOQT�OYmsc_UN^efgOÄK�Æ�O³UWO]P�OYRNOÄ[l{Z[,X:KMms[;X:K Ç `�OYL'K�É�KML'P�âgfS^sKML>T-KML'L'KÅR'KMmsKSr¯[VÏ�o
â]O³UNâDP�[nL'L'csrtKMm�O³»�R'{ÄOQR Ç `-Kto+L'KD[;KMã~KM^sU'[¿X�OlL'KMmeKMxgjY[Hã~[tR>ã�[nR�UNKv[HL'`:»�fS^sKMTVU'Kto Ç `�OQm Ç `-KMR>UWO�Æ�OöX:K
{Å`EUWOYxgjY[vâ�L'`-P�[nR�U¬�grtKMmÚÛ 8�Üóà y K>{Z[,X:[D·nKMR¬OQmòo-KML'L¬OYLz^sT�fS[nT-L'^eL�UN}ST�fS^~OQLÃã~[tRNOY{ X:^eLNfS`:U'^ÈX�OQLqKM{�Û 5 o P Ü
K>P�[nRqJz¸-[n{ÄOQL&ñ/^sKM¸-K�KM{#Û 5 : 5 Ü�o Ç `-K�{D[tL�UNRNO Ç `-K>me^s{Z^ÈOYR�KMLÃX:K>KMR�R'[vLWjQ[]OQ{Åw-cs·t`-[nLgo:T-[DL'KMTVU'^ÈX:[
X:K�X:KMP�KMT�X:KMR�KM{èT�jQ[�L'[t{DKMTVUNK�X:[bR'KMmsKSr¯[ifS[nT-L'^eX:KMR¬OYX:[-o,{ÄOQL�UWOQ{Åw�âM{èX:[�fSR'^_UNâMR�^e[ÅOYX:[nU¬OnX:[�P�OQR¬O
L'KM`¿fg�QmÈf�`-me[-à�æ¹^sT�X�OÅP�[nRÃfS^s{ÄOEo-{i`-^sU'[tLqfg�YmefS`-ms[tL�X:K�ms^e{D^~OQR'KMLÃX:K�KMR'R�[DLWjQ[Zw�OYL'K�OYX:[tLqT-[Z{Z[,X:KMms[
X:K>^eTE»�T-^sU'[tLqL'c_UN^s[tLgà�½�{Åw�[tRNOÅ^sL'LN[DT�jQ[D^s{ZP�KgxgODOÅ[tw:U'KMT�xgjQ[]X:K>`-{ÄOiU¬O³Æ�OÅ{]�³Æ:^s{ÄOÅX:K�{Å`:U¬OnxgjQ[
OYX:{Z^sL'LNc_r¯KMmòoET�jQ[ÅãøOYÎ¹L'KMTVUN^eX:[ÅãøOQm~OQR&KS{ f�R'^sLNK�X:K�^sT-ã�[nR'{ÄOYxgjQ[vKS{	`-{ÄObP�[tP-`:m~OYxgjQ[ZX:K¹^sT�X:^sr,cÈX:`-[nL
fS[n{B·nKMT-[n{ÄO;^sT:»�T-^_UN[-àvñ/^eKS¸-KÄf¬¸:KM·VOHOHOQ»�R�{ÄOQR Ç `:KÄO;R�KMmsKSrtûQT�fS^ÈOHX:KZms^e{D^~OQR'KML�X:KDKMR'R'[¿fS[n{Z[
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ãøO³UN[nR'KMLqms^s{Z^sU¬OYT¯UNKML�X-OvKSr¯[nms`�xgjQ[Z{Z[tmsKgfS`-mÈOQRqU'KM{ÀL'^eX:[Zw�OQL'U¬OYT¯UNK�L'`-P�KMR'KML�U'^e{]OnX�OEà
J�R¬OQT-LN^exSþVKML>X:K�ãøOQLNK�meKM·nc_UN^s{ÄOYL¹L'ÂÄP�[EX:KM{|L'KMR�[nw-L'KMR�rnOYX�OYL¹T-[Äme^s{Z^_UNK�U'KMR'{Z[,X:^sT�ûY{D^ÈfS[-o�[ Ç `-K

fS[nR'R�KML'P�[nT�X:KiOD`-{ÄOvP�[nP-`-mÈOnxgjQ[lXEK�UWOQ{ÄOYT:¸-[]^sT:»�T-^_UN[-à ú jY[Z[nw-L�UWOQTVUNKbKML'L'KbãøO³UN[ZKiOYL¹OQ{Åw-^s· ÿ ^áÉ
X�OYX:KMLv^sT-KMR'KSTVUNKMLZOQ[�P-R'[nw-msKM{ÄO0{ZKML'{Z[ÍT-[ïfS[nTVU'K�ÆEUN[�`-L'`�OQmòo¾KMã�KM^_UN[nLDX:Köms^s{Z^ÈOYR�KMLDX:KlKMR'R'[0UN}M{
L'^eX:[ÅX:KMLNfSR'^_UN[nL<KM{èP�[tP-`-mÈOYxSþ,KSL&»-T-^sU¬OYLgà�ä/UNRNOYw�OQms¸-[ÅP:^e[nT-KM^sR'[ÅT-KSLNL¬Obms^eT:¸�O�ã�[n^�X:KML'KMTVr¯[nm_rE^eX:[ÅP�[nR
ÊÍOQR�UN^sT ú [��ÃOx	;K u à�hEf¬¸,`:L'U'KMR�Û 5�N 6xÜ�à u [nL'U'KMR'^s[tR�{ZKMTVU'Kto�X:KML�UWOYfgOY{vÉ�L'K�Û 5 :36xÜdKÅOYms·n`-T-L�UNRNOYw�OQms¸-[tL
X:K �Y[nLNâ]a<à�a-[tT¯UWOYT�OYR�^�K]fS[tmÈOQw�[tRNOnX:[nR'KML�Û N o 5OP o 5 o*Ü�o Ç `-KZKM{ZP:R'KM·¯OYRNOY{ U'âgfST-^efgOQLiX:KZKMLNfgOYmÈOHX:K
UWOQ{ÄOQT-¸-[v»�T-^sU'[ Ì ��´4Ö µê©!�ó«
Ö¢¡�©�«O�¬²Dz9Ö�´eØ Ï<P�OQR¬OvfgOQR¬OnfWUNKMR'^sÎ�OQRq[Zms^e{D^~OQRÃX:K�KMR'R�[�à
ad^sT�OQme{ZKSTVUNKto&â0^s{ZP�[nR�U¬OYTVU'KÍX:KML�U¬OnfgOQR Ç `-K0¸�� OYms·n`-{ÄOÓKSrE^eX:}MT�fS^ÈOßK�Æ:P�KMR�^e{DKMTVUWOQm�KM{ ã Ogrt[tR

X�O¿K�Æ:^sL�UN}MT�fS^ÈOÍX:Klme^s{Z^ÈOYR�KMLDXEKlKMR'R'[ÍKM{IP�[tP-`-mÈOYxSþ,KMLvR'K�OQ^sLgàßä¹w-L'KMR�rnO³É�L'Kl`-{]O0R�KMmÈOnxgjQ[�^eTVrtKMR'L¬O
KMTVU'R'K�O�^sTVU'KMT-L'^ÈX�OYX:K�X�O�UWO�Æ�O�X:KÃ{i`:UWOYxgjY[bKq[bU¬OY{]OYT-¸-[�X:[b·nKMT-[t{]O�KM{ëX:^_r¯KMR�LWOQL�KML'P�âgfS^sKML�Û N3N Ü�o
L'`-·nKMR'^sT�X:[ Ç `-KzO�KSr¯[nms`�xgjQ[>P�[nL'LWO ¶ OQéê`-L�UWOQR3º&OÃU¬O³Æ-O¹X:K<{Å`:U¬OnxMjY[>X:K<{Z[,X:[�OÃKSrE^_UWOQR1`-{ ms^e{Z^ÈOQR�X:K
KMR�R'[fÛ 5 6 P Ü�à�½�rE^eX:}MT�fS^ÈOQL�{ÄOY^sL�X:^sR'KSU¬OYL¾r¯}S{ëX:KqK�ÆEP�KMR'^s{ZKMTVU'[tL�X:KqKSr¯[nms`�xgjY[bKM{6{Z^efSR'[V[nR'·VOQT-^sL'{Z[tL
Û;T 5 Üóo³KML'P�KgfS^ÈOQme{DKMTVUNK¾rEcsR'`-L!X:K ìÃú æÅà � `�OQT�X:[ÃL'K�^sT�X:`-Î�`-{ OY`:{ZKMTVUN[qT�O&^sT�fS^ÈXE}MT�fS^ÈOÃX:K�{Å`:U¬Onx�þ,KML
KM{BUWOQ^eLi[nR'·¯OYT-^sL'{Z[nL�o1[¿rnOYms[nRvOnX�OQP:UWO³UN^_r¯[0{ZâgX:^s[�X:^s{Z^sT,`-^�KöOHP�[nP-`-mÈOnxgjQ[�P�[,X:KlL'KÄK�ÆEU'^eT:·t`-^sR
Û N45 o N 6xÜ�o:L'`-P�[tL�U¬OY{ZKMT¯UNKbX:KSrE^eX:[ÄôÅ`-msU'R¬OQP�OYL'L¬OQ·tKM{GX:[Zms^s{Z^ÈOYRqX:KbKSR'R'[-à

áJÁ4£ ¤�ÏOÊ^¥{ä ÏOÐÑÅ ÃÑé�Ô?ÄOêæÐòÏ�Ô{Ê¦~{ÌiÏ�Å^� ä Ôfç�Ã�Ä�Ô?É ç�Ã¨§ Ì/Ï�ÕW©�ËQª4Í ÏOÉ)©æÃèÌ

Ã ç�Ã«� Ô{ÌiÅ?Ê

æ�^eT�X�Oiã OYm_UWOÅXEKML¬f�R'KSr¯KMRqOiX:^eT�ûQ{Z^efgOiP�[tP-`-mÈOYfS^s[tT�OQmòo-[t`öL'K�é�OEo-fS[n{Z[ÅrnOQR'^ÈOvOQ[vme[nT-·n[ZXE[vU'KM{ZP�[
ODfS[n{ZP�[nL'^ÈxgjQ[ÄXEKb`-{ÄOvP�[nP-`-mÈOnxMjY[ÄX:K�^sT�X:^_rEceX:`-[tL�fS[t{GX:^sã�KMR�KMTVUNKMLq¸�OYw-^sms^ÈX-OnX:KML¹fS[n{ZP�KSU'^sU'^srnOQLÃK
L'`né$KM^_UN[nL>OZ{Å`:UWOYxSþVKML�àqæ¹TVUNKML�XEK�UN`�X:[-o�âiP-R'Kgf�^eL'[öXEKS»�T-^sR¹LNKÅOÄX:^sT�ûQ{Z^efgOÄX:KSrtKiLNKMR¹X:KMLNfSR�^sU¬O]KS{
UNKS{ZP�[bfS[tTVU'csT,`-[b[n`]X:^sLNfSR'KSU'[�o¯KMLNfS[nms¸�OYL�·nKMR¬OQme{DKMTVUNK�OQL'LN[,fS^ÈOnX�OQL  O�¸�OMr¯KMR¾[n`ZT�jQ[bL'`-P�KMR'P�[nL'^ÈxMjY[
X:K�·nKMR¬OYxSþVKML�o-R�KMLNP�KMf�UN^_rtOQ{ZKMT¯UNKtà
\�T�X:KMP�KST�X:KMTVUNKS{ZKMTVUNKno-h�àYñÜR�^e·n¸VU Ì 5 <38 5 Ï1K ì à¯æÅà¯ad^sLN¸:KMR Ì 5 <38DS¯Ï¾fS[tT�f�KMw�KMR¬OQ{è`-{�{Z[,X:KMme[�X:K

UNKS{ZP�[ZX:^eLNfSR�KSUN[ Ç `-K�L'K�UN[nR'T-[n`H[DP�OYRNOnX:^s·n{ÄOvT-[nLqKML�UN`�X:[nLqL'[tw:R'KbX:KMR�^srnOÅ·tKMT-â�UN^efgO:à�ä Y�+-,BC�a[+
�P¬-$!& �"%&K��$���$!�+ =®��G82$�5¯�2"%�\"43#3��0���,��&K"%�! �"i°/C±3�82��"�����$!3#��>4?0$�(2"i7+"��=��>�²<"43�5�&H�03³$�&F"%3#&F$���?0$´$2�\$+�#��"o"%&

&K$2(2"%��$!3*(2"[ �"%&K��$'(
�13#�\��"\ �$
]
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,BC¶µ�)xEb�@w('!� � E[H*w1Ce) fS[tT:LN^sL�UNKïL'^s{ZP-meKSLN{DKMTVUNKïKS{ `-{ÄOÜP�[nP-`-m~OYxgjQ[)X:K
N
^sT�X:^_rEceX:`-[nL Ç `-Kïâ

O³UN`�OQme^sÎ�OYX�O LNKS·t`-T�X:[7`-{ KML Ç `-KM{ÄO X:K OY{Z[nL�UNRNOY·nKM{ P-R�[tw�OQw-^smsceL�UN^efgO�fS[t{ R�KMP�[tL'^exgjQ[�à y KML'LWO
ã�[nR'{]O:oYL¬jQ[�R�K�OYms^sÎ�OYX:[tL

N
L'[nR�U'KM^e[nL1P�OYRNO�fS[tT-L�U'R'`-^sR¾OÃ·nKMR¬OYxgjY[¹T-[�^sT-L�UWOQTVUNK

t
à1½¾{ fgOYX�O�`-{ X:KMmsKMLgo

L'KDT�jY[;¸-[t`:rtKMR�{Å`:U¬OnxgjQ[-o�[HT:[³rt[H{ZKM{iw-R'[HX�OöP�[nP-`-mÈOnxMjY[ Ì »�me¸:[,Ï¹âD^eX:}MTVUN^efS[0Oö`-{ ^eT�X:^_rEceX:`-[
X�Ob·tKMRNOnxgjQ[

t− 1
Ì P�OQ^�ÏWoEKMLNfS[nms¸-^ÈX:[vfS[n{ P-R'[nw�OQw-^ems^eX�OnXEK>P-R'[nP�[nRNfS^s[tT�OQm+OQ[ÅL'KM`ÄrnOYms[nRqOYX�OQP:UWO³UN^_r¯[-à

ÊÍOQ^sL<P:R'KgfS^sL¬OY{ZKSTVUNKtoEO�P-R'[nw�OQw-^sme^eX�OYX:K�X:K Ç `-K�`-{èfSKMR3UN[�^sT�X:^_rEcÈX:`:[iL'K�é�O�[�P�OY^�X:KÃ`-{ëKMLNP�KMfSc_É
»�fS[¹{ZKS{Åw-R'[¹X:K<`-{ÄOqT-[³rnOÃ·nKMR¬OYxgjY[¹âzOÃRNOYÎgjY[¹KMTVUNR�K<L'KM`�rtOQms[tR�OnX-OYP:U¬OQU'^srt[�K&OÃLN[n{ÄO�X:[nLdrnOYms[nR'KML
OYX�OYPEUWOQU'^_r¯[tL&X:K�U'[EX�OÅObP�[nP-`-m~OYxgjQ[�à�h,K�UN[,X:[tL<[nL<^eT�X:^_rEceX:`-[nLzfS[n{ {ZKML'{Z[�rnOQme[nRzOYX�OQP:UWO³UN^_r¯[

wj
ã�[nR'KS{ÀOY·nR'KM·¯OnXE[tLgo�OiP-R�[tw�OQw-^sms^ÈX�OYX:KbX:K�OYms·n`-{ÀX:[nL

Nj
fMOYT�X:^eX�O³UN[nLÃX:[ÅU'^sP�[

j
L'KMR&L'KMmsKgfS^e[nT�OYX:[Dâ

Pj =
wjNj

wN
,

Ì 6:à7T¯Ï

KM{ Ç `-K

w =
1

N

∑

k

Nkwk
Ì 6:à P Ï

â�[]rnOYms[nR�OnX�OQP:UWO³UN^_r¯[Ä{DâgX:^e[lX�ODP�[tP-`-mÈOYxgjY[-àqæ¹meâS{|X:^eL'L'[-o�L'K
mij
ã~[tR¹OZP-R'[nw�OYw:^ems^eX�OnX:KÅX:K Ç `-K

`-{I·nKMT-ÂnU'^eP�[�X:[0UN^sP�[
j
LN[nã�RNO0`-{]O¿{Å`:U¬OnxgjQ[ÍP�OQR¬O¿[0UN^sP�[

i
o1KMTVU¬jY[ïO¿P-R�[tw�OQw-^sme^eX�OYX:K;X:Kl`-{

{ZKM{iw-R'[ZX:K�`-{ÄOÅT-[�rnOv·nKMR¬OYxgjQ[ZLNKMRqX:[DU'^eP�[
i
â

pi =
∑

j

mijPj.
Ì 6:à9otÏ

y KML'L¬O]ã�[nR'{ÄOEo�OZP-R'[nw�OQw-^ems^eX�OnX:KvX:K Ç `-KvO]P�OQR�U'^ÈxMjY[ N = (Ni1, . . . , Nil)
X:}i[tR�^e·nKM{ ôZP�OQR�UN^exgjQ[

N′ = (Ni′1, . . . , Ni′
l′
)
T�OvP-R�Â�ÆE^e{]Ov·nKMR¬OYxgjQ[ZâbX�OnX�OvP�KSm~ODX:^sL�UNR'^sw-`-^exgjQ[]{i`-msU'^eT:[t{Z^ÈOQm

P (N→ N′) = N !
l′∏

k=1

p
Ni′
k

i′k

Ni′k
!
.

Ì 6:à;:VÏ

æèT:[nU¬OnxgjQ[¿fgOQR'R'KM·¯OYX�O;âDT:KgfSKML'L¬�YR'^ÈOöP�OQR¬OöR�KMP-R'KML'KMTVU¬OYR>U'[EX�OQLiOQLbP�[nL'L'csrtKM^eLiO³UN`�OYms^sÎ�OnxSþVKMLiX�O
P�[nP-`-mÈOnxgjQ[-àëh:jY[ KML'L¬OQL;P�[nL'L'csrtKM^eL��`:UN`�OYxSþVKML;T�OÜfS[n{ZP�[nLN^exgjQ[�X�O P�[tP-`:m~OYxgjQ[ Ç `:K�ãøOQÎMKM{ X:[
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OQme·n`-{ÄOQL1fgOYRNOnf�U'KMR'csL�UN^efgOYL�XE[¹L'^eL�U'KM{ÄOqR'K�OQm Ç `:K<R�KMP-R'KSLNKMT¯UWOEoYKM{iw�[tRNOÃKML'L¬OÃR'KSP-R'KML'KMTVU¬OnxgjQ[¹L'K�é�OEoYKS{
·nKMR¬OQmòoQKWÆEUNR'KS{ÄOY{DKMTVUNK¾L'^e{ZP:me^_»�fgOYX�O:à1½¾{ {Å`-^_UN[nL�K�ÆEP�KMR'^s{ZKMTVU'[tL�[nT�X:K�L¬jQ[ÃfS`-msU'^_rtOYX:[nL!^sT�X:^sr,cÈX:`-[nL
L'^s{ZP-msKMLÅf�[t{Z[HrEcsR'`:L�[t` w�OYf�UNâSR'^ÈOYLgodP�[nR�K�ÆEKM{ZP-ms[�o!KML'LNKMLb[tR'·¯OQT-^eL'{Z[nL�L¬jY[HUWjQ[¿T,`-{ZKMR�[tL'[nL Ç `-K
�`:U'`�OnxSþVKMLZT�O�fS[t{DP�[tL'^exgjY[ßX�OÍP�[tP-`-mÈOYxgjY[ÓL¬jY[ï^e{DP�KMRNfSKMP:U'csrtKM^sLZK�Æ:P�KMR'^s{ZKMT¯UWOQme{ZKSTVUNKtà ú KML'LWOQL
fS[nT�X:^exSþ,KMLgo�[]U¬OY{ÄOQT-¸-[lX�OZP�[tP:`-m~OYxgjQ[öP�[,X:Kto�KMã�KSU'^srnOQ{ZKMTVU'Kto�LNKMR¹fS[nT-L'^ÈXEKMR¬OYX:[l^eTE»�T-^sU'[�àÃæ�LNL'^s{¿o
T�OÍOQ`-L'}MT�fS^ÈOÍXEKöX:KMR�^srnO¿·nKMT-âSUN^efgOEo�[ÍP-R�[tw-msKM{ÄO;UN[nR'T�O�ÉêL'KlfS[n{ZP-msKSUWOQ{ZKMTVU'KöX:KSU'KMR'{D^eT-csL�UN^efS[-o�KÄâ
P�[nL'LNc_r¯KMmVOQP-ms^ÈfgOQR+ã�KMR'RNOY{DKMTVUWOQL�X�O<UNKM[nR'^ÈOzX:K¾L'^eL�U'KM{ÄOQL!X:^sT�ûQ{Z^efS[tLÈÛ :�6Eo�:D8�ÜVf�[t{ w�OQL�UWOQTVUNK¾P-R'[�rtKM^sU'[�à
pq{ w�[n{ K�ÆEKM{ZP-ms[ X�O�`:U'^sme^eX�OYX:K)XEKMLNL¬O�{DKSUN[,X:[tms[n·t^ÈO â [ f�âMmeKMw:R'K U'KM[tR�KM{ÄO XEK¸¯¹OQRNX��¯É

ñ KM^eTVw�KMR'·-o�X:KMLNfS[nw�KMR�UN[Z^eT�XEKMP�KMT�X:KMTVU'KM{ZKMTVU'K�P�KMms[]{ÄO³UNKM{]�QU'^ÈfS[Z^sT-·nme}SL>ç�[,X:ã�R'K��W¯¹OYR�[tmeX�¯¹OQRNXe�
Ì 5 :�o3ogÉ 5 < N otÏqKiP�KMme[Ä»�L'^s[tms[t·n^sL�UWOöOQmsKM{ÄjQ[]ñ/^ems¸-KMms{Añ KM^eTVw�KMR'· Ì 5 : P 6�É 5 <D8sonÏqKM{ 5 <DSD:tÛ9o P o 5 :DS�Ü�à
½¾L'L'K�U'KM[tR�KM{ÄOv·VOQR¬OQTVUNK Ç `-Kto�KM{À`-{ÄOvP�[tP-`-mÈOYxgjY[]^sT:»�T-^_UWOQ{ZKMTVUNKb·nR¬OQT�X:K�X:Kb^eT�XE^srEceX:`-[nL¹X:^sP-meÂn^áÉ
X:KML�KM{ Ç `-K][nLifSR'`-Î�OQ{ZKMT¯UN[nL�[Ef�[tR'R�KM{ OQ[ÍOnfMOYL'[¿K]L'[nw-R'KlO Ç `�OQm�T�jQ[¿¸��0O³UN`�OnxgjQ[ÍX:KZãøOQU'[tR�KML
KSrt[tms`:UN^_r¯[nLgozf�[t{Z[ß{i`:UWOYxgjY[-o<L'KMmsKgxgjY[ T�OQU'`-R¬OQmÃK¿{Z^s·nR¬OYxSþ,KMLgozOYL]ã�R�K ÇVÿ }MT�f�^~OQLÄ·n}MT-^efgOYL]K¿·tKMT:[YÉ
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s�Áâá Í�Ô{Ìiä êæÄ�Å?ÆÑë{Ô ä Å°ËiÃèä ~°ËiÏOÐÈÅ ç�Å çæÏOÊ^¥{ä ÏOÐÈÅ ç�ÃòËBÃèÌiä ÏOÊæÎOÉ¯ª

ËiÏOÐÑÅ

h,K
Ci(t)

X:KMT-[YUWOQR�OÃã�RNOnxgjQ[�X�OQLd^eT:»-T-^sU¬OYL1L'K ÇVÿ }MT�fS^ÈOYL Ç `:KtoYT-[�U'KM{ZP�[ t oYfgOYR�R'KM·¯OQ{ i {Å`:UWOYxSþVKMLgo
fgOYX�Ov`:{ÄOvfS[n{ rnOYms[nR�OYX�OYP:U¬OQU'^srt[

wi
o�OiP-R'[nw�OYw-^sms^ÈX�OYX:K�X:K Ç `-K�OQme·n`-{ÄOvX�OYLqL'K ÇVÿ }MT�fS^ÈOYLÃfS[t{ j
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{Å`EUWOYxSþ,KMLqL'K�é�OvKMLNfS[nms¸-^ÈX-ODP�OQR¬OvR�KMP-R'[,X:`-ÎM^sR3É�L'Kbâ

Pj(t) =
Cj(t)wj
w(t)

,
Ì 8-à 5 Ï

KM{ Ç `-K

w(t) =
∞∑

k=0

Ck(t)wk
Ì 8-à76¯Ï

âÅ[lrnOYms[tR�OYX�OYPEUWO³UN^_r¯[ö{ZâgX:^s[öT-[lUNKM{ZP�[
t
à>æ¹L�X:`�OYL>K�ÆEP-R'KML'L'þ,KMLbOYfS^s{ÄOÄL¬jY[ö^eX:}MTVU'^ÈfMOYLbôQLb½ Ç Lgà

Ì 6Eà7T¯Ï�K Ì 6Eà P ÏiX:[ßfMOYP-c_UN`-ms[ OQTVUNKMR�^e[nR Ç `�OQT�X:[ OQL]fSmÈOQL'LNKSLZL¬jQ[Ó^sT�X:K�Æ�OYX�OQLZP�KMmÈOïfgOQR'·¯O�{Å`:U¬Onf�^e[QÉ
T�OQmòozP�[n^sLöfSmÈOYRNOY{ZKSTVUNK¿UWOQ{Åw�âM{ L'KMR'^ÈOßP�[nL'LNc_r¯KMm¹X:KS»�T:^eRlfS[nT�fSKMTVU'R¬Onx�þ,KML

Cj = Nj/N
T�O Ç `-KMmsK

fS[nTVUNKWÆEUN[-à ú KSL'U¬OÅX:^eLNfS`-L'L¬jQ[�o:â>ã�`-T�X�OQ{ZKMT¯UWOQm4R'KMP:R'KML'KMTVUWOQRzKWÆ:P-ms^ÈfS^_UWOQ{ZKMT¯UNKbOvX:KMP�KMT-X:}MT�fS^ÈOÅUNKM{ÅÉ
P�[nR¬OQm Ì UNKS{ZP�[]XE^eLNfSR�KSUN[VÏ�à
æ KSr¯[nme`-xgjY[]X�OvP�[nP-`-mÈOYxgjY[ZâbX:KMLNfSR'^_UWOvP�KMmÈOvK Ç `�OYxgjQ[]X:KbfS[tTVrt[tms`�xgjQ[

Ci(t) =
i∑

j=0

Pj(t− 1)Mi−j =
i∑

j=0

Cj(t− 1)wj
w(t− 1)

e−U
U i−j

(i− j)! ,
Ì 8-à;8VÏ

[nw:UN^eX�Oß[nR'^s·t^sT�OQme{DKMTVUNK0P�[nR�±>^s{Å`-R¬OÓK�ÊÍOQR'`F�VOY{ÄO¸Û 5 SD8�Ü�K0w�OQLNK�OYX�OßT�O ½ Ç à Ì 6:à76¯ÏWà ä mÈOYX:[
X:^sR'KM^_UN[ÍX:KML�UWOHK�Æ:P-R�KML'LWjQ[Íâ

pi(t)
o1X�OnXE[ÍP�KMmÈOÍ½ Ç à Ì 6:à9otÏ�à¿Ê¿KML'{Z[�OYL'L'^e{Ho¾OQP�KML¬OQRÅX�OHKSrE^eX:KMTVUNK

^sTVUNKSR'P-R'KSU¬OnxMjY[¿KML�UN[,fg�YL�U'^ÈfgOEo1O;K�r¯[tms`�xgjQ[¿[EfS[nR'R�KÄX:KZã�[nR'{]OHfS[n{ZP-msKSUWOQ{ZKMT¯UNK]X:KSUNKMR�{Z^sT-ceL�UN^efgOEà]æ
^s·t`�OYmeX�OnXEK

Ci(t) = pi(t)
LNÂ0[,fS[tR�R'K Ç `�OYT�X:[ Ni(t) → ∞

o
N → ∞ K Ni(t)/N → Ci(t)

o1X:K
{Z[,X:[ Ç `-KiOvfS[nT�fSKMTVU'R¬OYxgjY[ Ci(t) T�jQ[Zâ�{]OY^sLÃ`:{ÄOirtOQR'^È�Mr¯KMm!OQmsK�OQU'ÂtR�^~OEà
ú KML'U¬O�U'KML'Kto�O�K Ç `�OYxgjY[ Ì 8-à;8VÏ�ã~[t^�R�KML'[tm_rE^eX�Oi{ZKgX:^ÈOYTVU'KbO�`:UN^sme^sÎ�OYxgjQ[ZX:K�`-{ÄOiã~`-T�xgjY[v·nKMR¬O³UNR�^eÎno

G(z, t)
o:P�OQR¬ODOYLÃfS[nT�fSKMTVU'R¬OYxSþ,KML

Ci(t)
o

G(z, t) =
∞∑

i=0

Ci(t)z
i.

Ì 8-à N Ï

ä P-R�[EfSKgX:^s{ZKMT¯UN[ÄfS[nT-L'^eL�U'K�KM{À{Å`-m_UN^sP-ms^ÈfMOYRÃ[nL¹X:[n^sL�mÈOnX:[nL�X�ODK Ç `�OYxgjQ[ Ì 8:à78¯Ï&P�[nR zi KbLN[n{Ä��É�me[nL
P�OQR¬ODrnOYms[nR'KML�X:K

i
X:K

0
O ∞ o�·tKSR¬OQT�X:[l`-{ÄODK Ç `�OYxgjY[öXEKiR'Kgf�[tR�R'}MT�fS^ÈO]P�OQR¬OÄOZã�`-T�xMjY[Ä·tKMRNOQU'R'^sÎtà

½¾{À·nKMR¬OQmóo�T�jQ[]âbP�[tL'L'c_r¯KMm�[nw:UNKSRÃ`-{ÄOvLN[nms`�xgjY[]L'^s{ZP-msKML�P�OQR¬OvKML'L¬ODR'KgfS[nR'R�}MT�fS^ÈO:o�^_UNKMRNOYT�X:[QÉ$O]OQU'â

t = 0
à�a-KMme^sÎM{ZKSTVUNKto�[nL�R'KMmsKSrt[tL�{i`-m_UN^sP-me^efgO³UN^_r¯[lKiU'R'`-T�fgOYX:[lL¬jY[ÄK�Æ-fSKgxSþVKML Ì UWOQmsrtKMÎDOQL � T-^ÈfMOYLWÏ¹O

KML'L¬O;R'KM·nR¬OEàÄæ X:KSU'KMR'{D^eT�OYxgjQ[ÍX�OHX:^sL'U'R'^sw-`-^exgjY[0X:KÄfS[nT�fSKMTVU'R¬OYxSþ,KML�P�[EX:K]KMTVU¬jY[¿L'KMRbãøOYfS^sme{ZKSTVUNK
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[nw:UN^eX�O�P�[nR Ç `:KtoET:[Å^sT-L�UWOQTVUNK t o:O�fS[nT�fSKMTVU'R¬OYxgjY[vX:K�^eT�X:^_rEceX:`-[nLzfS[t{ i
{Å`:UWOYxSþVKML&â�[vf�[,KS»�fS^sKMTVU'K

X:K
zi
T�OvK�Æ:P�OYT-L¬jQ[]X:K

G(z, t)
KM{ LNâSR'^sK Ì X:KbJ1OO�Ems[tRWÏ<X:K�P�[nU'}MT�fS^ÈOYL�X:K

z
o

Ci(t) =
1

i!

{
∂i

∂zi
G(z, t)

}

z=0

.
Ì 8-à7T¯Ï

s�Á�s ÂJÔ?ÄOêæÆÑë{Ô Ãèä ê�ä ÌiÃ�Ä�ÃÑé�Ô ä êæÄ×Ë/Ï�åWÄOÏ�ÐÑÅ°ËiÏ×é�Ô

��ï6�èï�î ÃèùÚû�kLe-Ä`ùndúöeö�ü�÷Èþ��hþFü��-d
½�{ 5 <sox::o-KM{Åw�[nR¬O��Y[n¸-T�¯¹OY^s·n¸¿KSL'U'^srtKML'LNK�^sTVUNKSR'KML'L¬OnX:[DP-R'^sT�fS^sP�OYms{ZKMTVU'KbKM{ÀKML�UN`-X�OYR�OQLqP-R'[QÉ

P-R�^eKgX�OYX:KMLÅX�O¿fgO³UNR¬OYfgO¿X:KöÊ¿`-msmeKSRgo1ã~KMT-Ën{ZKMT-[ Ç `-KÄ[,fS[tR�R'KÄKS{IP�[nP-`-mÈOnx�þ,KMLi»�T-^_UWOQLgo1KMmsKÄ[nw:UNK�r¯K
Û7o N Ü+K�Æ:P-R�KML'L'þ,KML�OYL'L'^eT¯UNÂYUN^efgOYLÃP�OYRNOZOvX:^eL�UNR�^ew:`-^ÈxgjQ[]X:KbfS[tT�fSKSTVUNRNOnxSþVKMLgo

Ci(∞) = e−U/s
(U/s)i−m

(i−m)!
,

Ì 8-à P Ï

K�P�OQR¬Ov[vrnOYms[nR�OnX�OQP:U¬OQUN^_r¯[Z{DâgX:^s[�o

w(∞) = (1− s)me−U , Ì 8-à9otÏ

Ç `-K>U¬OY{Åw�âS{ÀL¬jY[vrn�Yms^ÈX-OYLÃP�OQR¬OÅP�[tP-`-mÈOYxSþ,KMLÃ^eT:»�T:^sU¬OYLgà¾æÃX:{Z^_UNK�É�L'Kto:T�OYLqK�Æ:P-R�KML'LNþVKML¹OYfS^s{ÄOEo Ç `-K
ODL'K Ç¯ÿ }MT�fS^ÈOZ{ÄOQ^sL¹OYP:U¬OvUNKMT-¸�O m {Å`:U¬OnxSþVKMLgàzä¹wVrE^ÈOQ{ZKMTVU'Kto�KML'LNKMLÃR'KML'`-m_UWOYX:[tLÃLWjQ[]R�KgfS`-P�KMRNOnX:[nL
fS[n{Z[D`-{GfgOQL'[ZP�OYR3UN^efS`-mÈOYRÃX�OÅLN[nms`�xgjQ[ÄXE^eT�ûQ{Z^efgOZOYP-R�KML'KMTVUWOYX�Ovms[t·n[ÄOQw�OY^áÆ:[-à

��ï6�èïñð ÃèùÚû�kLe-Ä`ù�h ü�÷oÅúý ü��-d
æ6K Ç `�OYxgjQ[;X:KÅR�KgfS[nR'R'}MT-fS^~O][tw:U'^ÈX�O]P�OQR¬OlO]ã�`-T�xgjQ[ö·nKMR¬O³UNR'^sÎDO]P�OQR�U'^eR�X�Ol½ Ç à Ì 8-à;8VÏqT-[öfgOQLN[

X:[DR'KMmsKSr¯[D{Å`-m_UN^sP-me^efgO³UN^_r¯[-o�X�OnX:[DP�KMm~OZ½ Ç à Ì 6:à;8VÏ Ç `�OYT-X:[ α = 0
o-â

G(z, t) =
ezU G[z(1− s), t− 1]

eU G[1− s, t− 1]
,

Ì 8-à;:VÏ

OQP�ÂtL�`-{ÄOöfS[nTVr¯KMT-^sKMTVU'KZ^sTVrtKMR'L¬jQ[¿X�Ol[tR'X:KM{ T-[nL�L'[t{ÄO³UNÂnR'^s[nL�X:`:R¬OYT¯UNK]OQL�{ÄOQT-^eP-`-mÈOYxSþ,KMLiOQms·tâ�É
w-R�^ÈfgOQLgà�½¾L'L¬OvK Ç `�OnxMjY[ZP�[,X:KbL'KMRqR�KML'[tm_rE^eX�OvR'KgfS`-R�L'^srnOQ{ZKMTVU'Kto-K�[ZR�KMLN`:msU¬OnX:[D»-T�OYm4â

G(z, t) =
ezUθt G[z(1− s)t, 0]

eUθt G[(1− s)t, 0]
,

Ì 8-à;<VÏ

6�o



KM{ Ç `-K θt â]L'^s{ZP-msKML'{ZKMTVU'KlO;L'[t{ÄO;X:[tL t U'KMR'{Z[nL�X:K]`-{ÄO;P-R�[t·nR'KML'L¬jY[¿·nKM[n{ZâSUNR�^ÈfgOö»�T-^_UWOHX:K
R¬OQÎ�jQ[

1− s K�P:R'^s{ZKM^sR'[DU'KMR'{Z[ 1
o

θt =
1

s

[
1− (1− s)t

]
.

Ì 8:à 5 SVÏ

pqLWOQT�X:[ÄOÅK Ç `�OYxgjQ[ Ì 8-à7T¯Ï�K�ODXEKS»�T-^exgjY[]X�Ovã�`:T�xgjY[Z·nKMR¬O³UNR�^eÎ Ì 8-à N Ï�o

Ci(t) =
e−Uθt∑∞

j=0 Cj(0)(1− s)jt
i∑

j=0

(Uθt)
i−j

(i− j)! Cj(0)(1− s)jt. Ì 8:à 5D5 Ï

ä rnOYms[nR;OnX�OQP:UWO³UN^_r¯[ {DâgX:^e[-oÃX:KS»-T-^ÈX:[ X:KÍã�[nR'{ÄOß·tKSR¬OQm¹KM{ Ì 8-à76¯ÏWo�OQLNL'`-{DKÍ`-{ÄO ã~[tR�{ÄO w�KS{
L'^s{ZP-msKMLÃT-[DR'KMmsKSr¯[D{Å`-m_UN^sP-me^efgO³UN^_r¯[-o

w(t) = G(1− s, t) = e−sUθt
∑∞

j=0 Cj(0)(1− s)j(t+1)

∑∞
j=0 Cj(0)(1− s)jt .

Ì 8:à 5 6¯Ï

ú [nUWO�É�L'K Ç `-Kto Ç `�OQT�X:[ t → ∞ od[nLÅL'[n{ÄO³UNÂnR'^s[tLiT�OQLv½ Ç Lgà Ì 8-à 535 Ï�K Ì 8:à 5 6¯Ï>LWjQ[ÍX:[t{D^eT�OYX:[nL
P�KMmÈOQL�{ZKMT:[tR'KSL�fS[tT-fSKMTVUNRNOnxSþVKML�T�jQ[;TV`-m~OQL>^sT-^ÈfS^ÈOQme{DKMTVUNKto4R�KgfS`-P�KMR¬OQT�X:[;[nL>R'KML'`-m_UWOYX:[tL�fSmÈ�QL'LN^efS[nL
X:Kf¯¹OQ^e·n¸+àDæ¹msâM{BXE^eL'L'[�o+L'KDU'[EX:[nLb[nLb^sT�X:^_rEceX:`-[nLbUN^_r¯KMR�KM{ [;{ZKML'{Z[HT � {ZKMR'[

m
X:KD{i`:UWOYxSþ,KML

^sT-^efS^~OQms{ZKMTVU'Kto1[n` LNK3é�O:o
Ci(0) = δi,m

o�OHX:^sT�ûY{D^ÈfgO¿X�O;P�[tP-`-mÈOYxgjY[ÍâZ·t[�r¯KMR�T�OnX�OHP�KSm~OHK Ç `�OnxgjQ[
Ì 8:à P Ï<fS[t{

1/s
L'`-w-L�U'^sU'`-cÈX:[ZP�[nR

θt
à

s�ÁP� ÂJÔ?ÄOêæÆÑë{Ô Ãèä ê�ä ÌiÃ�Ä�ÃÑé�Ô ç�Ã É-Ã�Ä�Ã�ÆÑë{Ô ËBÌ/êæÊ�ÐÈÅ?ç�Å

��ïT��ï�î ÃèùÚû�kLe-Ä`ù�h ü�÷oÅúý ü��-d
ú KML'U'K�fgOQL'[�o�[nL�fg�YmefS`-ms[nL�LWjQ[Zw�KM{G{ÄOQ^eLqK�ÆEUNKMT-L'[nL�K�OYLÃP-R'^sT�fS^sP�OQ^eL�{]OYT-^sP-`-mÈOnx�þ,KML�OYms·nâMw-R'^efgOQL

KML�UWjQ[]X:^eLNfS`:U'^ÈX-OYL�T:[lOQP�}MT�X:^efSKÅ�¹à<½�{À`-{GR'KSmeKSrt[ZU'R'`-T�fgOYX:[ Ì 6:à N ÏWo�Ovã�`:T�xgjY[]·nKMRNOQUNR�^sÎb[tw�KgX:KMfSK
ôÅK Ç `�OYxgjY[

G(z, t) =
ezU
[
s
∑K

j=0 z
jCj(t− 1) + (1− s)G(z, t− 1)

]

eU
[
s
∑K

j=0 Cj(t− 1) + (1− s)
] ,

Ì 8:à 5 8VÏ

6D:



[nw:UN^eX�OZOvP�OQR�U'^eRqX:K Ì 8:à78¯Ï�à ì KgfS`-R'L'^_rtOQ{ZKMT¯UNKto

G(z, t) =

{
s ezU

K∑

j=0

t−1∑

i=0

K−j∑

l=0

zjCj(0)[ezU(1− s)]t−1−i (iUz)l

l!

+[ezU (1− s)]tG(z, 0)

}

÷
{
s eU

K∑

j=0

t−1∑

i=0

K−j∑

l=0

Cj(0)[eU(1− s)]t−1−i (iU)l

l!
+ [eU(1− s)]t

}
.

Ì 8:à 5�N Ï

æ X:^eL�U'R'^sw-`-^exgjY[]X:KbfS[tT-fSKMTVUNRNOnxSþVKMLÃâ�[nw:UN^eX�Ov{ZKgX:^ÈOQTVUNK�OvK Ç `�OnxMjY[ Ì 8:à9TtÏ�o

Cm(t) =



s

min(K,m)∑

j=0

t−1∑

i=0

min(K,m)−j∑

l=0

Cj(0)
Um−j

(m− j)!(1− s)
t−1−i

×


 m− j

l


 il(t− i)m−j−l + (1− s)t

m∑

j=0

Cj(0)
(Ut)m−j

(m− j)!





÷
{
s eU

K∑

j=0

t−1∑

i=0

K−j∑

l=0

Cj(0)[eU(1− s)]t−1−i (iU)l

l!
+ [eU(1− s)]t

}
.

Ì 8:à 5 T¯Ï

½¾{îP�OYR3UN^efS`-mÈOYRMo�O¿fS[nT�fSKMTVUNRNOnxMjY[�X:[tLi^sT�X:^_rEcÈXE`-[tLÅ{ZKMms¸-[tRÅOnX�OQP:UWOYX:[nLDOnX:{D^sU'KÄ`-{ÄO¿K�ÆEP-R'KML'L¬jY[
w�KM{À{]OY^sLÃL'^s{ZP-msKMLgo

Cm≤K(t) =

{
m∑

j=0

Cj(0)
(Ut)m−j

(m− j)!

}

÷
{
s eU

K∑

j=0

t−1∑

i=0

K−j∑

l=0

Cj(0)[eU(1− s)]t−1−i (iU)l

l!
+ [eU(1− s)]t

}
.

Ì 8:à 5OP Ï

ä rnOYms[nR�OnX-OYP:U¬OQU'^srt[Z{ZâgX:^s[�o:P�[nRqL'`�OÅrtKMÎto-â

w(t) = 1− s+ s
K∑

m=0

Cm(t) = 1− s+

{
s

K∑

j=0

Cj(0)

K−j∑

l=0

(Ut)l

l!

}

÷
{
s eU

K∑

j=0

t−1∑

i=0

K−j∑

l=0

Cj(0)[eU(1− s)]t−1−i (iU)l

l!
+ [eU(1− s)]t

} Ì 8:à 5 otÏ

KlT-[YUWO�ÉêL'K Ç `-Kto¾KS{ Ç `�OQm Ç `-KMRv^sT-L�UWOQTVUNK t o�OQLvX:`�OYLÅK Ç `�OYxSþ,KMLZOnf�^e{]OÍX:KMP�KMT�X:KM{ L'[n{ZKMTVUNKlX�OYL
fS[nT�fSKMTVU'R¬OYxSþ,KMLz^sT-^Èf�^~OQ^sLÃX�OQLzLNK ÇVÿ }MT�fS^ÈOYLqfS[n{ rnOYTVU¬OY·nKM{	LNKMmsKSU'^srnOEà ú [DfMOYL'[v·nKMR¬OQmóoEKML'LWOQLzK�Æ:P:R'KML3É
L'þ,KSLiT�jQ[0P�[EXEKM{IL'KMR�L'^s{ZP-ms^_»�fgOnX�OQLgod{ÄOQLiL'K

K = 0
[t`

t → ∞ o1OYms·n`-{îP-R'[n·tR�KML'LN[ÍOYT�OQmscsU'^Èf�[
OQ^eT-X�Ovâ�P�[nL'L'csrtKMmòà

6D<



��ïT��ïñð ó ü�÷oÅúýÓü\�-d ÷�ùÆ�Fô1û�ô�øúù�h�ôb ü��@ùnd�Ç�kLh�ù
ú [ZR'KSmeKSrt[]X:K�P-^efS[ÄOQ·t`�X:[-o�ODfS[nT�fSKMT¯UNR¬OYxgjQ[]X�OvL'K ÇVÿ }MT�fS^ÈOv{ZKML�UNRNOÅâ

C∗0 (t) =
[1− eU(1− s)]C0(0)

s eUC0(0) + {1− eU + s eU [1− C0(0)]} {eU(1− s)}t
Ì 8:à 5 :VÏ

K�[vrtOQms[tR�OYX�OQP:UWO³UN^_r¯[Z{ZâgXE^e[ZâbX-OnX:[ZP�[nR

w∗(t) = 1− s+ sC∗0 (t),
Ì 8:à 5 <¯Ï

[n`+o-K�Æ:P:me^efS^_UWOQ{ZKMTVU'Kto�P�[nR

w∗(t) =
sC0(0) + (1− s)

{
1− eU + s eU [1− C0(0)]

}{
eU(1− s)

}t

s eUC0(0) + {1− eU + s eU [1− C0(0)]} {eU(1− s)}t
.

Ì 8:à96�SVÏ
æ�LÃã~R'K ÇVÿ }MT�fS^ÈOYL�X:^sT�ûQ{Z^efgOYL�XE[tLq{Å`:UWOQTVU'KMLqL'KM·t`:KM{AOvK Ç `�OnxgjQ[ Ì 8:à 5 T¯ÏWo

Cm>0(t) =
{

1− eU(1− s)
}

×
{

s

1− sC0(0)
Um

m!

t∑

j=1

jm(1− s)j + (1− s)t
m∑

j=0

Cj(0)
(Ut)m−j

(m− j)!

}

÷
{
s eUC0(0) +

{
1− eU + s eU [1− C0(0)]

}{
eU(1− s)

}t}
.

Ì 8:à96 5 Ï
½¾{åP-R'^sT�fScsP-^s[�o¯KSLNL¬O�K Ç `�OnxMjY[�P�[,X:KMR'^ÈO�LNKSR¾L'^e{DP-me^_»�fgOYX�ObOQ^sT�X�O�{ÄOQ^eLgotP�[n^sL�L'KM`DP-R'^s{ZKM^sR'[�L'[n{ÄO³UNÂQÉ
R'^s[ZP�[EX:K�L'KMRÃã~[tR�{ÄOYms{ZKMT¯UNKbK�Æ:P-R�KML'LN[ZKM{ÀUNKMR�{Z[nL�X:K�[nw-éêKSUN[nL¹X:KMT-[n{Z^sT�OYX:[tL�T � {ZKMR'[nL�X:KÅ½�`-msKMR
·nKMT-KMR¬OQms^eÎgOnX:[nLWÛ 5 6 N Ü�àÓÊÍOYLgo¾P�OQR¬O

t Ç `�OQm Ç `-KMRgo�KMLNL'KlP-R'[,fSKgX:^s{ZKMTVU'[ïT�jQ[�L'Kö{D[tL�UNRNO0R�K�OYms{ZKMT¯UNK
� U'^emòo¯P�[n^eL�O>P-R�ÂtP:R'^ÈO�X:KS»�T-^exgjQ[�X:KML'LNKSL�T � {ZKMR�[tL�T�jQ[bâqL'^s{ZP-msKMLgà¾½¾T¯UNR'KSU¬OYT¯UN[-o¯`-{]O�LN^s{ZP-ms^_»�fgOYxgjY[
w�KM{À^sTVU'KMR'KML'L¬OYT¯UNK�[Ef�[tR�R'K�T-[ZKML�UWOYX:[ZKML�UWOYfS^s[tT��QR'^s[-à

È +@aL.B032�+Z\MH�H*EL&('��4'lELAD\u&1+u)*C�abC�k(+ ,BC_^/E[A3+Z\��@.B,B+
� `�OQT�X:[

t→∞ o¯O¹K Ç `�OnxMjY[ Ì k¹à96tÏ�otX:[bOQP�}MT�X:^efSK�k�onP�KMR�{Z^_UNK Ç `-K&LNK&KMLNfSR�KSrnO>O�fS[nT�fSKMTVUNRNOnxMjY[
X:[nLq{Å`:UWOQTVUNKSLÃfS[t{Z[

Cm>0(∞) =

{
1− eU(1− s)

s eU

}{
(U/s)m

m!

}
Pm(1− s), Ì 8-à7636tÏ

Ç `�OQT�X:[�OöU¬O³Æ�OHX:K]{i`:UWOYxgjQ[0KSL'U¬�0OQw�OQ^_Æ:[0X:K]`-{Bme^s{Z^ÈOQRiX:K]KMR'R�[�odX:K�UNKMR'{D^eT�OYX:[0P�KMmÈOHR�KMmÈOnxgjQ[

eU(1− s) < 1
à ú KML'L¬OvK Ç `�OYxgjY[-o

Pm(x) ≡
m−1∑

k=0

Em,kx
k

Ì 8:à96�8VÏ

83S



K�[nLÃT � {ZKMR'[nLÃX:K�½¾`-msKMR
Em,k

L¬jY[ZX:KS»�T-^eX:[tL  T-[]OYP�}MT�XE^ÈfSKÅk¹à
h:OQw�K�É�L'K Ì r¯KMRMo¹P�[nRHK�Æ:KM{DP-me[-o�Û 5 : 5 Ü Ï Ç `-Kto¹KM{ `-{ÄO P�[tP-`-mÈOYxgjY[7^sT:»�T-^_UWOEo�O fS[tT�f�KMTVUNRNOnxgjQ[

OQL'LN^sTVU'ÂnU'^ÈfgODX:K�`-{]OvL'K Ç¯ÿ }MT�fS^ÈOD{DKML'U'R¬OÅ^sT:»�T-^_UWOvKM{À`-{ R'KMmsKSr¯[ZX:K�P-^efS[ÄOY·n`�X:[Zâ

C∗0 (∞) =
1− eU(1− s)

s eU
Ì 8:à96 N Ï

K Ç `-K�[vrtOQms[tRÃOnX�OQP:UWO³UN^_r¯[Z{ZâgXE^e[DKML�UWOYfS^e[nT��QR'^s[]â

w∗(∞) = e−U .
Ì 8:à96DT¯Ï

½¾L'L'KML1X:[n^eLdR'KML'`-m_UWOYX:[tLdP-R'KML'L'`-P�þVKM{ Ç `-K C0(0) 6= 0
K Ç `-K&OzUWO�Æ�O�XEK<{i`:UWOYxgjY[�â�L'`:»�fS^sKMTVUNKS{ZKMTVUNK

P�K Ç `:KMT�O:o U < − ln(1−s) É L'K&P�KMms[�{ZKMT-[nL�`-{ÄO�X:KML'LWOQL¾fS[nT�X:^Èx�þ,KML�T�jY[�ã�[nR1L¬OQU'^eL'ã�KS^sU¬O:o C∗0 (∞) =

0
K
w∗(∞) = 1− s à u [tR3UWOQTVUN[-o,fS[tT-ã~[tR�{ZK¹K�ÆEP�[tL�UN[iT�ObL'`-w-L'KgxgjQ[j6Eà N à96Eo,P�[,X:K¹K�Æ:^sL'U'^eR�`-{èms^s{Z^~OQR

X:K�KMR'R�[Ä{ZKML'{Z[ Ç `�OYT-X:[ÄLNKifS[nT-LN^eX:KMRNO]`-{]OZP�[tP:`-m~OYxgjQ[öX:Ki^sT�X:^_rEceX:`-[nL>X:K�·tKMT-[n{ÄOZ^sT:»�T-^_UN[�à�Ù
ãø�YfS^smzr¯KMR Ç `-Kto&OQmsâM{ X:[ßms^s{Z^ÈOYR]X:KHKSR'R'[-o&O�L'[tms`�xgjQ[ X:K¿K Ç `-^emscsw-R'^s[ßU¬OY{iw�âM{ P�[,X:K¿L'KMRD[twEUN^eX�O
{ZKgXE^~OQTVUNK�`-{ÄODOQT��Yms^sL'K�X:[]f�[t{ZP�[nR�U¬OY{ZKSTVUN[ZX�OYLqK Ç `�OYxSþVKML Ì 8:à 5 :VÏ�K Ì 8-à 5 <¯Ï Ç `�OYT-X:[ t→∞ à

��ïT��ï6� Ê�ö3þ�dfh�ùÓô1ö3þ�df��ü�ùú÷oË���ü�ù
æèLN[nms`�xgjQ[0·nKMR¬OQm�P�OQR¬O

t → ∞ Ç `�OQT�X:[ K 6= 0
âZ`-{ÄOHfS[nT-L'K ÇVÿ }MT�f�^~OHX:^eR�KSUWOHX:[HãøO³UN[ Ç `-Kno

`-L¬OQT�X:[ÄOvK Ç `�OYxgjY[ Ì 8:à 5OP Ï�P�OQR¬O 0 ≤ m < n < K
o:rnOYmsK�OvR'KMmÈOYxgjY[

lim
t→∞

Cm(t)

Cn(t)
= 0.

Ì 8:à96 P Ï

u [tR3UWOQTVUN[-o�OQLNL'^sTVUN[YUN^efgOQ{ZKMTVU'Kto-U'[EX�OQL¹OQLÃL'K ÇVÿ }MT�fS^ÈOQL¹fS[n{À{ZKMT-[nL�X:K K {Å`EUWOYxSþ,KMLqLWjQ[ZK�ÆEU'^eT¯UWOQL�o
Ç `�OQ^sL Ç `-KMR�L'K�é�OQ{A[ÄfS[VKS»�fS^sKMTVUNKiL'KMmsKSUN^_r¯[]KÅODU¬O³Æ�OZX:K�{i`:UWOYxgjY[-àÃk<[nT-L'K ÇVÿ KMT¯UNKM{ZKMT¯UNKto�[ÄKSL'U¬OnX:[
KML�UWOYfS^s[tT��YR'^s[lX�ODP�[tP-`-mÈOYxgjY[ÄT-[]R'KMmsKSr¯[ÄX:K�L'KMmsKgxgjQ[]UNR'`-T-fgOnX�ODâ�[]{ZKML'{Z[][nw:UN^eX:[ÄP�OYR¬OD[]R'KMmsKSr¯[
X:KvP-^ÈfS[¿OQ·t`-X:[�o�fS[nT-L'^ÈXEKMR¬OQT�X:[H[nL�P�[nR�UWOYX:[nR'KMLbX:K

K
{Å`:U¬Onx�þ,KMLbfS[n{Z[;L'K ÇVÿ }ST�fS^~OQLb{DKML�UNR¬OQLgà�Ù

fSmÈOQR'[ Ç `-KÅfg�QmefS`-me[nL�K�Æ:P-mscefS^sU'[tL>fS[nT:»�R'{]OY{|KML'L'KML¹R'KML'`-m_UWOYX:[tLgà¹ad^eT�OQms{ZKMTVU'Kto�L'K eU(1 − s) < 1
K

�P¬-�#J%(��O �$��±:G82"%&Ì&K"%�#"%�\"+Í' �"%�! P�0��(2$´"4�
�\$!�+ ��=�0�'�´�\$!�
�\"%�! ��=��>%?0$W��3�3#���! �E� ��1�%�´(2$!3K&f8G P���! #"43�5¯(2"%3#��$+.
���-$!3
�<Z�&K"��#$!3�(2"¯Î¯8
��"%�%5D&'��3j"%8���?0$*$!3��\$!��°2"%���,�2]�Ï;?0$*$!3j"%�
�\$!�! ��#"%��"%&��2"4�
°<8�&'�@�#"%ÐÑ"��#Ò%�����1�25D�
�#$2��82�=��B+�*�\"�7<��&K"%�! �"+]
Ó  �J�$H(��1�F"%&c:<82"���"%��36"%�ÔÍ¯Õ*Õ*Õ�] 7+$G$+7!��"+] �\$!&UÖ-×;��7!�O �"%���F36"%:GØ2Ò%�����1�2Í9Ù+51Ù+Ù�5OÚ�Û25OÜ+ÝG5 Û+ÛLÞßB!"��;�0��Ò%�
(
�1�\"DàP])áãâ9$G$+7!��"
���=°2$!8V�³�#"%Ð,"%�#Ò%�
�%�1�Lä�ÙDÚDå�æ¢]

8 5



P0(x) ≡ 1
o
Cm<K(∞) = 0

K

Cm≥K(∞) =

{
1− eU(1− s)

s eU

}{
(U/s)m−K

(m−K)!

}
Pm−K(1− s). Ì 8-à76�onÏ

½�L'LNKÃR�KML'`-m_UWOnXE[ÅOnXE{Z^sU'KÃ`-{ÄO>^sTVUNKMR�P-R'KSU¬OnxMjY[�L'^s{ZP-msKMLgà�ä R'KMmsKSr¯[�UNR'`-T-fgOnX:[bâÃP-mÈOYT-[iOYw�OQ^áÆ:[iX:K

K
o�K�L¬OYw�K�É�L'K Ç `-Ki`-{ÄOZP�[nP-`-mÈOnxMjY[l^sT:»�T-^_UWOZT�jY[ÄP�[EXEKÅL'K�{ÄOQTVUNKMRÃme[,fgOQme^sÎ�OYX�OÄ^sT�X:KS»�T-^eX�OQ{ZKMTVU'K
KM{î`-{îR'KMmsKSr¯[0P-m~OQT-[-à¿æ¹P�KMT�OYLvO¿w�OYR�R'KM^sR¬O¿KSTVUNR�ÂtP-^efgO¿KS{

K
P�[EXEKl·¯OYRNOYT¯UN^sRvOHL'[tw-R�KSrE^_r¯}MT�fS^ÈO

X:Kl^eT-X:^srEceX:`-[nLZfS[n{ `-{ T � {ZKMR�[Í»�T-^_UN[ïX:Kl{Å`:UWOYxSþVKML Ì
K
o¾T-[�{ZcsT-^s{Z[,ÏWo�X:KSL¬X:K Ç `-Kl[�me^s{Z^ÈOQR

X:K�KMR�R'[]T�jY[ZUNKMT-¸�ODLN^eX:[Ä`:msU'R¬OQP�OYL'L¬OnXE[�àÃ½�{A[n`:UNR¬OQL�P�OYmÈOMrER¬OQLgo�[nL�{Å`:UWOQTVU'KML¹fS[n{A{ZKMT:[tL¹X:K
K

^s{ZP�KMR'ã~KM^exSþ,KMLÅT�jQ[ÍP�[tL'L'`-KM{ Ç `�OYm Ç `-KMR�rnOQTVUWOQ·tKM{IL'KMmsKSU'^srnO¿KM{îR'KMmÈOnxgjQ[ïôYLiL'K ÇVÿ }MT-fS^~OQLvfS[n{ K

{Å`EUWOYxSþ,KML Ç `-K�ms¸-KMLÃP�KMR�{Z^_UWODf�[tTVU'R¬OQw�OYmÈOQT�xgOQRÃ[nLÃKMã~KM^sU'[tLÃX:KM·nKMT-KMR¬O³UN^_r¯[nL�X�OÅU¬O³Æ�OvX:K�{Å`:U¬OnxMjY[-à

s�Á4£ t Ô{ä åæÅ{ÌiÅ?ÆÑÇJÃ�É�Ã�Ê�ËBÌiÃ"Ô?É ç�Ô?ÏOÉ�ÌiÃ�Ä�ÃÑé�Ô?É�Å?ç�Å{å�ËBÅ°Ë/Ï
é�Ô?É

k�[n{AOQme·n`-{ KMLNã~[tR'xS[DT,`-{ZâMR�^ÈfS[-o�OÅLN[nms`�xgjQ[ZP�[tRzR'KgfS[nR'R�}MT�fS^ÈODX�OD½ Ç à Ì 8:à78¯Ïdé3�vP�[nL'L'^ew-^sms^sU¬OgrnOv[
KML�UN`-X:[>X:[�f�[t{ZP�[nR�U¬OY{ZKSTVUN[>X:^sT�ûQ{Z^efS[�X:K<`-{ÄO�P�[nP-`-mÈOYxgjY[>^sT:»�T-^_UWO�KM{ ��¦�²Dzç�W¦�©�ª R�KMmsKSr¯[�OnX�OQP:U¬O³É
UN^_rt[�à�Ê¿KML'{Z[]OQL'LN^s{¿o:â�^eTVU'KMR'KML'L¬OQTVUNKbOYP:R'[�r¯KM^_UWOQRz[tLzR�KMLN`:msU¬OnX:[nLÃX:KML�UNK�fgOQP-c_UN`-ms[DP�OYRNOÅ^ems`-L�UNRNOYRÃOQL
P-R�[tP-R�^eKgX-OnX:KMLÃX:[nLzR'KMmsKSr¯[nLq{i`-msU'^eP:me^efgO³UN^_r¯[DK�UNR�`-T�fgOYX:[�o:msKM{Åw-RNOYT�X:[ Ç `-KbOQP�KMT�OYLzKML'U'KbOYP-R�KML'KMTVUWO
ms^s{Z^~OQRqX:K�KMR'R�[�à ú Oi»-·t`-RNO�8-à 5 oEKML'U¬jY[vR�KMP-R'KML'KMT¯UWOYX�OYLÃOQLqX:KMP�KMT�X:}MT�f�^~OQLzUNKM{ZP�[nR¬OQ^sLqX:[v·tKMT-ÂYUN^sP�[
L'KMm_rtOQ·nKM{èK�X:[brnOYms[nR&OYX�OQP:UWO³UN^_r¯[�{ZâgX:^s[�P�OQR¬O Ç `�O³UNR�[ifS[n{Åw-^sT�OYxSþ,KML<X:[nL�P�OQR¬ûQ{ZKSUNR�[tL s K U o¯KM{
UNR�}MLqR'KMmsKSrt[tLÃX:^eã~KMR'KMTVU'KMLg�¾{Å`-m_UN^sP-ms^efgOQU'^srt[�o�X:K�P-^efS[ÄOQ·t`�X:[ZK>U'R'`-T�fgOYX:[]fS[n{

K = 10
à

k�[n{Z[ÄP-R�KSrE^sL�UN[ÄT�O]½ Ç à Ì 8-à76 P Ï�o�OZfS[nT�fSKMTVUNRNOnxMjY[lX:K�L'K ÇVÿ }MT�fS^ÈOQL¹{ZKML�UNRNOYLÃKSr¯KMTVU'`�OYms{ZKMT¯UNK�L'K
OQT,`-mÈO;KM{ R'KMmsKSr¯[nL�fS[t{

K > 0
o�fS[t{Z[HP�[,X:K]L'KMR>rE^sL'U'[¿T�OYL�fS`-R3rtOQLbKM{ rtKMRNX:K]X:[nLb·tRN�Q»�fS[tL�X:K

C0(t)
àqæ¹msâM{|X:^sL'LN[-o�r¯KMR�^s»�fgO³É�L'K Ç `-KvOQL¹L'[tms`�xSþVKML�OQL'L'^eTVU'ÂnU'^ÈfMOYL¹T-[nL¹R'KMmsKSr¯[nL¹{i`-msU'^eP-ms^efgO³UN^_r¯[ÄKÅX:K

P-^efS[¿OQ·t`�XE[¿X�OYX�OQL�P�KMmÈOYLb½ Ç Lgà Ì 8:à P Ï�K Ì 8:à96 N ÏqUWOQ{Åw�âM{õLWjQ[;P-RNOQU'^ÈfMOY{ZKMT¯UNKvT,`-mÈOYL>T-[nL�·nR¬�³»�fS[tL
a
o
b
K
d
à�hV[t{ZKMT¯UNK¹T:[Å·nR¬�³»�fS[

c
o Ç `�OQT�X:[ s = 0.1

K
U = 0.1

o,T-[YUWO�É�L'K¹`-{ÄObã~R¬OnxMjY[iLN^s·nT-^s»�fMOQU'^srnO
X:KH·nKMT-ÂYUN^sP�[nL]LNKSmsrnOQ·tKMT-LZT-[ÓKML'U¬OnXE[ X:KHK Ç `-^emscsw-R'^s[-à�Ê�OQLgo<fS[nTVrtâM{ R�KML'LWOQm_UWOQRgo&OïX:^sT�ûQ{Z^ÈfMOÓX:K
R'KSm~O�Æ�OYxgjY[0T-[¿R'KMmsKSr¯[ÍX:K]P-^efS[�OQ·t`�XE[0â]{Å`-^_UN[¿meKMT¯UWOEà¿h:jY[0T:KgfSKML'LW�QR'^ÈOQLi{Å`-^_UWOQL�·tKMRNOnx�þ,KMLiP�OQR¬O
Ç `-K C0(t)

O³UN^sTné�O¿[0rnOYms[tRiP-R'K�rE^eL�U'[ïXEKöfSKMR'fgOÍX:K
0.048

o�w�KM{I{ZKMT-[nRÅX:[ Ç `-K;O0fS[nT�fSKMTVU'R¬OYxgjY[

0.25
[nw:UN^eX�O0KM{

t = 30
à ½¾L'L'KöKMã�KS^sU'[�UWOQ{Åw�âM{ KML�UW�0P-R'KSLNKSTVUNKöT-[ïfS[n{ZP�[nR�UWOQ{ZKMT¯UN[ïX:[�rnOQme[nR

8�6



OYX�OYPEUWOQU'^_r¯[H{ZâgX:^s[-à ú [nL�·tRN�Q»�f�[tL
e
K
f
X-Ol»�·t`:R¬Oæ8:à 5 o�[nw-L'KMR�rnO�É�LNK Ç `-Kno�KM{ t = 30

o
w(t)

T-[
R'KSmeKSrt[Ä{Å`-m_UN^sP-ms^ÈfgO³UN^_r¯[öOY^sT�X�OZKML�UW�]X:^sL'U¬OYT¯UNKÅX:[]rnOQme[nR'KSL�P-R�KSrE^sL�UN[nL¹P�KMm~OÄ½ Ç à Ì 8:à onÏ�o 0.90

K
0.61
o

R'KSLNP�KMf�UN^_rtOQ{ZKMT¯UNKtà�½¾L'L¬O]msKMTVUN^eX�jQ[öâDOQ^sT�X�OÄ{ÄOQ^eL�{]OYR'fgOYT¯UNKiT-[tL�R�KMmeK�r¯[tL¹U'R'`-T�fgOYX:[nL�à�½�T Ç `�OQTVUN[
T-[nLi·nR¬�³»�fS[nL

e
o
f
K
h
od[¿me^s{Z^ÈOYR�X:KÄKSR'R'[¿â]`-msU'R¬OQP�OYL'L¬OYX:[ÍK]RNOYP-^eX�OQ{ZKMTVUNK][HrtOQms[tRÅOYX�OYPEUWO³UN^_r¯[

{ZâgXE^e[¿O³UN^sT-·nK]OÄP-R'KSrE^sL¬jQ[
1 − s Ì r¯KMR�f�[t{ZKMT¯UW�QR'^s[¿OQw�OY^áÆ:[HX�Oö½ Ç à Ì 8-à763TtÏ'ÏWo4[;·nR¬�³»�fS[ g meK�rtO;O

fSR�KMR Ç `-KvO]f�`-R�rnODr¯KMRNXEK�é3�ZKML'U¬�ZKML�UWOQw-^sme^sÎ�OYX�O:o Ç `�OQT�X:[ÄT�ODr¯KMRNX�OYX:KiKMmÈOÄOYfS[t{DP�OYT-¸�OÄOZL'[tms`�xgjQ[
X:KöP:^ÈfS[ÓOQ·t`�X:[ÓOQU'âö[ÍrnOQme[nR

0.9
X�OYX:[�P�KMmÈOï½ Ç à Ì 8-à763TtÏ�o�OQP�ÂnLZOYms·n`-{ÄOQLDP�[n`�fgOQLZf�KMTVUNKMT�OQLDX:K

·nKMR¬OYxSþ,KSL Ì R'KSLN`-m_UWOYX:[nLÃT�jQ[ZK�Æ:P�[nL�UN[nLWÏ�à
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è9éçê·ë�ìDí^î�ïÔð�ñVòKó�ôqõ¯ó·ì�ö�í�ôq÷<øjö4ó¦ù�éÔø�ú�ôqéÔû!óüùýí û!ó�øýû!÷<øjö4ì0í/þGÿ/óüù�ó^ê·÷!ø���ö4éÔõ¯ó��4÷�����í/ê�÷<ô ÷ ù�ó���í	�çó�ì
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ŵ

~����M}���t������$�#}j�³~���~�}��My�����£¸�M�>Aüº�� ®wB9��y�r��)u6w�{��fzL��ÁE}�u6xj�
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y�}Y} � �2y){�w���}�~�y�r�{���r6y$�$�#}��p�2t�r6{��	x�y�z|{�yjv�y�z�y�u��#�Dw����#ufy�r6r6y�y�r�{�t�~�}Y�L�#u���~�wDÁµy�u6y�z�{�y�r¿{��	xj�	z�¯�}�r
~�y��	x�}�r�{�u���� Ë Â�zL�	�ü�·�l�L�#r�r��#v�y)x�~�y"�#�My�zL�#rft�x¾wDz�~�w'��¶D~�t�}��jt�x½�$�#r�}Yy9��{6u6y�x�}��&{6}�u�zL�	z�~�}
�|t�y)r6{6wD}�zLÅ���y��ú�|tL�#���|t�y�u0{�y)z|{���{�w����f~�y�y9��{�y�z�r��#}�~�yÊÁEy�z�¡�x�y)z�}�r�} � r�y)u�����~�}�r�z�}�x�}�~�y��'}��¿�M}���t��
�����9ÀBy�r0u6y��#w'r�� Ë �D��xâ~�w'r6r6}��B}�r��	t�{6}�u�y�r�~�y�¹ÉÜ	§	»��-Å³{�w'z�¯L�#xâ} � {�wD~�}f}�r0~�}�wDr0��u�wDx�y�wDu�}�rJx�}�x�y�z|{�}�r$�
〈ŵ〉 = e−Ue−τU

y 〈ŵ2〉 = e−2Ue−τU(2−s) �Hy�~�y�r�{����$�	~�}Y}YÁ �#{6}�~�y 〈ŵ〉 r6y�upw'z�~�y��My�z�~�y�z|{�y�~�y
s

�&}Y�|t�yjy9��w'v�yjx�y$~�wD~��	r¿~���u������#} 〈ŵ2〉 / 〈ŵ〉2 = eτUs
�L�#u��l~�y){6y�u6x�w'zL�#u³}Y�)}By)ÂL�)w'y�z�{�y�r6y��'y9�

{�w���}��fÓw'z|{6y�u6y�r6r��	z�{�y�w'z|��y�r�{6wDv��	u��9}�x�}�~�w'ÁEy�u6y�z�{�y�r�y�r��|t�y)x��	r0�M}B~�y�u6w��	xÛ�	Áµy){��#u¼�f~�y9{�y�u6x�wDzL�	�$�#}
y�x���¶Du�w��$��~�y

s
y
U

�
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�0�	~���{�y�u�x�} z�} r�}�x���{ á u6w'}�~�� £¸�L�³A ¨��'¤|Bf��} ��u6}B~�t�{�}�~�y
Pτ−1(n)

�My����+��u6} � � � w'�'w�~���~�y
P (Y1 = m | n,N)

~�}ÑzBÍ�x�y)u6}Ñx�¶'z�wDx�}þ~�y�x¿t�{��	�)ÀBy)r�y�x t�x��Ñ�#x�}�r�{6u���~�y�{��#x��#z�¯�}
N

�)}��'¯�w�~���y�xst�x����M}���t������$�#}��)t��F}jwDz�~�w'��¶D~�t�}�x��#wDr��#��{�}j�M}�u�{��
n

~�y�ÁEy�w�{�}�r$�Mz�}��$�#r6}
N = 1

�n
´mµ i�i_Y�dmi]uwd![yY�x�{mY�[�dm}�dm[�dh��i]d2 ¶X0�mc|^�Y2\Wb1XnYCc�Y�x|b¸·h¹|ºm·h»n¼!½a·>ced¾uwb�u�z|rjYC{h¿vdmim�+dmXÀl!b�x1\W[_Y�uwb1i�^j{mk�bÁ ¶XK�mc|^�Y

[�dm}~d![�dmx1\�d�Y�b1i+X0d$Xf�|[Wb�i+cednÂv»nÃ4uwb�u�z|r�YC{mk�bnxebKd$i�\yYCceb>YCi�i�^jx�\W¢C\_^al!b��
ŵ
�

¨|Ü



�M}�r6r�¶���y��|�$�#���9t��µ�#u&y�r6r�����u6} � � � wD�'wD~���~�yo�)}�z�~�wD�)wD}�zL�#�B���	u��°��tL�	�D�|t�y�u
N

��x��	r>}�rH~�y�r6y�z���}��'��w'x�y�z�{�}�r
�M}�r�{�y�u6w'}�u6y�rfy9��w'v�wDu��	}�����~�}��$�#}�t�x½u�y��Dy)��}�xft���{�w'���'w��$��{�w���}���÷By����

Xi

���$�	u�v|��xft�{��	�)wD}�zL�#�0~�}
i
����r6w'x�}�x�y)x � u6}�~����#x�}�r6{6u����¶ �)�µ�#u6}l�|t�yf{�}B~�}�rÃ}�r

Xi

r�y)v�t�y�xQ��x�y�r6x���~�w'r�{�u6w � t�wD�$�#}ly��
�)}�z|��y)z�wDy�z�{�yp~�y)Â�z�wDu

αm,n ≡ P (Xi ≥ m | n) =
∞∑

j=m

e−U/s
(U/s)j−n

(j − n)!
,

A ¨��Ý§SB

�|t�yÆ�Ê�³��u6} � � � w'�'w�~��	~�yÊ~�yÆt�xÕw'z�~�w���¶D~�t�}��)}�x]�My��D}¿x�y�z�}�r
m

xft�{��	�)ÀBy�rJr6y�uor6}�u�{�y��	~�}¿y�x]t�x��
�M}���t������$�#}+Áµt�z�~��	~����M}�u�t�x

n
��xft�{��	z�{�y�� Ë ~�w'r6{6u6w � t�wD�$�	}+~�y"��u�} � � � w'�DwD~��	~�yl~�}�x�¶'z�w'x�}�~�y

t�x����#x�}�r6{6u����#�Dy���{ á u6w����
Y1 = miniXi

�
i = 1, . . . , N

��� � y�xs�)}�z�¯�y$�)wD~��ÁÄp��r6y�z�~�}j~��	~����M}�u

P (Y1 = m | n,N) = αNm,n − αNm+1,n.
A ¨��ù®�B

�o}�z|{�t�~�}���y�r6r��Êv�y�z�y�u��	�'w��������	}f�#w'z�~��ÊzL�#}Ã�¼r6t�ÂL�)w'y�z|{�y���	ß�#x � �)x ����u6y$�)w'r6}p�)}�z�r6wD~�y�u��#u({�}B~�}�r
}�r°�M}�r6r6¶'��y�wDr����	�'}�u�y�rÆ~�}�{��#x��#z�¯�}j~����#x�}�r�{�u����|tL�#z�~�}�y��'y³�Ãt�x��f���#u6w�Å���y��&�#�'y��#{ á u�wµ�

N ′
���)}�x

~�w'r�{�u6w � t�wD�$�#}
P (N ′)

�¸Ô&}�u�{��	z�{�}��L�#}�w'z|���)rÆ~���£¸�M�>A<¨��D¤eB9����y9����u�y�r6r��	}��	~�y$�|tL�	~����

Pτ (m) =
m∑

n=0

∑

N ′

Pτ−1(n)P (Y1 = m | n,N ′)P (N ′).
A<¨��É¬�B

´�y��Dw���x�y�z�{�y����My)�D}�x�y�z�}�r¼z�}�u6y)�Dy)��}�xft���{�w'���DwD�$��{�w���}��L�fy$��tL���$�#}��	�)w'x��f�Ãr6}��DÍ���y��ú�L�	u����#�'v�t�xj�	r
~�w'r�{�u6w � t�wD�)À|y�r(~�}Æ{��	x��#z�¯�}Ì~�}Ìv��#u6v��	�'}��|t�yo���	u�y$�)y�xU�)}�z�~�w���y�z|{�y�r·�9}�xW}Ê�#u6u��	z��2}Ìy9���My�u6w'x�y�z|{��	�ü�
£(x�{6}�~�}�rÃy)r�r6y�rÃ�$�#r6}�r$�>��ÁEt�z��$�	}�v�y�u���{�u�w"�)A<¨��ùÜ�BÆu�y$~�t��9��r6y� �Áµ}�u�x��

Gτ (z) = [g(z)]τ
�f÷By

g(z)
�	~�x�w�{�yp�fy9���L�#z�r��#}�y�xÎr���u�wDy³~�yÅ	ß�?���'}�u

g(z) =
∑∞

k=0 gkz
k

��}�z�~�y

gk =
〈〈
αNk,0 − αNk+1,0

〉〉 A ¨��Ý¦SB

y 〈〈·〉〉 ~�y�z�}	{���t�x���x��$~�wµ���My�����~�w'r6{6u6w � t�wD�$�	}
P (N ′)

�íy)z|{��#}��í�M}�uÊw'v�tL�	�D~��	~�y�~�}�rÊ�)}By)Â��)wDy�z�{�y�r
~�yÃ�M}	{�±�z��9wµ�#rÆ~�y³x�y�r6x�}�y9���M}|y�z|{�y��

Pτ (m) =
∞∑

i1=0

. . .
∞∑

iτ=0

{
δ

(
m,

τ∑

j=1

ij

)
τ∏

j=1

gij

}
,

A<¨��D¤�SB

Æh�'i�·yºhÇ£Ã�Ç"È�ºhÇ�É"Ê_Ã�º�Ë?·�ÌCÍ�Ë?·y»
Yi
��c�YCc�YCi+uwdmrabKb�[Wcedmx�YCX0dmx1\�bnlh[Wdmi�lhd$x�\Wdfc�YKYCX0b1i]\W[_Ye��¹wÎ1Ì�iWk�bKdm¡vz|^ac�^ai]\�[_^s��z�¦ac�YCi

�a�$Ïv�?�$§e�h�£�²Ð²dmr�Yo^jx|cedmuwdmx|ce�$x|l!^�Yodmx�\W[�dPb1i
Xi

�
P (Y1 ≤ k) = 1−P (Y1 > k) = 1−P (X1 > k, . . . , XN > k) = 1−

[P (Xi > k)]N
�?cedoX0beceb�¡vzed

P (Y1 = m) = P (Y1 ≤ m)−P (Y1 ≤ m−1) = [P (Xi ≥ m)]N− [P (Xi > m)]N
�

¨�º



}�z�~�y
δ(. , .)

�¿��~�y���{���~�y2ÑÊu�}�z�y���Ò�y�u�Óf� Ë £(�M�<A<¨��D¤�SB��M�	�L�#u6y�z�{�y�x�y�z�{�y¿�)}�x����'wD�$��~����L�M}�r6r6w � w��
�'w�{��	u�w��j���)}�z�r�{�u6t��$�#}jzBt�x���u6wD�$��~�y

Pτ (m)
~�y³t�x���ÁE}�u6x�� � y�xsx��#wDr°y)ÂL�)w'y�z|{6y2ÔÆ~�}��|t�y¿�j£(�M�

A<¨��Ý¬SB9�
£·z|{�u�y){��#z|{�}��Ì�9}�x�}Óz�}Óx�}�~�y)�D}Ó}�u�wDv�w'zL�	�ü�Ì}Ów'z�~�w'�B¶�~�t�}Òx��#w'r��	��{6}þy�z�{�u6y�}�r�x�y)x � u6}�rl~��

�#x�}�r6{6u����|t�yf~�Å�}�u�wDv�y�x ��t�x����M}���t������$�#}�w'z�Â�z�w�{���r�y�x���u6ypr6} � u6y)��w���ypyf~�y){6y�u6x�w'zL��}�y)r6{���~�}
�#r6r�w'z|{ á {6w��)}��¼ÔH}�u�{��#z|{6}��L}��|t�y³u6y��#�Dx�y�z|{�y³{6}�u�zL���j£(�M�¾A<¨��D¤�SB0u6y��'y)���	z�{�yp�p}jÁ<��{�}�~�y��µ��yf��£(�M�
A<¨��ã¨�BÆ�M}�~�y�u�y�xQr6y�uÃ�)}�x � w'zL��~��	r³�L�#u��"~�y){�y�u�x�w'zL�	uÊ}

q
����r6w'x�}lx�}�x�y�z�{�}l~�}����	�'}�up�	~��	��{��#{6w'��}

x��$~�wD}j~����M}���t��µ�	�$�#}jz�}�y)r6{���~�}�y�r�{��	�)w'}�zLÅ#u6w'}��	� á rÌ�
τ

����r6w'x��f�L�	r6r��	v�y�x��

〈ŵq〉 =
∞∑

m=0

[
e−U(1− s)m

]q
Pτ (m) = e−qU(βq)

τ ,
A<¨��D¤�¤|B

}�z�~�y

βq ≡
∞∑

i=0

(1− s)qigi.
A<¨��D¤$Ü�B

©ÆÅ�y)�Bw�~�±�z��)wµ��y9���My�u6w'x�y�z|{��	�p¹ãº�§#»°~�y��|t�yl}+�D}�v��	u�w'{6x�}�~�y 〈ŵ〉 ~�y$�$�#w¼�'w'z�y��	u�x�y�z|{6yY�9}�x }
zBÍ�x�y�u6}�~�yÃ�L�	r6r��#v�y�z�r

τ
�Þ£(r6r6y³�)}�x��M}�u-{��#x�y�z|{6}��Ã��u�y)��w'r6{6}��My�����£¸�L��A<¨��D¤�¤eB9���ÌtL�#z�~�}

q = 1
�

ln 〈ŵ〉 = −U + τ ln β1

A<¨��D¤�ºSB
yY��{������+~�yY~�y$���	w'x�y�z|{6}��

β1

�o�l�M}�r6w'{6w'����x��#r�x�y�z�}�uj�|t�ylt�xl�ow'x����'w����	z�~�} t�x �9}By)ÂL�)w'y�z|{6y
�#z�v�t��µ�#uÞz�y�v|��{�w���}�� Ë �D�)x]~�w'r6r�}���z�}�{�����r6yÆ�|t�yÌ��{������Ã~�y°xft�{����$�#}

U
�M}�~�y°r6y�u¸} � {6w�~��Êx�y$~�w��	z�{�y

}��)}|y)ÂL�)w'y�z|{6y³�'w'z�y��	u¼~��fu6y9{����ÞÔ&}�u-{��#z|{�}���t�x��p��y?�Ã�)}�z�¯�y$�)wD~�}
U

yÊÂ�����~��ft�x��f~�w'r6{6u6w � t�wD�$�	}�~�y
��u�} � � � w'�DwD~��	~�y��L�#u��l}�{��	x��#z�¯�}�~�}�r¿v��	u�v|�#�D}�r$�

β1

~�y)�My�z�~�y"�	�My�zL�#rf~�y
s

y��H�My��'}�x�y�z�}�r¿y)x
��u�wDz��)¶'��w'}���}��)}By)Â��)wDy)z|{�y³r6y��'y){�w���}�{��#x � ��xÎ�M}�~�y�u�wµ��r6y�u¼~�y){�y�u�x�w'zL��~�}�x�y$~�w��	z�{�yp��x�y�z�r6t�u��	�$�	}
�#�My�zL�#rÆ~�y 〈ŵ〉 ��y�xs�)}�z|{�u��	r�{�yÃ�)}�xÛ}��$�#r�}�x��	w'r¼r6wDx����Dy�r$�

qÌr��#t�{6}�u6y)r�~�y�¹ÝÜ�§#»H��Å�{6wDz�¯��	x�Áµy�w'{6}��)}�z�r6w�~�y)u��	�)ÀBy�r�r6y�x�y��'¯L�#z|{�y�r$�·x��#rf}��$�	u�Å#{6y�ufz�}	{�Å���y��
~�}�r�u�y�r6t��'{���~�}�rÃ�	�|t�wHy����M}�r�{6}�rÌ�f�|t�y��ú�	~�x�w�{�wD~�}�t�xæu6y��'y)��}�x¿t���{�w'���DwD�$��{�w���}��dy��'y�rÊ~�y�x�}�z�r�{�u��	x
r6y�uÞ�M}�r6r6¶'��y��LwDz�ÁEy�u6w'uÞ}�ro�L�#u�Ù#x�y){6u6}�r � wD}��'}�v�wD�$�	x�y)z|{�yÆu�y��Dy)���#z|{�y�r$�

s
y
U

��y�x]~�w���y�u�r6}�rÞ��u6}	{�}B�)}��D}�r
~�yÊ{6u��#z�r�Áµy�u6±�z��9wµ�#r°r6y�u6w��#wDr°yÃzL�#}��#�My�zL�#r°z�}�y9���My�u6w'x�y�z|{6}j~�y¿�J¯L�#}��

Õ
δ(a, b) =





1,
i�d
a = b Ö

0,
i�d
a 6= b

�
×hØ YKg1d![Wc�Y�c|d���c|dhge^jceb� �cedmrs\_Y�ced0Ù�[�b1xedmlWÚ�d![m�Sx�k�bÛ����lhb1x�\W[W^a��z|^j{mk�bÛY�b1i4i]b1X>Y$\W¢�[W^ab1i'¡?z�YCx�cebÛ¡?z�YCrj¡?zedm[�z|X

ceb1io¦ax|c�^alhd$i��fXnYC^ab�[+¡vzed
m
�
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öÆy�r6r��"ÁE}�u6x����>����u�y$�)w'r�}ly�r�{�t�~��	u³�)}�x�}Y�"r6y��'y$�$�#}�yj�	r³x¿t�{��	�)ÀBy)r³w'z�Ä�t�y�z��)w��#x
βq

�jÔß�	u�y$�)y
�|t�y��	�My�z��	rp}�x�}�~�y��D}�}�u�w'v�w'zL�#�J��~�x�w'{6yjt�x��"r�}��'t��$�	}��	zL�#�'¶'{6w����lv�y�u��	�ü�H~���~����My����Y£(�M��A<¨��ùÈ�B9�
«��#r�}"�)}�x��M}�u-{��#x�y�z|{�}"~�y

βq
��tL�	z�~�}

s
�
U

y
N

{6y�z�~�y�x �jr6y�t�rÌ���#�'}�u�y�r�y9��{6u6y�x�}�r��M}B~�yfr�y)u
~�y){6y�u6x�w'zL�	~�}Êx�y�~�wµ�#z|{6y0t�x����	zLÅ#�'wDr6y��)t�wD~��	~�}�r���~��#rÞ£(�|r$�KA ¨��Ý§SB��êA<¨��É¦�B&y<A<¨��D¤$Ü�B9�4+�)}�z|��y�z�wDy)z|{�y
Â����#u�}�u��	�)w'}��)¶'z�w'}�z�}"�$�	r6}"~�}�r�v|�#u6v��#�D}�rÃ�)}�x�{��	x��#z�¯�}�Â���}��íy�x � }�u����#rÊ�)}�z��)�'t�r6À|y�rÊ{6y�z�¯L�#x
���	�'wD~��	~�y³v�y)u��	�ü�

q�$�#r6}
N = 1

�)}�u�u6y�r6�M}�z�~�yÊ�
βq = e−Uθq

�¸Ô&}�uo}�t�{�u�}¿����~�}����|tL�#z�~�}
N →∞ �

αNi,0 → δi,0
y

βq → 1
�¸å�y��#�'x�y�z|{�y���}�r0w'z�~�w���¶D~�t�}�r�x��#wDr¼�#��{�}�rJ{�y)z�~�y�xÛ�pr6y�uJr�y)x���u6yÆ{�u��	z�r6ÁEy�u�w�~�}�r0y 〈ŵ〉 zL�#}

~�y$�$�#wü�(�J}�z|{6t�~�}��#y�r�r���{�y�z�~�±�z��)w��Æ�M}B~�yJzL�#}Ìr6yÞx��	z�w'ÁEy�r�{��	uHr6yo}�rH}�t�{�u6}�rH�L�#u�Ù	x�y){�u�}�rHw'x���t�r6y�u6y)x
t�x �)}�x��M}�u-{��#x�y�z|{6} ~�wDÁµy�u6y�z|{6yY�

βq
�[Ô&}�u�y9��y�x����'}��oy�z��|tL�#z|{�}

U → 0
{�y�x y9���#{��	x�y)z|{�yl}

x�y�r6x�}�y)ÁEy�w�{�}+~�y
N → ∞ �
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U c OT1"0�1tU�]"0�+A1�Rr@�J�D;y�+�<T1�H�z�K�R{B9K�R�R�K�ROT1"0�i"D K�F�0dJ/R'4C|g1�REK�R�R�KW@�J/D}OPJ/0_FG1"D K�<`F�JS<5I�JSQW.�<�+�U)K�0�R�1"X c @xJ/D JSOPJ�B�KMR�K�0~U9+�RdF�JS<T1�R;@�.�0dU�1�R

U = 1, N = 10
K
U = 1, P = 10

B51�j5-�.�0�1�254�2 c K�D;yPJ�0�1C1"R;B�+�R�@�0�K�O5i�<5@�+A1"REJ9@�J�0�0�1�D�OT1"0�1U�1�X�J�0�K�Rt1�X�F�J�RtB�K
U
K}Kxu�@�K�R�R�+�U�1�D}K�<`F�Ks1"X�F�J/R~B�K

s
4}��1"0�1WU/1"X�J/0dK�R~yT1"+�u�J/R~B�K�R�R�1�R�-/0�1�<5B9K�b%1�R c J@�J�D OPJ�0dFG1"D K�<)F�JaQhKGu�OPJ/<�K�<5@�+e1"XrK

ρ
QhyPK�D�O�0d�%u9+#DW1gB9K

1 c @�J/D}J�D}J/RdF�0�1a1Cj5-�.�0�1S25476 c V`.�K1�B�J�F�1�.�DW1�+�<`F�K�<�R�+AB51�B�KWB�K R�K�X�K'H'I"Jsw_]3@�J/<�R�+#B�K�0�1�B51C1�X�FG194 ^ y�R�K�0dU�1%q=R�KsV`.�K OT1"R�R�1"-/K�<�REXA1"0�-)1�R
R�K�D O�0dK�0dK'B�.�b�K�D�1EU/1"0�+A1"y�+#X�+#B51�B9Kt<�J�U�1"X#J�0k1�B51"O�FG1�F�+�U)J}K~V`.�K c <T1;R�+�F�.T1�H'I�J}J/OPJ�RdFG1 c 1"Rr>5.�F�.51�qH�z`K�Rl<�JsFG1"DW1�<���JhB�J�Rl-)1�0�-)1"X#J�RpF�K�D�.�D�@�J�D OPJ�0dF�1�D K�<`F�JM@�J/D}O�X#KGu�J c K�D�<T1�B�1sX#K�DEy�0�1"<5B�J�10�K�-/.�XA1"0�+#B51�B�K~<�J @�J�D OPJ/0_FG1"D K�<`F�JsB�K
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qÐx�}�~�y)�D}��	zL�#�'¶'{6w��)}�~�wDr��)t�{6w�~�}�z�y�r�{��¿r6y$�$�	}�~�y�r��)u�y)��y³�	~�y$�|tL�	~��#x�y�z|{�y³�f~�w'zLÙ	x�w��$�¿y)��}��Dt��)w��
}�zLÅ	u�wµ��~�y�t�x����M}���t��µ�	�$�#}�r6t��Fy�w�{��l��{6u��#z�r6ÁEy�u6±�z��)wµ�#r³r6y�u6w��#wDrp�9}�x¥v��	u�v|�#�'}�r¿�#u � w�{�u�Å#u6w'}�r$���o}�x
y�Áµy�w'{6}��H}YÁ �#{6}�~�}�~�y$���	w'x�y�z|{6}�~�}Y�'}�v��#u6w�{�x�}�~�}l���#�'}�uf�	~��	��{��#{6w'��}��)}�xQ}YzBÍ�x�y�u�}�~�yj�L�#r6r����
v�y�z�rpr6y�u³�'wDz�y��	u³zL�	}Y~�y��My�z�~�y�~���~�wDr�{�u�w � t�w����	}�~�y���u6} � � � wD�'wD~���~�y�~�}l{��#x��#z�¯�}Y~�}�rpv��	u�v|�#�D}�r$�
�)}�z�ÁE}�u6x�y���£¸�M��A<¨��D¤�ºSB��l£(r6r6y��)}�x��M}�u-{��#x�y�z|{6}��&zL����y�u�~��	~�y��ß~�y$�)}�u6u�y�~��Y��~�}B�$�#}�~�}�u6y��'y)��}
xft��'{6wD���'wD�$�#{6w���}�� Ë � á r��$�	~���{6u��#z�r6ÁEy�u6±)z��)wµ���o�|t��	z�~�}�}�y$�|t�w'�'¶ � u�wD}+�l�#{6wDz�v�wD~�}��J��~�w'r�{�u�w � t�w��$�#}
�#r6r�w'z|{ á {6w��$�Ã�Ì~���~��³�My����¿ÔH}�w'r6r�}�zj{�u�t�z��$�	~��p~��p£¸�M�nAüº��É§�B9�B��t�y°{�y�x r6y�x���u�yÆ}px�y�r6x�}pÁE}�u6x���{�}��
�#�My�zL�#r³~�y)r��'}B�$��~�}��pöÌy�r6r���ÁE}�u6x����ú���$�	~����L�#r6r��	v�y�x��C���$��{�u����$��~�Åj}"x�y�r6x�}�zBÍ�x�y�u�}"x���~�wD}
~�yÛ�-�)�'w��|t�y)rm ��L�|t�yp�)}�u�u6y�r6�M}�z�~�y�x  �x�y�r6x���u6y$~�t����	}ju6y�����{�w�����~�}����#�D}�uÌ��~��	��{��#{6w'��}���Ô&}�u�{��#z|{�}��
}�ro~�y$�$�#w'x�y�z|{6}�rÞ�'w'z�y��	u�y�rÞ} � r6y�u-���	~�}�rÞy9���My�u�wDx�y)z|{��#�Dx�y�z|{�y¼�M}�~�y�x y�r�{��#uo�#r�r6}B�)wµ�	~�}�r0�³�#t�r6±�z��)w��
~�yÃy���w'r�{��#r6y��

Ë v�y�z�y�u��	�'w������$�#}�~�}+y)r���t�y�x�����wD}�z�y�w'u6}�~�y��o}�����{�} yl´�}�z|{��#zL�#u6w��M}�~�y�{�y)uj�9}�z�r6y$�ST�±)z��)wµ�#r
w'x��M}�u�{��#z|{�y)r��(�J}�x�}p�Ã�	x�}�r�{�u��	v�y�x ~�y¼t�x���ÁEu��	�$�#}¿�#�Dy$�#{ á u6w��Ã~�y°�$�	~��Ã�)t��'{6t�u��Ê� � y�x ~�y�r��)u6w�{��
�My��'}�z�}���}�ÁE}�u6x��#�'wDr6x�}��0}���u�}��)y�~�wDx�y)z|{�}�y9���My�u6w'x�y�z�{��#�°{6}�u�zL����r6y�x��#wDr�r6w'x����'y�r$�0�M}�wDr�zL�#}��
z�y$�)y)r�r�Å#u6w'}�}fw'r�}����	x�y�z|{�}�~�y�t�xâx�w��)u�}B}�u6v��	z�w'r6x�}�y�xâ�$��~��¿�L�#r6r��	v�y�x�� Ë �'��xÎ~�w'r6r6}���}�x�}B~�y��'}
}�u6w'v�w'zL�#��u6y��|t�y�u�x�y$~�wD~��#r�~��	r�Ä�t�{�tL�	�)À|y�rl~�y

ŵ
�L�#u���y�r�{�w'x��#u

s
�¼x��#r"y�r6r6y�r"y)ÁEy�w�{�}�r"�M}�~�y�x

r6y�up�dy��|t�y�z�}�r�~�y�x��#wDr�A ��y�u³Â�v�t�u���¨��ùÈ�BÃ�L�#u��lv�y�u��	upy�r�{�w'x��#{6w'���#r��)}�z�ÂMÅ���y�w'r$��Ô&}�up}�t�{6u6}Y����~�}��
}�x�}B~�y��'}+v�y)z�y�u��#�Dw����	~�} r á u6y$��t�y�u�x�y$~�w�~��	r�~�y 〈ŵ〉 �L�	u���~�y9{�y�u6x�wDzL�#u

U
y
s

y�{�y�xûv�u��	z�~�y
r6y�z�r6w � wD�'wD~���~�y��	}��)}|y)ÂL�)w'y�z|{�y¿r6y��Dy9{�w���}��|tL�	z�~�}�}�rÌv��	u�v|�#�D}�rÌr��#}����	u�v�}�r$�d�)}�x�}�Áµ}�wH~�w'r��)t�{�wD~�}�zL�
�#��u6y�r6y�z|{������	}�~�}�r0u6y�r6t���{��	~�}�r�� Ë ��{��#rJ{������	r0~�y�x¿t�{��	�$�	}¿u6y$~�t��)y�xÛ�#r0w'z��)y)u�{�y?���#r0zL�py�r�{�w'x��	�$�	}
y�x �	x � }�r�}�r��$�#r6}�r�yl�M}�~�y�x r6y�u�wDz�~�t²��w�~��#r��	u-{�w�ÂL�)w��	�'x�y�z�{�y�� öÆy�r6r���ÁE}�u6x����o}+ÁE}�u6x��#�Dw'r6x�}
w'z|{�u�}�~�t��)w�~�}��L�#u6y$�)yÃr6y�u¼t�x����)}�z|{6u6w � t�w����	}�wDz�{�y�u�y�r�r��#z|{�yp�#}�y�r�{6t�~�}j~���y9��}��Dt��$�#}�x�}��'y$�)t��µ�#u$�
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� h � k)91&¿m��Á,>(5(Cht� ,�� � &¿c�(Cnph ,�� � h¿c�,¼c�.0/1&29

Ë ~�w'r��)t�r6r��	}�~���r�y��$�	}��#z|{�y�u�wD}�uÌ��~�x�w'{6y¿�|t�y³}�rÆx��#wDrÌ�	��{6}�r°wDz�~�w���¶D~�t�}�r��)}��Dy){���~�}�rÆy�xæ�$�	~��
{�u��	z�r�Áµy�u6±�z��)w���r6y�x���u6ylr6} � u6y)�Bw'��y�x �#} ��u�}��)y�r6r6}�~�y�y9���L�#z�r��	}��or�y)z�~�} u�y�r��M}�z�r�Å���y�w'rj�My)�µ�+�����
u��	�9{6y�u6w��������	}�~�}"y�r�{��	~�}"y)��y�z|{6tL�	�'x�y�z�{�y��#{6wDz�v�wD~�}��My������M}���t����	�$�	}�w'z�Â�z�w�{���y�x y$��t�wD�'¶ � u6w'}��¿÷By
}�r°v|�#u6v��	�'}�rÆr��#}�y�r�{�u6y�w�{�}�r$��y�r6r���¯�w'� á {6y�r6yp�p�)y�u-{��#x�y�z|{6y³wDzL�	~�y$�|tL�	~����L�M}�wDrÌ�	r¼Ä�t�{6tL���)À|y�rÆy�r�{����
{�¶'r�{�wD�$�#rÆr��	}jx��#w'rÆw'x��M}�u�{��#z|{6y�rÞ�Ft�r�{��	x�y�z�{�yp�|tL�#z�~�}j�M}���t��µ�	�)ÀBy)rÌr��#}j�My$�|t�y�zL�	r$��²°y�r�{���r6y$�$�#}��
�#u6v�t�x�y�z|{�����r6yo�|t�yÞ��u�}��)y�r6r6}�r&y�r�{�}B�$Å	r�{6w��)}�rß~�yÞu��#x�w�ÂL�$�	�$�	}Ær��#}Æt�x���ÁEy�u�u��#x�y�z|{��¼y���{�u6y)x��	x�y�z|{�y
��y)u6r�Å#{6wD�C�L�	u��j~�y)r��9u6y)��y�u°}�rÆ��u�}��)y�r6r6}�rÌ~�ypu�Å#��wD~�}��)u6y�r��)w'x�y�z|{6}��M}���t������9wD}�zL�#�Hy�x���u�y�v���~�}�rÆz�y�r-�
r��#rÆr6w�{�tL�	�)ÀBy�r$��Ô·�#u���w'�'t�r�{�u��#u°y�r6r�y³�M}�z|{�}�~�yÃ��w'r�{����Ly�r6r6y³ÁE}�u�x��#�Dw'r6x�}j�³t�{�w'�'w"�$��~�}����	u���y�r6{6t�~��#u
�#zL�	�'w�{�wD�$�#x�y�z|{�y�~�}�wDr¿x�}�~�y��'}�rfy���� � }�u��	~�}�r��M}�u¿}�t�{�u�}�r��#t�{�}�u6y�r¿�L�#u���r6t���u�wDupy�r�r���~�y)ÂL�)w'±�z��)w����
x��#r°�|t�yÃr á Áµ}�u��	xÛy������'}�u���~�}�r°x�y$~�w��#z|{�yÃr6w'xft������9ÀBy�rÆ�)}�x���t�{����)w'}�zL�	w'r$�
�Ìu6}�r�r6y�w'u��#x�y�z|{6y����M}B~�y9��r6y¿~�y�r��)u�y)��y�u°t�xs��u�}��)y�r6r6}�~�y³u��	x�w�ÂL�$�	�$�#}�¹Ý¦�§	»&�)}�x�}jt�xÛ��u6}B�)y�r6r6}

y�r�{�}B�$Å#r6{6w��9}�y�xû�|t�y�t�x½} � �2y){�}�~�Å�}�u�wDv�y�x ��t�x�z|Í�x�y�u6}��#�Dy$�#{ á u�wD}�~�y�}�t�{�u�}�rf} � �2y){�}�r$�(w'z��
~�y��My�z�~�y�z|{�y�x�y�z|{�yl~�}+u6y�r�{�}+~�}+r6w'r�{�y�x����þ²°}+�$�	r6}+x��#w'r�r6w'x����'y�r$�¸{�}B~�}�r�}�r�} � �Fy){6}�r�r��#} ~��
x�y�r6x���zL�#{6t�u6y?����y��d�)}�z�r�y��ST�y�z|{6y�x�y�z|{6y��dzL�#}�¯LÅj�|tL�#�D�|t�y�uÌy�r�{6u6t�{�t�u���zL�j�M}���t��������	}���«��	rÌ¯LÅ
t�x���v�y�z�y�u��#�Dw����	�$�	}��Þ~�y�z�}�x�w'zL�	~�����u�}��)y�r6r6}�~�y�u��#x�w'Â��$���$�#}�~�y"x¿t�w'{6}�r¿{�w'�M}�r�AäÔ¸åÆ«¸	�B9�H�|t�y
ÁE}�wC�)}�z��9y � w�~���y)r��My$�9wµ�#�'x�y�z|{�yÃ�L�#u��f�DwD~��#u°�)}�xÛr6w�{�tL�	�)ÀBy�r¼y�xÛ�|t�yÃ} � �2y){�}�rÆ~�w'r�{�w'z|{6}�r¼v�y�u��#xÎr�tL�
�F��u6}��'y� Ã�)}�xÛ~�w'ÁEy�u6y�z�{�y�rÆ~�w'r�{�u�w � t�wD�)À|y�rÆ~�yÃ��u6} � � � w'�'w�~��	~�y��

²¼}�rÊx�}B~�y��'}�r³�)}�z�r6w�~�y�u��	~�}�rÃz�y�r�{���r6y$�$�#}��>���M}���t��µ�	�$�#}l}�u6v��	z�w�������r�y�z��#{�t�u��#�Dx�y)z|{�y�y�x t�x
zBÍ�x�y�u6}jwDz�Â�z�w'{6}��Mx��#rÆy�zBt�x�y�u�Å$��y��ü�d~�y¿�)���#r�r6y�r$�ÆöÆy�r6r���ÁE}�u6x����LÁE}�wH�)}�z��)y � wD~�}�t�xæ��u�}��)y�r6r6}�~�y
u��#x�w�ÂL�$�	�$�#}"~�y¿w'z�Â�z�w�{�}�rÆ{�w'�M}�r��|t�y��Ly�x � }�u����$�#u6y$�$�j~�ypu6w'v�}�uÆxj�#{6y�x�Å�{�wD�)}��d�#��u6y�r6y�z|{6}�tYu6y)r�t�� �
{��	~�}�r¼z|t�x���u6wD�)}�r°�)}�z�r6wDr�{�y)z|{�y�r$�¸«Yy)r�x�}j�	r6r6w'x���u6y)r�t���{���~�}�r¼w'x��M}�u�{��#z|{�y)r¼�M}B~�y�xÛr6y�u0} � {6w�~�}�rÆ�
�L�#u�{6wDu¼~��f{6y�}�u�wµ� � Å#r�wD�$��~�yÃ��u�}��)y�r6r6}�rÆ~�yÃu��	x�w�ÂL�$�	�$�#}�� Ë r¼�M}���t������)À|y�rÆ�)}�z�r6wD~�y�u��	~��#r°y)��}��'t�y�x
y�xâ{�y�x��M}�~�w'r��)u�y){�}����)}�xs~�w'r6{6u6w � t�wD�)ÀBy�r°y�r�{�Å�{�wD�$�#rÆ~�yÊ{��	x��#z�¯�}j~�����u6}��'y��
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Ë t � ¶D�|tL�jÁµt�z��$�#}�v�y�u���{�u6w���A<´4�¾B�u6y)��y)�µ����r�ypt�x���ÁEy�u�u��#x�y�z|{��jy)r�r6y�z��9wµ�#�&{��#x � ��xæz�}�y�r�{�t�~�}
~�yp��u6}B�)y�r6r6}�r�~�y¿u��#x�w�ÂL�$�	�$�	}��Æ²¼}"ÔÞåÆ÷d�L�¿�)}�z|��y)z�wDy�z�{�yf~�y)Â�z�w'uÌt�x���´'� �L�	u���}j{��#x��#z�¯�}�~��
��u�}��'y³~�y³t�xÎw'z�~�w'�B¶�~�t�}��

ϕ(z) ≡
∞∑

m=0

P [M = m]zm,
A<¨��D¤�§SB

yÃt�x��f}�t�{�u����	r6r6}B�)wµ�	~����	}�{��#x��#z�¯�}�{6}�{��	�
N(t)

~��f�M}���t����	�$�	}�z�}�w'z�r�{��#z|{�y
t
�

φ(z, t) ≡
∞∑

n=0

P [N(t) = n]zn.
A<¨��D¤�®�B

£(r6r��#rÆ~�t��	r¼ÁEt�z��)À|y�r°u6y)�µ�	�)w'}�zL�#x���r6y³y�z|{6u6yÃr6w>�#{6u�������r°~��fwDx��M}�u�{��	z�{�yÃy9����u�y�r6r��#}

φ(z, t) = φ[ϕ(z), t− 1],
A<¨��D¤�¬�B

�|t�yo�ot�xj�Æ�)}�z�r6y$�ST�±�z��)w��f¹ã¦�§#»�~��°wDz�~�y)�My�z�~�±�z��)w��ÆzL�°u6y)��u6}B~�t��$�	}����ÌtL�#z�~�}Ì}Ì��u�}��)y�r6r6}Ìw'z�w��)w�����r�y
�)}�xÛt�xÛÁµt�z�~��	~�}�u��

φ(z, 1) = ϕ(z)
yp�fu6y$�9}�u�u6±�z��)w������)w'x��f�Ãy$�|t�w����#�'y�z|{�yp �y$�|t����$�#}

φ(z, t) = ϕ[φ(z, t− 1)].
A<¨��D¤�¦�B

ö��³£(�M�nA<¨��D¤�®wB9��r6y�v�t�yÆ�|t�yÆ�Ê��u�} � � � w'�DwD~��	~�yÌ~�y°�|t�yÆ�Ê�M}���t��µ�	�$�#}py�r�{�y��-�Ãy���{�w'z|{���z�}³wDz�r6{��	z�{�y
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t�x���Ô&}�wDr6r6}�z ~�yYx���~�wµ�

U
� Ô&}�u-{��#z|{�}���� �$�	u�v|�+xft�{����9wD}�zL�#�Ì~�}�r�wDz�~�w'��¶D~�t�}�r�zL��{�t�u��	�'x�y�z�{�y

}�u6v��	z�w��������)}�xft�z�w�~��	~�y³y)xÛt�xÛz|Í�x�y�u6}�w'z�Â�z�w�{�}j~�y³�)���	r6r6y�r$�
«��#r(z�y�xÇ{6}�~�}�r(}�r·Â��'¯�}�r¸r6} � u6y)��w���y)x �L�#u��Ìu6y���u�}�~�t���w'u-��r6y��(²¼}Ãx�}�~�y��'}Ã~�y¼´H��©p���)}�z�r6w�~�y�u����

r6y�t�x�����u6} � � � wD�'wD~���~�yj~�y�r6} � u�y)��w���±�z��9wµ���|t�y����	u�wµ�"w'z|��y�u6r��	x�y�z|{�y��)}�x¾�"�$�	u�v|��xft�{��	�)w'}�z��	�ü�
r6y�v�t�z�~�}l��x�y�r6x��jÁµt�z��$�	}"�|t�yf~�y�r��)u6y)��yft�x�u6y��'y)��}"x¿t��'{6wD���DwD�$��{�w���}��Ã²°y�r�{�yf�$�#r�}��dy�z|{6u6y){��	z|{6}��
{�u��#{�����r6yÃ~�y����	�'}�uÆ�	~��	��{��#{6w'��}j� � r�}��'t�{�}����M}�wDr¼}�y�r6{���~�}�~�}�u6y�r�{�}�~��f�M}���t��µ�	�$�#}�zL�	}�w'z�Ä�t�y�z��9wµ�
}�~�y�r6{6w'z�}j~�yÃ�|tL�#�D�|t�y�u�r6y$�ST�±�z��)w����oöÆyÊÁ<��{�}����fy�r6r�±)z��)wµ��~�y�r6r6yÊx�}�~�y)�D}��Ê}�Á<��{�}�~�y³�$�	~��fx�y�x��
� u�}�~����9}�x¿t�z�w�~��	~�y�u�y���u6}B~�t���w'u-��r6y�}�t�x�}�u6u6y�up~�yjÁE}�u6xj���)}�x����'y){��#x�y�z|{6yjwDz�~�y)�My�z�~�y�z|{6y�~�}�r
~�y�xj�	w'r$�¸£·r�r��p�#t�r6±�z��)w��p~�yÆ�)}�x��dy9{�wD�$�	}p�Æt�x��³�9}�z�~�wD�$�#}¿z�y$�)y�r6r�Å	u�wµ�Ã�L�	u��³�|t�yÆt�x��Ã�M}���t����	�$�	}
y9��w � ���)u�y�r��)wDx�y�z|{�}�y9���M}�z�y�z��)w��	�ü�

£·x ¹ÉÈ�®�»��C´H�0© } � {�w���y�u��	xQ�#�Dv�t�z�rÃu6y�r6t���{��	~�}�rp�#zL�	�'¶�{�wD�)}�r³z�}l�$�	r6}�y�x¥�|t�y
s = 0

�C}�t+r6y������
�|tL�#z�~�}�{�}B~�}�r(}�r·Â��'¯�}�r¸�)y�u�{��	x�y)z|{�y0r6} � u6y)��w���y�xl��w'z�~�y��My�z�~�y)z|{�y�x�y)z|{�y¼~�y0r�y)t�r¸~�y)ÁEy�w�{�}�r��·£(r6�My9�
�)w�ÂL�$�#x�y�z|{6y���z�}j�$�#r6}�z�y�t�{�u�}���´H�0©Ð¯L����w��	xÎ} � {6w�~�}�t�xj��y$�|tL�	�$�#}�u6y$�)t�u�r6w'�����L�#u����fv�u��#z�~�y?���
�|t�yÆ~�y){6y�u6x�w'zL�Ã}¿�)}�x��M}�u�{��	x�y)z|{�}¿~��Ã�$�#{6u��	�$�p~�y�«�t��'�Dy�u����³~�w'r6{6u6w � t�wD�$�	}¿~�yÆ��u�} � � � w'�DwD~��	~�y�~�}
zBÍ�x�y�u6}�~�y¿x¿t�{��	�)ÀBy�rÌ~�}�w'z�~�w���¶D~�t�}�x��#wDrÊ�#��{�}�~����M}���t��µ�	�$�#}"zL��v�y�u��	�$�#}

t
� Ë �'��x ~�wDr6r6}��Mz�}

x�y�r6x�}�u6y�v�wDx�y���y��'y�rÆ~�y){6y�u6x�wDzL�#u��#xÛt�xj���)}�z�~�wD�$�#}jz�y$�9y�r6r�Å#u6w����L�#u����fr6} � u�y)��w���±�z��)w����	r6r6w'z|{ á �
{�wD�$�f~��f�)}�xft�z�wD~��	~�yÁA

R > 1
BÞyÊt�xj�f�)}�z�~�wD�$�	}�z�y$�)y�r6r�Å	u6w��¿yÊr6t�ÂL�)w'y�z|{6yÊ�L�#u��¿}f{6u������#x�y�z�{�}�~��

�$��{�u����$�lzL�#r¿�'wDz�¯L�#v�y�z�rfr6} � u6y)��w���y�z�{�y�r�A
R > eU

B9��²°}Y�$�	r6}Yx��#wDrpv�y)u��#�ä�Hy��'y�r��#Â�u�x��	u��	x¾�|t�y
���$��{�u����$��~�y�«Yt��D�'y�u��My�u�x��#z�y$�)yfw'zL�#{6w'���j�L�#u����|tL�#����t�y�u

s > 0
�dx��#rÌ{6w'��y�u��#x �|t�yfu�y$�)}�u6u6y�uÊ�
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r6w'xft������)À|y�r°�L�#u����$�	u�����{�y�u6w����#u°}��)}�x��M}�u-{��#x�y�z|{6}j~����M}���t����	�$�	}��
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èÊÅ	u6w'}�rp~�y�r6r�y)rpu�y�r�t��'{���~�}�rp�M}B~�y�xQr6y�uÃ} � {�wD~�}�r¿���L�#u�{6wDu³~���{�y�}�u6w�� � Å#r6wD�$�l~�y���u6}B�)y�r6r6}�rp~�y
u��#x�w�ÂL�$�	�$�#}�� ç�z�wD�)w��	�'x�y�z|{6y��0�)}�z�r6wD~�y�u�y9��r�y�}��$�#r6}�z�y�t�{�u6}�� ÷By��+�$�#u6v��+x¿t�{��	�)wD}�zL�#�Æ~�y��$�	~��
r6y$�ST�±�z��)wµ��ÁE}�uÆ~�y�r��9}�z�r6wD~�y�u��	~�����{�}�~�}�r°}�r°x�y�x � u6}�rÆ~����M}���t����	�$�	}jr��	}�w�~�±�z|{�wD�)}�rÆy¿��y9��}��'t��$�#}
~�}�r6w'r�{�y�x��+��~�y�r��)u6w�{�� y9���#{��	x�y)z|{�yY�M}�u�t�x ÔÞåÆ÷d�oöÌy�r6r�� ÁE}�u6xj���

R > 1
�Yt�xj���)}�z�~�wD�$�	}

z�y$�)y)r�r�Å#u6w��� �r6} � u�y)��w���±�z��)w��j~�yp{6}�~������M}���t��µ�	�$�#}"�|tL�#z�~�}
s = 0

� Ë �'��x�~�w'r6r6}��d��u6y��)}�u�u6±�z��)w��
�L�#u��"����u6} � � � w'�'w�~���~�y�~�y�r6} � u6y)��w���±)z��)wµ� S(t) ≡ 1 − π(t)

~�y�t�xj���Dw'z�¯L�#v�y)x¥z�}��$�#r6}�z�y�t�{6u6}
~��	~���y�xQ¹ÉÈ�®�»��

S(t+ 1) = 1− exp[−RS(t)],
A ¨��Ýº�¦�B

�Ã�#�My�zL�#r�t�xâ�$�#r�}f�L�#u�{�wD�)t����#u¼~���£(�M�>A<¨��ùÜ�¤eBo��tL�	z�~�}
ϕ(z)

�Ã�¿´'�à~�y�t�xj��Ô&}�w'r6r6}�z�~�y�x��$~�w��
R

�
�¼x ~�}�r"} � �Fy){�w���}�r���u6w'z��)w'�L�	w'rl~�y�´ß�0© y�u��Ó��~�y){�y�u�x�w'zL���$�#}þ~��#rl�)}�z�~�wD�)À|y�rlz�y$�)y�r6r�Å	u6w��#r

�#}�{6u������#x�y�z�{�}Y~��l�$��{�u��	�$�l~�y�«�t��'�Dy�u�� Ë � á rf�	�'v�t�x¾y�r6ÁE}�u��)}��&y��Dy�r¿�)}�z��)�'t�¶Du��	x½�|t�y
R > eU

�ft�x �)u6w�{���u�w'}�z�y$�)y�r6r�Å	u6w'}"y�r6t�ÂL�)w'y�z|{6y�z�}��$�#r6}"z�y�t�{�u�}��p«��#rÊy�r6r6y�u�y�r6t��'{���~�}��M}B~�y�r6y�u�} � {�wD~�}
r6w'x����'y�r6x�y�z|{�y�u6y�r�{6u6w'z�v�w'z�~�}p�Ã��{�y�z��$�#}¿ �r6t � �M}���t������$�#}p~�y�r�y$��T�±�z��)w��	r¸x�y�r�{�u��	r$�·ÔHy)�D}Ê{6y�}�u�y�x��
~�yJ~�y$�)}�x��M}�r6wD�$�	}Ìw'z|��}B�$�	~�}ÌzL�¼r�y��$�	}��	z�{�y�u6w'}�u$�	�$��~��¼wDz�~�w'�B¶�~�t�}Ìr6y�xWxft�{����)À|y�rß~�Å¼}�u�wDv�y�xÇ�¼t�x
zBÍ�x�y�u6}"x��$~�w'}l~�y

Rf(0 | U)g0 = Re−U
~�y�r��)y�z�~�y�z�{�y�rÃwD~�±�z|{6w��)}�rp��r6wß��u á ��u6w'}��úr�y�v�t�z�~�}�t�x

ÔÞåÆ÷��M}�wDr6r6}�z�wµ�#z�}��o�o}�x�}pzL�#}p¯LÅÃxft�{����)À|y�rou�y)��y�u�r��#r$�|z�y�z�¯Bt�x��Ã}�t�{�u��Ã�)�µ�#r6r6yÆv�y)u��Ãr6y$�ST�±�z��)w��#r
x�y�r�{6u��#r��ÑÔ&}�u�{��	z�{�}��¸r6y

Re−U ≤ 1
�¸y�r6r���r�t � �M}���t����	�$�	} �)y�u�{��	x�y�z|{�y"r�y"y9��{6wDz�v�t�y�� �ÌtL�#z�~�}

s = 0
�ß}�x�y)r�x�}��	u�v�t�x�y)z|{�}Yr�y"�#���'w��$�����|tL�#����t�y�uf�)�µ�#r6r6y"~�y�x¿t�{��#z|{�y�r¿�|t�y��ß�My�����y9��{�w'z��$�#}

~�yYr6y�t�r��)}�x��My){6w�~�}�u6y�r$�0��y�z�¯L��� ~�w'r6�M}�u�~�}�r�wDz�~�w'�B¶�~�t�}�r"�)}�x x�y�z�}�u����	u6v��+xft�{��	�)w'}�zL�#�ÆzL�
�M}���t������$�#}�� Ë �)}�z��)�'t�r��	}�wDz�y9��w'{�Å���y��í�Ê�|t�y���r6y

R > 1
x��#r

R ≤ eU
��z�y�z�¯Bt�xj�f�)���	r6r6yÊ��y�r6{�Å���y��

y��#�)}�z�r6y$�ST�y�z|{6y�x�y�z|{6y����¼�$�#{6u��	�$�¼~�yJ«�t��'�Dy)u&zBt�z��$�0{�u��$���#u�Å�zL�#r&�M}���t������)À|y�rß�|t�yÞy9��y�z|{6tL�	�'x�y�z�{�y
r6} � u6y)��w���y�u�y�x���Ô&}�u°}�t�{�u�}j�µ�	~�}��Lr6y

R > eU
��¯LÅ�t�x�����u6} � � � w'�'w�~��	~�y¿�M}�r6w'{6w'��� S(∞)

~�y¿�|t�yf�
�)���#r�r6yÌ�)}�x x�y�z�}�uJ�$�#u6v��³xft�{����)w'}�zL�	�Mr6} � u6y)��w����¿�#}¿��u6}B�)y�r6r6}�~�yÆy����L�	z�r��#}���~���~��³�My����³r6}��'t��$�#}
�#r6r�w'z|{ á {6w��$�"~���£¸�L��A ¨��Ýº�¦�BÌ�|tL�#z�~�}

R → Re−U
�����	~���v�w'u�}l~��"�$�#{6u��	�$��y$�|t�w����#�'yj��u6y�w'z�wD�)w��	u
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}Ñ��u6}B�)y�r6r6}��°r6y�x���u6y��9}�x t�x�����u6} � � � w'�'w�~���~�y��M}�r6w'{6w����Ñ~�y�r�} � u6y9��w'��±�z��)w���� ÔH}�u�{��	z|{6}��¼r6y+�
�M}���t������$�#}�zL�#}�r6yÌy9��{6wDz�v�t�w'u$���#�Dv�t�x��¿�)���	r6r6y�y)��y�z|{�t��	�'x�y�z|{6y�r6} � u6y)��w���y�u�ÅpyÌ{6u������#u�Å¿�¿�$��{�u��	�$���
�¼x �#u6v�t�x�y�z|{6} � y)x r6wDx����Dy�r�y�r��)���	u�y$�)yY�d}�u���t�y����$��{�u����$� ~�y�«�t��'�Dy�u�zBt�z��$� y�r�{�Å���{�w����

�|tL�#z�~�}f¯LÅ¿~�y$�$�#w'x�y�z|{6}��¸ÔH}�u0~�y)Â�z�w��$�#}���r6yÊ�¿�$�#{6u��	�$�pzL�#}f{6u��������B}fzBÍ�x�y�u6}fx�¶Dz�w'x�}f~�y�xft�{����
�)À|y�rßz�}Ìr6w'r�{�y�x��°�)u6y�r��)yow'u6u6y)r6{6u6w�{��#x�y�z|{6y�� Ë �'��xà~�wDr6r6}����¼ÁEt�z��$�#}

wj
~�y$�)u�y�r��)yJx�}�z�}	{�}�z�wD�$�	x�y)z|{�y

�Á��y�u6}"�)}�x ���$�#u6v��jxft�{����9wD}�zL�#�ä�Û�C}�v�}��d�L�#u����|tL�#�D�|t�y�u
s > 0

�dy)x �|tL�#����t�y�uÌu6y��#�Dw����	�$�#}"�L�#u-�
{�wD�)t����#u�y�xâ�|t�yÃ�f�$��{�u��	�$�¿y)r6{6w'��y�r6r�yÃ��{�w�������¯LÅ¿t�xÕwDz�r�{��#z|{6yÁAü�	�'y���{ á u6w'}���x��#r¼~�y��My)z�~�y�z|{�yÊ~�y

s
B

y�xâ��t�yÆ{�}B~�}�rJ}�r0w'z�~�w���¶�~�t�}�rJ{6±�x]{��	z|{��	rJxft�{��	�)ÀBy�r0�|t�yÊ�³��u6} � � � w'�'w�~��	~�yÊ~�yÌr6} � u�y)��w���±�z��)w��¿~�y
�|tL�#�D�|t�y�uJt�xâ~�y)�Dy�rJ�Ê�#u � w�{�u��	u�wµ�#x�y�z�{�yÌ��u á ��w'x��¿�Å�)y�u6}��¸ÔH}�u�{��#z|{6}��|z�y�z�¯Bt�x��³�M}���t��������	}f�M}�~�y
r6t��M}�u�{��#u¿t�xû�	�)Í�xft��'}�w'z��)y�r6r��	z|{6y"~�y�xft�{����)À|y�r¿y����$�#{6u��	�$�Y�)y�u�{��	x�y)z|{�y���u�y$�)w'r���y�r�{��#up{6u����
����~��jy�x �|tL�#����t�y�u��'w'z�¯L�	v�y�x �|t�yfr6} � u6y)�Bw'���jw'z�~�y)Â�z�wD~��	x�y�z|{�y��Ê£(r6r6y��	u�v�t�x�y�z|{�}�} � �Bwµ�#x�y�z�{�y
r6y³�	���'wD�$�����|tL�#���|t�y�u¼�'y�w>~�yÃ~�y$�$�#wDx�y�z|{�}��|t�yÃr6y³�	zBt��µ���	r6r6w'z|{�}	{�wD�$�#x�y�z|{�y����°x��f}�t�{6u����)}�z��9�Dt��
r��#}�w'z�y)��w�{�Å���y)�(���|t�y

R > eU
u6y)��y�������r6y��)}�x�}�t�xj���)}�z�~�w��$�#}lz�y$�)y�r6r�Å	u�wµ���L�#u���r6} � u�y)��w���±�z��)w��

~����)}�xft�z�wD~��	~�y�zL����u�y�r�y)z��$�"~�y�~�y$�$�#w'x�y�z|{6}��í�M}�w'r³�#rÊr6y$�ST�±�z��)w��#rÃx�y�r6{6u��#r�zL�	}"r��#}l�	Áµy){��	~��	r
�My�����r6y��Dy$���	}��"÷By�y��µ�#rpzL�#}l{6w'��y�u6y�xQ��¯L�#z��)y�r¿~�y�r6} � u6y)��w���y)u$�&}lx�y�r6x�}l}B�)}�u�u6y�u�Ål�)}�x¥}�r³xftB�
{��#z|{6y�r$�JöÆy�r6r���Áµ}�u�x�����y9��{�u��	�M}��µ�#z�~�}jt�xÛu�y�r�t��'{���~�}j~�}�ÔÞå°«¸	 �L�	u���}�Ô¸å°çy	Ê��zL�	}��L�#u6y$�)y³r6y�u
�)}�w'z��)w�~�±�z��)w��j��t�yÃ}�x��#w'}�uÆ�#t�{6}����#�D}�u°~�y 〈M〉 r6y��-��y9����{��#x�y�z|{6y 〈M00〉 = Re−U

�
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²¼y�r6{6y¼x�}�x�y�z|{6}����°�)}�z���y�z�w'y�z|{6yÌ�	~�}�{��	u¸t�x��Êz�}�{����$�#}³x��#wDr¸y9�����'¶D�)w'{��Ê�L�	u��³�Ê��u�} � � � w'�'w�~��	~�y
~�yÃt�xj�f���	u�wµÅ���y)�&�	�'y���{ á u6w����M}�w'r6r6}�z�w��#zL��~�yÃx��$~�w��

λ
�#r6r�t�x�wDu�}����#�D}�u

k
�

f(k | λ) =
e−λλk

k!
,

A<¨��Ý¨�SB

yÃ�L�#u���r6tL��´'���

ψ(z | λ) ≡
∞∑

k=0

f(k | λ)zk = exp[λ(z − 1)].
A<¨��Ý¨�¤|B

Ô·u6}B�)y�r6r�}�r°~�ypÔ&}�w'r6r�}�z�~�y�r6ÁEu�t�{��#xs~�yÃt�x��fwDx��M}�u�{��	z�{�yÃ��u�}���u�wDy�~���~�y³~�y³~�y$�)}�x��M}�r6w��$�#}Y¹ÉÜ		»
�|t�yo��Â�u6xj�¼�|t�y���r�yÞ�$�	~���} � �2y){�}¼v�y�u���~�}°�M}�u>t�x��u6}B�)y�r6r�}Æ~�yJÔ&}�wDr6r6}�zp~�y¸x��$~�wµ�

R
ÁE}�uH�	r6r6}B�)wµ�	~�}

�Êt�x��Ã�)y�u�{��³�)���	r6r6y
i

�9}�x ��u6} � � � w'�'w�~��	~�y
pi

y°w'z�~�y��My�z�~�y)z|{�y�x�y)z|{�yÌ~�}�rJ~�y�xj�	w'ro} � �Fy){�}�r$�|y�z|{��	}
È�¬



}l{��	x��#z�¯�}�~����M}���t��µ�	�$�#}�~��l�)���	r6r6y
i

�j~�wDr�{6u6w � t�¶�~�}Yr6y�v�t�z�~�}�t�x��l~�wDr�{�u�w � t�w��$�#}�~�y�ÔH}�w'r6r�}�z
~�y��L�#u�Ù#x�y){6u6}

Rpi
y��fwDz�~�y)�dy)z�~�y�z|{�y�~��	rÃ~�y�xj�	w'rÃ�)�µ�#r6r6y�r$�¿£(r6r���~�y$�)}�x��M}�r6wD�$�	}l�)}�u6u�y�r6�M}�z�~�y

y9����{��#x�y�z�{�y¿�#}j�L�#�My��&~���xft�{������	}�yp~���r6y��'y$�$�	}j�M}�u°x�}�u�{6y³z�}�x�}B~�y��'}�~�yp´H�0©p� Ë xft�{����$�#}
Á<���Jt�x��0�F��u6�9�2�)���	r6r6w�ÂL�$�	�$�	}� 0~��Æ��u�}��'y0~�y0t�xUw'z�~�w'�B¶�~�t�}ÊzL�#r(~�w���y�u�r��	r·�)���	r6r6y�r¸�	�)y�r6r6¶'��y�wDrßzL����t�y��Dy
x�}�x�y�z|{6}���x��#rÆ��r6y��Dy$���	}�y�r�{�}B�$�	r�{�wD�$�#x�y�z|{6y³y�r��)}��D¯�yp�	�'v�t�z�rÌ~�y�r�r6y�r°~�y�r��)y�z�~�y�z�{�y�r°�L�#u���r6y�u6y�x
~�w'u6y$�9wD}�zL�	~�}�rp�jt�x����)�µ�#r6r6y�y9��{6u����ú�|t�y�� � u6w'v|��}�rÊx�}�u�{6}�r$�í�|t�yf���9}�x����'y){��	x�y)z|{�yfw'u6u6y��'y)���#z|{�y
�L�#u��¿�¿~�y�r��)u6wD�$�#}�~�}f��u6} � �Dy)x����¸Ô&}�u�{��#z|{�}��

pi
z��¿~�wDr��)t�r6r��#}����)w'x��¿~�y9��yÌ�Dy)���#uJy�xâ�)}�z|{��Ã{��#z|{�}

�fxft�{��	�$�#}j�|t��	z|{6}��f��u6} � � � w'�'wD~���~�yp~�y³~�y$�$�#wDx�y�z|{�}��
wi = (1− s)i �

öÆy�r6r���ÁE}�u6x����íz�}"x�}B~�y��'}l~�y�´H��©p�
Mij

�f}"zBÍ�x�y�u�}�~�yfwDz�~�w���¶D~�t�}�r³�)}�x
j

x¿t�{��	�)ÀBy�rÊ�|t�y
~�y�r��)y�z�~�y�xæ~�w'u6y){��	x�y�z|{�y³~�yÃt�x

i
��xft�{��	z|{6yÃy

P [Mij = m] = f [m | Rf(j − i | U)wj]
A<¨��Ý¨�Ü�B

�|tL�#z�~�}
j ≥ i

y
0

z�}�r�~�y�xj�	w'r��$�#r�}�r$� Ë x��#{6u6w�� 〈M〉 = {Rf(j − i | U)wj}
��{�u�wµ�#z�v�t��µ�#u

~�y)�Bw�~�}j ��	t�r6±�z��9wµ��~�yÊxft�{����)À|y�r�u6y)��y�u6r��#r�� Ë �'��xÛ~�w'r6r6}����¿wDz�~�y��My�z�~�±�z��)w���y�z|{6u6y³�#r¼�)�µ�#r6r6y�r¼Á<���
�)}�xs�|t�y���r�y

mj = 0
���	u��¿{�}B~�}

j < i
�

P [Mi = m] =
∞∏

j=i

f [mj | Rf(j − i | U)wj].
A<¨��Ý¨�º�B

Ë ÁE}�u6x��fy9�����'¶D�)w�{���~���´'�Ç~�}�{��	x��#z�¯�}�~�����u�}��'y��

ϕi(z) =
∞∏

j=i

exp

{
R
e−UU j−i

(j − i)! wj[zj − 1]

}
,

A<¨��Ý¨�¨�B

�Ã} � {�wD~������L�#u�{6wDu¼~��#rÌ£¸��r��>A<¨��ùÜ#¨SB9�oA ¨��ã¨�¤eBJyªA ¨��ã¨�º�B9�¸ÔHy�����£(�M��A ¨��ÉÜ�¦�B9�

πi(j, t) =

j−i−1∏

k=0

exp

{
R
e−UUk

k!
wi+k[πi+k(j, t− 1)− 1]

}
.

A<¨��Ý¨�È�B

qþ��u6}�~�t�{�}Æ{6}�u�zL����r6yÞÂ�z�w�{6}Ì�M}�u��|t�y
πi(j, t) = 1

��tL�	z�~�}
j ≤ i

���ÌtL�#z�~�}
s = 0

�
πi(j, t)

~�y)�dy)z�~�y
�#�My�zL�#rÆ~�y

j − i y���r6y Qn(t) ≡ πi(i+ n, t)
�

Qn(t) =
n−1∏

k=0

exp

{
R
e−UUk

k!
[Qn−k(t− 1)− 1]

}
.

A<¨��Ý¨�§SB

Ë �)}�z�~�wD�$�#}jwDz�wD�)w��#�&���	u���y�r�{���y$�|tL�	�$�#}j� Qn(0) = 0
� Ë y)��}��Dt����	}�~�y

σ(j, t)
�p~��	~����My����j£¸�L�

A<¨��ã¨|È�B0�)}�xÛ}���u6}�~�t�{�}�w'�Dw'x�w�{��	~�}��
È�¦



²¼y�r6{6y°x�}B~�y��'}��|}³Áµt�z�~���~�}�uÞr6y�x���u6y¼ÁE}�wLy)r��)}��'¯�wD~�}f�)}�x�}³t�x��Êr6y$�ST�±�z��9wµ�Ãx�y)r6{6u���� Ë r¸Â�v�t�u��	r
¨��É§ y�¨�� ®�wD�'t�r�{�u��	x � ~�y��My�z�~�±�z��)w�� {6y�x��M}�u��	�Æ~�}�rj���	�'}�u6y�r�x���~�wD}�r�~��	r��$�	u�v|�#r�x¿t�{��	�)wD}�zL�#wDr
x�¶'z�w'x���y�x�Å���wDxj��zL���M}���t������$�#}��Æu6y�r6�My$�9{6w'���#x�y�z|{6y��Æ�)}�z�r�wD~�y�u��	z�~�}Ò�#�My�zL�	rl�	r"u�y��	�'w����	�)ÀBy�r
y�x½�|t�y"���M}���t����	�$�	}�zL�	}Yy�r�{�y�����y���{�w'z|{����YÔH}�u�{��#z|{6}��H}�r¿v�u�Å�ÂL�)}�r��#��u6y�r6y�z|{���~�}�rfr��#}�} � {�wD~�}�r
x�y$~�wµ�#z|{�y��³~�w���w'r��	}f~��#rov�u��#z�~�y?���#r0~��#r0£¸�|r$�nA<¨��Éº�ºSB·y�A ¨��Ýº�È�B·�My��µ�Ã��u6} � � � w'�'w�~���~�y

1−π0(∞, t)
A<}�t

1 − σ0(0, t)
BÃ~�y��#�Dv�t�x��Y�)���	r6r6y�y)r6{��	u¿�M}���t�����~��Yz�}YwDz�r�{��#z|{6y

t
�·y)x � }�u�����z�}	{��	�$�#}�zL�#}

w'z�~�wD�|t�y³w'r6r6}�y9�����'wD�)w'{��	x�y�z|{�y��
²Æ�pÂ�v�t�u��¿¨��Ý§���} � r6y�u�������r6yÃ�9�µ�#u��#x�y�z|{6yÊ}f{�u������#x�y�z|{6}�~��¿�$�#{6u��	�$��~�yÃ«�t��D�'y�u0�L�	u��f�|tL�#����t�y�u

s > 0
�d�9}�x�}��	z|{6y$�)w'�L��~�}��M}�uÌ´H�0©p� Ë �'��x�~�w'r�r6}��d�)}�x�}

R > eU
�M}jx�y�r6x�}�}B�)}�u6u6ypz�}�u6y�v�w'x�y

z�y�t�{6u6}��ß£(z�{�u6yo�#rH�)t�u����	rH�	��u6y�r6y�z|{���~��#r$�#z�}	{�����r�yÞ�|t�y 〈kmin〉
�#zBt�������r6yJ�#r6r6wDz|{6}�{6w����	x�y�z�{�yÞ�|tL�#z�~�}

s ≥ 0.3
�W©ÌÅ t�x�� y������'w��$�	�$�#}Ór6w'x����'y�r��L�#u�� y�r�r6y��)}�x��M}�u-{��#x�y�z|{�}��¼�|t�y��M}B~�y�r�y�u�t�r��	~��

z�}Ò�$Å#���9t��D}Ò~�y �)}	{��#rlr�t��My)u6w'}�u�y�r��L�#u�� 〈kmin〉
�ÎqÌrlw'z�~�w'�B¶�~�t�}�rY�)}�x �	�My�zL�#rlt�x��Ñxft�{������	}

�)}�z|{�u�w � t�y�xU�L�	u��Æy�r6r��Æv�u��#z�~�y?���Ær�}�x�y�z�{�yJr6yJ¯�}�t���y�ußu6y��#�'w"�$���)À|y�r(y�xÇ��t�yJy��Dy�rß�M}�r6r6tL�#x �Æ�$�	u�v|�
xft�{��	�)wD}�zL�#��x�¶'z�wDxj���ßqÌu�����r�y(wDr6r6}°}B�)}�u6u6y�u���y�r6r����)���#r�r6yÞ~�y¸wDz�~�w'��¶D~�t�}�r&zL�	}¼u6y$�)y � yÞ�)}�z|{�u�w � t�w��)À|y�r
~�y"�|tL�#�D�|t�y�uf}�t�{6u��Yy�r á {6y�xû��¯L�	z��)y)r�~�y"r6} � u6y)�Bw'��y�ufwDz�~�y)Â�z�wD~��	x�y)z|{�y"r6y�v�y�u��	u��·y�x�x��$~�w����
x��#w'rJ~�yÆt�x u�y���u6y�r6y�z|{��	z�{�yÌ~��Ã��u á ��u6w��³�)���	r6r6y��³�$��~��Ãv�y�u��	�$�#}��¸Ôß�	u��ÃwD�'t�r�{�u��	uÞy�r6r6y��#u6v�t�x�y�z|{6}��
~�y�r�{����$����r6y��|t�y

Re−U (1 − s) ≈ 1.07
�L�	u��

s = 0.2
�Þy�z���tL�	z|{6}

Re−U (1 − s) ≈ 0.94
�L�#u��

s = 0.3
�·£(x v�y�u��	�ü� 〈kmin〉

�¼�'wDx�w'{���~�}Ãr�t��My)u6w'}�u�x�y�z|{�y¼�My)�D}³x�y�z�}�u
i

{��#���|t�y
Re−U (1−s)i < 1

�
�o}�x�}�}"�	�)Í�xft��'}�y9���)y�r6r6w'��}"~�y¿xft�{����)À|y�rÌu6y�r6t���{���y�x�x�}�u�{6yf�|t��	z�~�}�¯LÅ�~�y$���	w'x�y�z|{6}��My�u��

��u�y)��w'r�¶���y)�Æ�|t�y 〈kmax〉
ÁE}�r6r6y��'w'x�w�{��	~�}��0�)}�x�} u�y��	�'x�y)z|{�y�r6y���±lzL��Â�v�t�u���¨�� ®B� Ë � á r��#�Dv�t�x

{�y)x��M}���{6}�~�}�r(}�r(v�u�Å�ÂL�)}�r(�L�#u��
s > 0

y�r�{�� � wD�'w����	xf�2r6yÅAä���)t�u����Ì�L�	u��
s = 0.03

zL�#}Ãt���{�u��#�L�#r�r��Ì}
���	�'}�u

61
�#�M}�u&y9��y�x����'}�B��ßÔH}�u>}�t�{6u6}°����~�}����¼�$�#u6v��¼x¿t�{��	�)w'}�zL�#�|xjÅ���wDx����)u6y�r��)yÞw'z�~�y)Â�z�w�~��#x�y�z|{6y

�|tL�#z�~�}
s = 0

�Þ�J}�x�}�r6y�u�wµ�py�r6�My�u��	~�}�w'z|{�t�w�{6w'���#x�y�z|{�y����³Â�v�t�u��¿¨�� ®³x�}�r6{6u��¿�|t�y����|tL�	z�{�}fx��	w'r
ÁE}�u�{6y��j�"r6y��'y$�$�#}��Cx�y�z�}�uÃ�j�"�$�#u6v��"xft�{����)w'}�zL�	�·x�Å���wDxj����«��	rÃw'r6r�}l��¯L�#x����l��{�y�z��$�#}l�L�#u��
t�x��fw'x��M}�u�{��#z|{6y³�My$�9t��Dw��#u6wD~���~�yp~��fÂ�v�t�u��f¨��É§��|t�yp�#w'z�~���zL�#}�ÁE}�w>~�w'r��9t�{�wD~����
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~�y�Áµy�w'{6t�}�r6}j~��f�d}���t����	�$�	}��M�	~�x�w�{�wD~�����r6} � u6y)�Bw'��±�z��)w���~��f�M}���t��µ�	�$�#}��
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�o}�x�}�´H��©Ò��Åf¯L����w��	xÎ} � r6y�u-���	~�}�y�xÎr6tL�	r¼r6w'xft������)À|y�r$���Ê�M}�r6r6¶���y��>��t�y 〈kmin〉
�)u6y�r��$���)}�x

s
~�t�u��	z|{6yf�	�'v�t�x��	rÆv�y�u��	�)ÀBy�r$�M���	u������#�'}�u�y�r � �#w ��}�rÌ~�}��9}By)ÂL�)w'y�z|{6y¿r�y)�Dy){6w'��}��°£·z|{�u�y){��#z|{�}��Ly�r6r6y

ÁEy)z�¡�x�y)z�}��Ã�#v�}�u��Óu���{�w�ÂL�$��~�}Ò�M}�ult�x��þ�#zLÅ	�'w'r�y+y9����{����Ã�	w'z�~��Ó��u�y$�)w'r��þ~�y+t�x����Ft�r6{6w'ÂL���#{6w'���
r���{�w'r�Á �#{ á u�wµ���&¯L�#���"��w'r�{��l�|t�y��Y�#zLÅ#�Dw'r6y�~�y�´H�0©]w'x����'wD�)w�{��#x�y�z|{6y���~�x�w�{6y��)}�x��My){�wD�$�#}�~�y�z|{6u6}
~��Ñ�M}���t����	�$�	}�� Ë z|{6y�r�~�y�{6t�~�}��Ì�+w'x��M}�u�{��	z|{6y ~�y�r�{��	�$�#u��|t�y+y�r6r��þ���)y��'y�u����$�#}[~��þ�$��{�u����$�
y�x�u�y�r��M}�r�{����#}��)u6y�r��)w'x�y�z�{�}�~�y

s
{��#x � ��x���} � r6y�u����	~���z�}����#�'}�ufx��$~�w'}�wDz��9}�z�~�wD�)w'}�z��	��~�y

〈kmin〉
y���t�y��úwDx����DwD�)w�{��#x�y�z|{6y��ú}�u��	�)w'}��)¶'z�w'}lw'z|{�t�w'{6w'��}"��w'r6tL�	�'w����l�"�	�$�	}l~�}�rÃ~�w'ÁEy�u6y�z�{�y�rÊz�¶'��y�w'r

~�y³r6y��'y$�$�#}�y�xst�xsx�y�r6x�}j�)}�z|{�y9�B{�}���£·z|{�u�y){��#z|{�}���y)xæ�$�	~���v�y�u������	}��L}�~�y��$�	w'x�y�z�{�}���{�tL��y)x
~�w'ÁEy�u�y�z|{�y�rÊ~�wDr�{6u6w � t�w��9ÀBy�rÃ~�}"zBÍ�x�y�u�}"x�¶'z�w'x�}�~�yfxft�{��	�)À|y�r$�ú�)}�z�r�{6u6t�¶D~��	r³�#}"�D}�z�v�}l~�}�{6y�x��M}
��Å�r6} � }�y�ÁEy�w�{�}+~�y

s
�þqæ�M}�z|{6}+ÁEt�z�~��#x�y�z�{��	�0�l�|t�y��Þ�|tL�#z�~�}

s
���My$�|t�y�z�}��Þ} �)u�y�r��)w'x�y�z|{�}

~��j�M}���t������$�#}"y��j��u6y)r�r��#}�xft�{����)w'}�zL�	�H�L�#t��µ��{�w'zL�#x�y�z|{6y�~�y�r6�D}B�$�#x }�y�r6�My$�9{6u6}�z�}�r6y�z|{�wD~�}"~�}
�	�)Í�xft��'}f~�yÆxft�{����9ÀBy�r$�Br6y�xÕ�|t�yÌ¯L�#�-�³xft�w�{��#rox�}�u-{�y�r$� Ë �'��xÕ~�w'r6r�}��B¯LÅÃ�M}�t��$�p~�w'ÁEy�u�y�z��$�³y�z|{�u�y
�#rf�My�zL�#�'w"���	�)À|y�r�~��	rf~�wDÁµy�u6y�z|{6y�r��)���	r6r6y�r��|tL�#z�~�}�}�~�y$�$�#w'x�y�z|{�}���r6tL����y���£(r6r�y)r�~�}�w'rfy�ÁEy�w�{�}�r$�
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�#rÆ~�wDu�y$�)ÀBy�r¼�d}�r6r6¶'��y�w'r��

´Hw'zL�#�Dx�y)z|{�y��í��ÁE}�u6x���xft��'{6wD���'wD�$�#{6w�����~�����u�} � � � w'�'w�~��	~�y�~�y¿r6} � u6y)�Bw'��±�z��)w��j�M}�r6r6w � wD�'w�{��jt�x��
y9����u6y�r6r��	}�y������'¶��)w�{����L�#u�� 〈Nij(t)〉

� Ë �L�#u�{�w'u°~���£¸�M�>A<¨��Éº�®�B���} � {���x���r6y

〈Nij(t)〉 =

j∑

k=i

Rf(j − k | U)gj 〈Nik(t− 1)〉 , A ¨��ã¨B®wB
�|t�yÃ�M}B~�y³r6y�u¼u6y)r�}�����w�~���r6y�v�t�z�~�}�}���u�}��)y$~�w'x�y�z�{�}�y9���M}�r�{�}�zL��r6y$�$�#}jº��Ýº���}�tlr�y-������u�y�r6}�����y)z�~�}
t�x��fu�y$�)}�u�u6±�z��)w����L�	u���t�xj��´'���Lqàu6y�r6t���{��	~�}��

〈Nij(t)〉 = [Re−U (1− s)i]t [η(t)]j−i

(j − i)! ,
A<¨��Ý¨�¬SB

}�z�~�y

η(t) = U(1− s)θt
A<¨��Ý¨�¦SB

�J�¼u������#}Æy�z|{�u�yo}°zBÍ�x�y�u�}Æy�r6�My�u��	~�}Ì~�yox¿t�{��	�)ÀBy�r&zL�¼�M}���t��µ�	�$�#}�� ∑∞
j=i j 〈Nij(t)〉

�#yo}¼{��#x��#z�¯�}
x��$~�wD}j~����M}���t��µ�	�$�#}�� ∑∞

j=i 〈Nij(t)〉
� Ë �'��xs~�w'r6r6}��

θt
�³~��	~�}��My�����£¸�M�>Aüº��D¤�SB��

Ë �L�	u�y�z|{�y�x�y�z|{�y��ú´H��© w'z|{6y�u6��u�y){��#u��#x
η(t)

�)}�x�}����$�	u�v|��xft�{��	�)w'}�zL�	�·x��$~�wµ��z�}�w'z�r�{��#z|{�y
t
�ú}�t�r�y-�����C�)}�x�}�}"���	�'}�uÃy�r6�My�u���~�}l~���u������	}�y�z�{�u6y�}�zBÍ�x�y�u6}l~�y�xft�{����)À|y�rÃzL���M}���t������$�#}ly

r6y�t�{��#x��#z�¯�}��Lt�x���v�u��#z�~�y?���j�|t�y��Lr6y�xsr6}�x � u���~�y¿~�Í��Bw�~����Lr6y�u6w���t�xj�j�)}	{���r6t��My�u6w'}�uÆ�L�	u����
�$�#u6v��jxft�{����)w'}�zL�	�ß~�}�w'z�~�w���¶D~�t�}"x�y��D¯�}�uÊ��~��	��{���~�}��Ã�J}�x�}

η(t)
�¿r6y�x���u�y¿Â�z�w'{��j�L�	u��

s > 0
�

�)}�z�r6y$�ST�y�z|{6y�x�y�z�{�y����$�#{6u��	�$��~�y�«�t��'�Dy)u�y�r�{��#u6w��jr�y)x���u6y¿wDz��#{6w'����� Ë �)}�z��)�'t�r��	}�y�r�{�Å��)}�u�u6y){����
x��#r"�+u������#}�y�z|{�u�y�~�tL�#r�x��$~�w��	r��M}B~�yYr6y�u��)}�x����Dy){��	x�y�z|{�yY~�wDÁµy�u6y�z|{6y�~��+x��$~�w���~�� u������#}��
�|tL�#�D�|t�y�u°�|t�yÃr6y�������u�y��µ�	�$�#}j~�y³~�y��My�z�~�±�z��)w���y�z|{6u6yp�#r¼���#u6w�Å���y�w'rÌ�#�'y��#{ á u�wµ�#r$�

§|®
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£·x ¹�¤�¤)¨�»ä�á�HÅ����#u6}��C£(r��$�#u6x�¶'r$�úöÌ}�x�w'z�v�}�y�«��	z�u6t � w���A��&£Þö�«�B°w'z|{6u6}B~�t���w'u��	x�t�x x�}B~�y��'}
zBt�x���u6wD�)}��L�	u��Ì~�y�r��)u6y)��y�u·}Ê�)}�x��M}�u�{��#x�y�z�{�}Ê~�yJt�x��Æ�M}���t��µ�	�$�#}Ê�BwDu��	��r6t��Fy�w�{����°{�u��	z�r6ÁEy�u�±�z��)w��	r
r6y�u6w��#wDro�)}�x v|�#u6v��	�'}�rot�z�w'{�Å	u�wD}�r$�¸£·z|{�u6y9{��#z|{�}��|y�z���tL�	z�{�}��o}�����{�}pyÆ´�}�z|{��#zL�	u�w�{6wDz�¯L�#xÕ�	~�x�w�{�wD~�}
�|t�y(}¼ÁEt�z�~��	~�}�u>~�yÞ�$�	~���z�}������)t��'{6t�u��0r�y)x���u6y(r6} � u�y)��w���wµ�����&£Þö�«Õ��~�}�{��	u��#xt�x���~�w'zLÙ	x�w��$��~�y
�)u�y�r��)wDx�y�z|{�}³y�r�{�}B�$Å#r6{6w��9}pr6y�x�y��'¯L�#z|{�yÆ�	}³x�}B~�y��'}¿~�y°´H��©p��x��#rÞ�|t�y°w'z��)}�u6�M}�u��p���d}�r6r6w � w'�'wD~���~�y
~���}B�)}�u6u6±�z��9wµ�"~�y�x¿t�{��	�)ÀBy�r � y�z��)ÂL�$�#r$� Ë �#zLÅ#�Dw'r6y��|t�y�r6y�r6y�v�t�y�y)z|��}��'��yj�#�My�zL�#r¿��y9{��#�L�"~�y
y9�����	z�r��#}j~�y�r6r�yÃx�}B~�y��'}��

²¼}�y�r��|t�y�x���~�yÅ�&£Þö�«���t�xÎwDz�~�w���¶D~�t�}��My�u�{6y�z��)yp�ft�x����)���#r�r6yÃw'z�~�y9���	~����M}�u¼t�xÎzBÍ�x�y�u6}
zL��{�t�u��	�

k
�|t�yj�jt�x���x�y$~�w�~��l~�}l���#�'}�uf�	~��	��{���{�w���}�~�yjr�y)t�r¿x�y�x � u6}�r$�&�M}�w'r¿}l{��#x��	z�¯�}�~��

��u�}��'y"~�y��$�	~���t�x�~�y��'y�rf��~��	~�}��M}�u¿t�x���~�w'r6{6u6w � t�wD�$�	}�~�y"ÔH}�wDr6r6}�zÓ~�y�x��$~�w��
k

� �°xQÂ��'¯�}
�M}B~�y�r�}�ÁEu�y�upt�x��lxft�{����$�#}�~�y��'y){���u�wµ���)}�x¾��u6} � � � wD�'wD~���~�y

p
yj�My�u�{6y�z��)y�u� ��9�µ�#r6r�y

k − 1
�&{6y�u

���	�'}�u°�	~��	��{��#{6w���}
k + 1

�M}�u0u6y$�)y � y�u°�	��{�y)u��	�)ÀBy�r � y�z��9ÂL�$�	rÅA<��u6} � � � wD�'wD~��	~�y
q
Bo}�t"{�y�u0}�x�y�r6x�}

���	�'}�u¿��~��#��{���{�w���}Y~�y�r6y�t����	wü�H�)}�xQ��u6} � � � w'�'w�~��	~�y
1 − p − q �>r6yjzL�#}�ÁE}�u¿�	��{�y)u���~�}Y}�t r�}�ÁEu�y�u

�#�My�zL�#r°xft�{��	�)À|y�r°z�y�t�{�u��#r$�
«�y$~�w��#z|{�y�r6wDx¿t��µ�	�)À|y�r$���H£¸öÊ« y�r�{6t�~��	u��	xû}����	�'}�uj�	~��	��{��#{6w'��}+x��$~�wD} ~����M}���t������$�#} y)x

ÁEt�z��$�	}j~�}�zBÍ�x�y)u6}j~�yÊ{�u��	z�r6ÁEy)u6±�z��)w��#r��Þç�z�w��9wµ�#�'x�y�z|{�y���y��'y�r°} � r6y�u-���#u��#xÛt�xs~�y$�$�#w'x�y�z|{6}jy9���M}	�
z�y�z��9wµ�#��wD~�±�z|{6wD�)}¿ 	�|t�y��'y°~�w'r��)t�{�wD~�}³zL��r6y$���	}p�#z|{�y�u�w'}�u(�L�#u��Ã�Ê�$�#u6v���xft�{����)w'}�zL�	��x�¶'z�w'x���� Ë � á r
xft�w'{��	r(�L�#r6r��	v�y�z�r$�|�)}�z|{�t�~�}���r6tL�#r¸r6w'xft������)À|y�r¸w'z�~�wD�$�#u��#x]�Ì��u6y)r�y�z��$�Ê~�y�t�x y�r�{��	~�}Ãy)r6{����)w'}�zLÅ��
u6w'}Ã~�y � �#w���}����#�'}�u¸��~��#��{���{�w���}Êy0ÁE}�u�{6y�r·Ä�t�{�tL�	�)ÀBy�r$����u6y)�Bwµ�#x�y�z|{6y�} � r6y�u����	~�}Êy�xÇy9���My�u�wDx�y)z|{�}�r$�
Ô&}�r�{�y�u�w'}�u�x�y�z|{�y���}�rÞx�y�r6x�}�ro�#t�{�}�u6y�r(Âê��y�u��	x t�x��³�#zLÅ#�Dw'r6yÆ~�y°�$�#x��M}³x��$~�wD}Ã�L�	u��Êt�x��Ì��y�u�r��#}
r6w'x����'w'ÂL�$�	~���~�}�x�}�~�y��'}���y�xÛ�|t�yÃ}�{��#x��	z�¯�}j~�����u�}��'yÃ�³~�y){�y)u6x�w'z�¶'r6{6w��)}Y¹�¤�Ü	º	»ä�

»M¼½º¿¾[À/ÁTÂ/Ã�´ª¶¹´ªÄ~ÅsÇ�È

²¼}Ãx�}�~�y��'}³~�y��&£Þö�«��
Mij

�¼}Ê{��#x��#z�¯�}³~��Ê��u�}��'y°~�}Ê{�w'�M}
j

�|t�y°~�y)r��)y)z�~�yÆ~�wDu�y){��#x�y�z|{6y°~�y
t�xÎwDz�~�w���¶D~�t�}j~�yÊ���#�'}�u°��~��#��{���{�w���}

i
�¸ç�z|��}B�$�#z�~�}�z�}����#x�y�z|{6yp��~�y$�9}�x��M}�r6w����	}j~�}�r¼��u�}��)y�r6r6}�r

§�¬



~�ypÔ&}�w'r6r6}�zC�

P [Mij = m] = f [m | i Tij],
A<¨��ùÈ	�B

}�z�~�yp����u�} � � � w'�DwD~��	~�y¿~�yÃt�xÛ�)y�u�{6}�Â��'¯�}j~�yÃt�x
i
�2w'z�~�w���¶D~�t�}�r�y)u°~�}�{6wD�M}

j
�

Tij = p δj,i−1 + (1− p− q) δj,i + qδj,i+1.
A<¨��ùÈ�¤|B

÷By
mj = 0

�|tL�#z�~�} | j − i |> 1
�

P [Mi = m] =
i+1∏

j=i−1

f [mj | i Tij].
A<¨��ùÈ�Ü�B

Ë ´'�Ç~�}�{��	x��#z�¯�}�~�����u6}��'y³�

ϕi(z) =

i+1∏

j=i−1

exp [i Tij(zj − 1)]
A<¨��ùÈ	º�B

yÊ{��	z|{6}
π(j, t)

�|tL�#z|{6}
σ(j, t)

�M}�~�y�xÛr6t � r�{�w�{�t�w'u
φ(z, t)

zL��y$��tL���$�#}�u6y$�)t�u6r6w'���

φi(z, t) =
i+1∏

k=i−1

exp {i Tik[φk(z, t− 1)− 1]} . A<¨��ùÈ#¨�B

£·x � }�u���}�x�}B~�y��'}�~�y��&£¸öÊ« {6y�z�¯L�l{�wD~�}�r6t��)y�r6r6}�y�x�u�y���u6}B~�t���w'u��)t�u����#rfy9���My�u�wDx�y)z|{��#wDr
~�}����#�'}�u���~��	��{��#{6w'��}Óx��$~�w'}þ~�y��M}���t����	�)ÀBy)r���w'u��#w'r��¼y��Dy�zL�#}Ó�L�#u6y��)y�r�y)ul�#��u6}���u6w��	~�}Ò�	}Ñy�r-�
{�t�~�}�~��+�$��{�u��	�$� ~�y�«�t��'�'y�u$� q ��u6} � �'y�x��+�Y��t�y��Jy�x ��tL�	�D�|t�y�uj�M}���t��������	}��|t�y�r6} � u6y)��w����
w'z�~�y)Â�z�wD~��#x�y�z|{6y��>{�}B~��	r¿�#rp�)���	r6r6y�rÃ{�±�x¥t�x�����tL�	z�{�wD~���~�yj~�y�x�y)x � u6}�r³�|t�yj~�w���y�u�v�y��|tL�	z�~�}
t→∞ �¸Ô&}�u0x�y�z�}�u6y�r¼�|t�yÊr6y����#x

p
y
q
A<x��#r��M}�r�w�{�w���}�rCB9��r6y�x���u�yÊ¯LÅ��	�'v�t�x��fv�y�u��	�$�#}�y�xÛ�|t�y

���)���	r6r6y�~�yjt�xQÁEt�z�~���~�}�up�|tL�#�Dw�ÂL�$�	~�}�A<�L�#u��"���#�D}�u6y)rf�	~��	��{��#{6w'��}�r¿�����	u�{6w'up~�y
2

�L�-Å�¯LÅ"t�x��
�#�'{��Ã��u�} � � � w'�DwD~��	~�yÌ~�y°r6t��)y�r6r6}pu6y���u6}�~�t�{�w���}SBßÂL�$�Ã�M}���}���~��Ê}pr6t�ÂL�)w'y�z|{6y°�L�	u��³�|t�y��#rÞxft�{����9ÀBy�r
{�}�u6z�y�x���r6yÌ�)}�u�u6wD�|t�y�w'u��#r$�¸öÌy�r6r��³ÁE}�u6x����B�Æy)��wD~�y�z�{�y��|t�yÆ}p���	�'}�uJx���~�wD} 〈kmin〉

~�}¿x�y�z�}�uo¶'z�~�w��9y
~�yft�xj���)�µ�#r6r6y��9}�x�u6y���u�y�r6y�z|{��#z|{6y�r�zL���M}���t������$�#}"y)��y�z|{6tL�#�Dx�y)z|{�yfr6y��#zBt������í�)}�x�}�x�}�r�{6u����
Â�v�t�u���¨��'¤�¨��¸y�z��|tL�#z|{�} �YÂ�v�t�u���¨��D¤$È�x�}�r�{6u�����t�y�}�r�w'z�~�w���¶D~�t�}�r�x��#wDrj�#��{6}�rj�#��u6w'x�}�u��#x���r6y
w'z��)y�r6r��	z�{�y�x�y�z�{�y��

«�y�r6x�}+�#r6r6wDx��ß���	�'yl�Y�My�zL���)}�x�y�z|{��	u��#�Dv�t�z�r�y�Áµy�w'{6}�r�w'z|{�y)u6y�r6r��	z|{6y�r$� Ë Â�v�t�u��Y¨��D¤)¨�r6y�u�Å
�#zL�	�'w'r���~���wDz�wD�)w��	�'x�y�z�{�y���£(x¥v�y)u��	�ü�

q
��u��#{6w����	x�y�z�{�yjzL�#}�w'z�Ä�t�y�z��)w�� 〈kmin〉

�"«�y�r6x�}l���#�D}�u6y�r
�#�'{6}�rl�)}�x�}

q = 0.1
A zL�#}þx�}�r�{�u��	~�}�rCB�~�y�r6�D}B�$�	x �#�My�zL�#rl�'y)��y)x�y�z|{�y+�	rl�)t�u����	r$� Ë Í�z�wD�$�

§�¦



y9���9y$�$�	}Y}��)}�u6u�y�zL�lu��#u��lr6w'{6tL�	�$�	}�y)x��|t�yjt�x½Áµt�z�~���~�}�uf~�yj���	�'}�u���~��	��{��#{6w'��}
1

wDz�w��)w���t�x��
�M}���t������$�#}f��t�yÆ�)}�z�r�y)v�t�y°r6y°x��	z�{�y�u(��w�������}�z�~�y°t�x��Êxft�~��	z��$�Ã~�y

q = 0.0001
�L�#u��

q = 0.001
{�y)x �)}�z�r�y$��T�±�z��)w��	r��My�u��)y���{6¶'��y�w'r��W£(z|{6u6y){��	z|{6}��0z�}�{�����r6y���t�y�y)r�r6y��	t�x�y)z|{�}��¼�|t�y�~�y�r6�D}B�$�Ñ�
��u�}��'yp�L�#u��j�9�µ�#r6r�y)rÌx��#wDrÌ�	��{��#r$�LÁ<����}�u�y$�)yp}�~�y$�)u�y�r��)wDx�y�z|{�}�~�y 〈kmin〉

�¼£·r�r6y¿�9}�x��M}�u�{��	x�y)z|{�}j�
wD~�±�z|{6w��)}�����t�y��'yJw'z�~�t��)w�~�}Ì�My)�D}Æ�L�	u�Ù	x�y9{�u6}

R
z�}Æx�}B~�y��'}Ì~�yJ´H��©pÏ$}Ì�)u6y�r��)w'x�y�z|{6}Ì~��¼�d}���t����	�$�	}

Á<����}�u6y��)y0}Ã�#���	u�v|�#x�y�z|{6}Ê~��Ì~�w'r6{6u6w � t�wD�$�	}Ê~�y��)���#r�r6y�rß�M}���}|�	~��	r$�(qÌrßwDz��)u�y�x�y�z|{6}�rßy�x
p

w'z�~�t���y�x
u6y)r��M}�r�{��#r°z�}�r6y�z|{�wD~�}j�)}�z|��y)z��)wD}�zL�#�ä�

²Æ��Â�v�t�u��"¨��D¤$È��C}��)}�u6u�y�y9����{��#x�y�z|{6y�}��9}�z|{6u�Å#u6w'}���£·x¥v�y�u��	�ü�>¯LÅ � �#w����"r6y�z�r6w � w'�DwD~��	~�y��
p

�
y�z���tL�	z|{6}

q
{�y�xâ}��)}�x��M}�u-{��#x�y�z|{6}�y�r6�My�u��	~�}�~�y��M}�{6y�z��)w��	�'w����	u 〈kmax〉

� Ë Í�z�wD�$�fr6t�u���u6y�r��¿��}
�)u�y�r��)wDx�y�z|{�}�} � r6y�u����	~�}��|tL�#z�~�}

q = 0.001
�L}�Áµt�z�~���~�}�uÆ�¿~��j�)���#r�r6y
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��u�}��'yÊ~�y�t�x]wDz�~�w'��¶D~�t�}��Ìy9���#{��	x�y)z|{�yÌw'v�tL�	�ú�pr6y�t����	�'}�u0��~��#��{���{�w���}fyÌzL�#}fx��#wDrJt�x��Ã���#u6w�Å���y��
�#�Dy$�#{ á u6w����°qÌrÆy�ÁEy�w�{�}�rÌ~�y�r6r����#t�r6±�z��)w��j~�yÃÄ�t�{�tL�	�)ÀBy�rÆr á r6y³Á<���)y�xær6y�z�{�w'uÌ�|tL�#z�~�}����M}���t����	�$�	}
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��~�wDÁµy�u6y�z��$�Ê��Å��³w'x��My�u��)y���{�¶���y��ü��²°}�{�����r6yp�|t�y³y�r6r6ypx�}�~�y��'}jx�}�~�w'ÂL�$�	~�}jzL�	}��9}�z�r6y�v�t�yf�#{6w'z�v�w'u
���	�'}�u6y�r�{��#}�y9��{6u6y�x�}�r¼y�x 〈kmin〉

y 〈kmax〉
�|tL�#z|{6}�}�}�u6w'v�wDzL�#�ü�L�)}�x�}�y�r6�My�u��	~�}��

£·r6r��p�$�#r6}�~�y9{�y�u6x�wDz�¶'r�{�wD�)}¿{��	x � ��x]ÁE}�wMy�r�{�t�~���~�}¿�My��D}¿ÁE}�u6x��#�Dw'r6x�}f~�}�ÔÞå¼çy	 �|t�y�����Â�zL�	�d~�y
�)}�z|{��#r$�#�M}B~�yÞr6y�uH�#���'w��$�	~�}��¼��tL�	w'r��|t�y�u&~�w'r�{�u6w � t�wD�)À|y�rß~�}¼{��#x��#z�¯�}Æ~�y¸��u6}��'y��#x�y)r�x�}Ì�#r>{6u6w���w��	w'r$�
�ÌtL�#z�~�}�}�{��#x��#z�¯�}�~��l��u6}��'y����M}�wDr6r6}�z�wµ�#z�}��·}�{�y�}�u6y)x���~�y�~�y$�)}�x��M}�r6w��$�#}��	r6r6y�v�t�u����|t�y"�
~�w'r�{�u6w � t�wD�$�#}��9}�z��2t�z|{��l�jw'v�tL�	�J�#}Y��u6}�~�t�{�}�~��#r¿~�wDr�{6u6w � t�w��9ÀBy�r¿x��#u6v�wDzL�#w'r���£(r6r��l��u�}���u�w'y$~���~�y
��xft�w�{�}"Í�{�w'�ä�úx��#rÃzL�#}���y)r�r6y�z��)w��#�ä��q �M}�z�{�}�ÁEt�z�~��#x�y�z|{��	�(�)}�z�r6w'r6{6y�y�x r�� � y�uÃr6y����M}�r6r�¶���y)�
�$�#�D�)t��µ�#u���~�w'r�{�u6w � t�wD�$�#}�~�yl��u�} � � � w'�DwD~��	~�yY�)}�z��Ft�z|{��

P [Mi = m]
ylr6tL��´'��� Ë u6y�r6�M}�r�{����
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Mij

�Ãt�x��¿���#u6w�Å$��y�� � w'z�}�x�wµ�#�ü�

P [Mij = m] =


 i

m


 (Tij)

m(1− Tij)i−m,
A<¨��ùÈ�È�B

y���r�y
mj = 0

��tL�	z�~�} | j − i |> 1
�
Mi

r6y�v�t�y³t�x���~�wDr�{�u�w � t�w��$�#}�xft���{�w'z�}�x�wµ�#�ü�

P [Mi = m] = i!
i+1∏

j=i−1

(Tij)
mj

mj!
,

A<¨��ùÈ	§SB
�)t��-��´'���

ϕi(z) =

[
i+1∑

j=i−1

Tij zj

]i A<¨��ùÈ�®�B
�ÃÁ<�	�)w'�'x�y�z|{�yÃ} � {�wD~����My��'}�{�y�}�u6y�x��fxft���{�w'z�}�x�w��	�ü�

²¼}����#x�y�z|{�y���{��	z|{6}
π(j, t)

��tL�	z�{�}
σ(j, t)

�M}�~�y�xÛr6t � r�{�w�{�t�wDu
φ(z, t)

zL�fy$�|tL�	�$�	}

φi(z, t) =

[
i+1∑

k=i−1

Tik φk(z, t− 1)

]i
.

A<¨��ùÈ	¬SB
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qÌrÊ��u�}��)y�r6r6}�r³~�y�u��#x�w�ÂL�$���$�#}�y�}�Ô¸å¼çh	Ê�íy)x �L�	u-{�wD�)t����	u��úr��#}�Áµy�u6u��#x�y�z�{��#rÃy���{�u6y)x��	x�y�z|{�y
��y)u6r�Å#{6y�w'r���£(�'y�rp�Bwµ� � w'�Dw����#x�}Yy)r6{6t�~�}�~�y�t�x��lv�u��#z�~�yj���#u6w'y$~��	~�y"~�y�~�w'zLÙ	x�w��$�#r¿y�r�{�}���Å	r�{�wD�$�#r
~�yÊ�)u6y�r��)w'x�y�z|{6}��M}���t����	�)w'}�zL�#�ü�J�J}�x�}�t�xây9��y�x����'}�r�w'x����'y�r$���Ê�M}�r6r�¶���y��ú�)}�z�r�{�u6t�wDu0t�xâx�}B~�y��'}
¯�¶ � u6wD~�}Ò~�����t�y��Dy)rY~�y ´H�0©¥yD�&£Þö�«��0y�x ��t�y��#r�{�u��#z�r6wD�)ÀBy�rly�z|{6u6y+�)���	r6r6y�rlz�}þx�}�~�y)�D}Ò~�y
´H�0©¥r��#}Óv�}���y�u�zL��~��#r��My����Ñx���{�u�w"��~�y�{6u��#z�r�wD�$�#}Ò~�yÞ�&£Þö�«����#}ÓwDz�����rl~��Ñ~�w'r�{�u6w � t�wD�$�#}Ò~�y
Ô&}�w'r6r�}�zC��	&}B~����f~�w'zLÙ	x�wD�$�f~��¿�M}���t��µ�	�$�#}�~�y�r��)u6w�{��¿�M}�u0y�r6r�y�x�}B~�y��'}��Ã~�y�r��)u�w'{��¿�My����fy$��tL���$�#}
~�yÃu�y$�)}�u�u6±�z��9wµ�

φi(z, t) =
i+1∏

k=i−1

exp {RTik wk[φk(z, t− 1)− 1]} . A<¨��ùÈ	¦SB
²Ì�f��y�u�~���~�y���ÁE}�w>u�y��	�'w�����~���t�x����	zLÅ#�'wDr6y¿~�y�r�r6y³x�}B~�y��D}���x��	r°}�rÆu�y�r6t��'{���~�}�rÆ} � r6y�u����	~�}�r°ÁE}�u��#x
�|tL�#�'w'{��#{6w'���#x�y�z|{6yfr6y�x�y��'¯L�#z|{�y�rÊ ��|t�y)�Dy�rJ�-Å�~�w'r��)t�{�wD~�}�r�y¿zL�#}¿�Ft�r�{�w�ÂL�$�#x�x��	w'}�uÊ��{�y�z��$�#}���«��	r
y�r6r6y�y9��y�x����D}��-Å�x�}�r�{�u����)}�x�}�~�w���y�u�r��#rf~�wDzLÙ#x�wD�$�#rfy)��}��'t��)w'}�zLÅ#u6w��#r��M}B~�y�x�r6y�uf�	t�{�}�x��#{6w������
x�y�z�{�y�w'z��)}�u6�M}�u��	~��	r¸y�x t�x x�y�r6x�}ÃÁµ}�u�x��	�'w'r6x�}��·£(xÇ��u6w'z��)¶'��wD}��|�|tL�#����t�y�u(x��#{6u6w�� {Tij} �M}�~�y
r6y�u°��~�}	{��	~����f	ß�	x � ��xÛ�Ãw'z|{�y�u�y�r6r��	z|{6yp���My�u�r��My��9{�w�����~�yÃw'z|{6y�v�u������	}j~�y�r6r��f{����)z�w�������x�}B~�y��'}�r
~�yÃ��u�}�{6}��)}��'}�r°y9���My�u�wDx�y�z|{��#w'r��
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r6y�z|{6w�~�}��í��{�y)}�u�wµ��z�y�t�{6u��j~�y�ÑÊw'xft�u��j~�y�r6y�x��My)z�¯L�jt�xæw'x��M}�u-{��#z|{�yp�L�	�My)�ä�Mx�y�r6x�}��|t�y¿y)��y�z��
{�t��	�'x�y�z|{6y¿ÂL�|t�y��)}�x���u6}�����~�}"�|t�yfy�����zL�#}"r6y����"��x�y��D¯�}�u�u�y�r6�M}�r�{����	}"��u6} � �Dy�xj��~�}"y����)y�r6r6}
~�yÃ�M}��Dw'x�}�u�Â�r6x�}�r°z���zL�#{6t�u6y?�����

qUy)r6{6t�~�}j~��	r°��u�}���u�wDy$~��	~�y�rÆy�r�{��#{6¶Dr�{�wD�$�#rÌ~�yÃx�}�~�y��'}�rÆz�y)t�{�u6}�r°y�xsv�y�z��){6w����j~�yÃ�M}���t����	�)ÀBy�r
�Ê�Ft�r�{�w�ÂL�$�	~�}lr6wDx����'y�r6x�y�z�{�y��My��'}�Á �#{�}l~�y��'y�r³}�ÁEy�u6y$�9y�u6y�x � }�z�rÃ�L��~�u�ÀBy�rp~�yj�)}�x��L�#u��	�$�	}l�L�#u��
}�rÌu�y�r�t��'{���~�}�rÌv�y�u���~�}�rÌ�My������#zLÅ	�'w'r6y�~�y¿r6y$�ST�±�z��9wµ�#r�x�}��'y$�)t����#u6y�rÌu6y��#wDr$�ÆÔH}�uÆy9��y�x����'}��Mr6ypt�x��
Å#u���}�u6yÌv�y�z�y��#� á v�wD�$�f�)}�z�r6{6u6t�¶D~��f�p�L�	u-{�w'u0~�y�t�x��¿�	x�}�r�{�u��¿~�y�r6y$�ST�±�z��)w��	r�~�yÃö�² Ë {�y�xâ�$�#u��	���
{�y)u6¶'r6{6wD�$�	rpr6wDv�z�w�ÂL�$��{�w����#x�y�z�{�y�~�w'r�{�w'z|{��#r¿~�����t�y��µ�#rp��u6y)��w'r�{��#rp�dy)�µ��{6y�}�u�wµ�l~�yjy)��}��'t��$�#}Yz�y�t�{�u����
w'r6r�}fr6t�v�y�u�yÃ�#{6tL���$�#}�~�y�r6y��'y$�$�	}�zL�	�|t�y����¿�M}���t����	�$�#}��Þ²Ì�³��y�u�~���~�y��B{��#�du6y�r6t���{��	~�}��M}�~�y�u6y)Ä�y9{�w'u
�#�My�zL�#rÊ��wDzL�	~�y$�|tL�	�$�#}�~�yf�#�'v�t�xj��}�t�{6u���¯�w'� á {�y�r6y¿~�}jx�}B~�y��'}"�	~�}	{��	~�}�y¿� � t�r������M}�u¼{��$�)z�w �
�$�#rJ�$�	�L����y�rJ~�yÌ~�wDr��)y�u�z�w'uJy)z|{�u�y��	ro�M}�r6r6¶'��y�wDrJ�$�	t�r��#rJ~��	rJ~�w'r��9u6y��LÙ#z��)w��	rJ} � r6y�u�����~��#rJ�°t�x {6y�x��
��{�tL�#�>~�yÃ�My�r��|t�w'r�����y�x � }�u���zL�#}�r6y�����y�r6r6yÃ}�y�z�ÁE}B�|t�y³z�}���u6y�r6y�z|{6yÊ{�u�� � �#�D¯�}��

q {�y�u�x�}ë�Fr�w'v�z�w�ÂL�$�#{6w'���#x�y�z|{6y�~�w'r�{�w'z|{�}� j�	~��|t�w'u6y�t�x¥r6y�z|{�wD~�} � y�xQ��u6y��)wDr6}�~�y�z|{�u�}Y~���x�y��
{�}B~�}��D}�v�wµ�þ~�y�{�y�r�{�y�rly)r6{��#{6¶Dr�{6w��)}�rY~�y+¯�wD� á {�y�r6y�r$�Û£(r6r��Ñ{6y�}�u6w�����~�y�r��)u6w�{��Óu�y�r6t�x�wD~��	x�y�z|{�y+z�}

®	º



�#�M±�z�~�wD�)yÊ£¼�|�My�u6x�w'{6yÌ~�w"�)y�uor6yÆy)��y�z|{6tL�#wDrJ~�w'ÁEy�u6y)z��$�	rJu�y���u6y�r6y�z�{��#x]x�y�u��	rÞÄ�t�{�tL�	�)ÀBy�rJ}�t�r6yÆy����	r
u6y$�	�'x�y�z|{6y�r6w'zL�#�Dw����#x �#t�{�±�z|{6w��9}�r�~�y�r���w'}�r�~���z�y�t�{6u��#�DwD~��	~�y�� ²°y)r�r6y��)}�z|{�y���{�}�����{�y�}�u6w���z�y�t��
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} � {�wD~�}�rÆ�L�#u��jÅ#u���}�u6y)r � w'zLÅ	u�wµ�#r$�Lx��#r°}�x�}�~�y��'}�~�yÊÚ�u6w'v�¯|{-�2´ßw'r6¯�y�u$��y�x���u6y�v���~�}jzL��r6w'xft����	�$�	}��
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{��#x��#z�¯�}+�)}�x��L�#u�Å���y��¼�	}+~����M}���t������$�#} �)}�x����Dy9{����ÓöÌy�r6r���ÁE}�u6x����¸�My��'} �|t�y"r�y"} � r6y�u-����zL�
Â�v�t�u���È��Ý¦��(���M}�r�r6¶���y����|t�y
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r6y�����w'z�~�y��My�z�~�y�z|{�y�~�}�{��	xj�	z�¯�}+~����#x�}�r6{6u��Y{��	x � ��x

�|tL�#z�~�}
s = 1

�Ã£(r6r����9}�z��2y$�9{�t�u����L�#u6y$�)y��#wDz�~��jx��	w'r�u�����}�Å���y��·��tL�	z�~�}�r�yf�)}�z�r�wD~�y�u��"�jÂ�v�t�u��
È��D¤��� Ë �'��x ~�w'r6r�}���y�r6r��ÆÂ�v�t�u��Æ{��	x � �)xÇu6y�r6r��	��{��Ìt�x��Ìv�u��#z�~�y�r6y�z�r6w � wD�'wD~���~�y¼~�yÆ�0å°£  Ìr6y��'y$�$�#}��
y�r6�My$�)w��#�Dx�y)z|{�y³y�xs�	x�}�r�{�u��	r¼�My$��t�y�zL�#r��

qÐ�)}�x��M}�u�{��	x�y�z|{�}�~�}�r0u��#x�}�rJwDz�{�y�u6z�}�r0�Ê��tL�	�'w�{���{�w����#x�y�z�{�y�r�y)x�y��'¯L�	z|{6yÃ�	}�~�}�r�u��	x�}�r0y��B�
{�y)u6z�}�r��H�9}�x�}��M}B~�yjr6y�uÃ��wDr�{6}�zL�	r³Â�v�t�u��	rfÈ��D¤�¤�y�È��D¤$Ü��"£(x½�#x � }�rp}�r¿�$�#r�}�r$�&z�}�{�����r6y���t�y��
r6y��'y$�$�#}pr6y�x���u6y°~�w'x�w'zBt�wd��å°£ y��0å¼çHy�x �)}�x��L�	u����$�#}p�)}�x }³u6y�v�w'x�y°z�y)t�{�u6}��·ç�r�r6}³�¼t�x��Ã�)}�z��
r6y$�ST�±�z��)wµ��~�w'u6y9{���~�y���t�y�}�rÃx�y�x � u6}�r³~����M}���t����	�$�	}��)t����#r³�'w'z�¯L�#v�y�z�r³r6} � u6y)��w���y)x¾ "r6y��'y$�$�#}
�#r6r�w'xÛ}jÁ<����y�xs~�y�w����	z�~�}�x��	w'rÆ~�y�r��)y�z�~�y�z|{�y�rÌ���$�	~���v�y�u����$�#}�~�}j�|t�y³}B�)}�u6u6y�u�w���r6} � z�y)t�{�u��#�'w��
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z�y�t�{6u6}���£(x ¹Ý§�¦#»��C}�rp�)}�x���u6w'x�y�z�{�}�rp~�y�u��	x�}�rÃÁE}�u��#x¥y�r�{�t�~��	~�}�rÃzL�	rÃv�y�z�y��	�'}�v�w��	r³} � {6wD~��	r¿�
�L�#u�{6wDuÆ~�ypt�xæx�}B~�y��'}�~�yp~�}�w'r��#�Dy��'}�r¶Aü�	�My�zL�#rÌ~�}�w'rÆ�M}�r�r6¶���y�w'r°���#�'}�u�y�rÊ�	~��#��{���{�w���}�r$�&¤³y

1− s B
�)}�x½��u6} � � � w'�'w�~��	~�y�rfr6wDx��9{�u6wD�$�#rf~�yj{�u��	z�r6ÁE}�u6xj�	u�y�x���r6y�t�x¾z�}Y}�t�{6u6}���qs�#t�{�}�uf�	u�v�t�x�y�z|{�}�t
�|t�yY}�rj{�y�r�{6y�r�~�yYz�y�t�{6u��#�DwD~��	~�y�~�y�r6y�z���}�����wD~�}�r�y�x ¹ÉÈ	¬	»Ær6y�u6w��	x �M}�t��)}��M}B~�y�u6}�r6}�r��M}�u6�|t�y

s
y9��y)u��)y��M}�t���t�¶Dr6r6w'x���wDz�Ä�t�±�z��)w��lr6} � u�y���å°£y��0å°çÆzL�	�|t�y��'yjy�r��|t�y)x�����«��#r³y�r6r�yj�)}�x��M}�u-{����
x�y�z�{�}p�Æu��	~�wD�$�#�Dx�y)z|{�yÌ~�w'ÁEy�u6y�z�{�yÌ~��	�|t�y��'yÊ�#��u6y�r6y�z�{���~�}¿zL�	rÞÂ�v�t�u��	r0È��'¤$³y�È��D¤$Ü��|y��Ãu6y��'y)��Ù	z��9wµ�
~��#r��)}�z��)�'t�r�À|y�r�~�y�¹ã§�¦#»Ì~�y��My�z�~�y�x ~���y9��w'r6{6±�z��)w�� ~�y��#�'v�t�x �'ì�ñ9ÖBõfy�x �|t�y�} x�}B~�y��'}�~�y�Ü
�#�Dy)�D}�r0�d}�r6r��¿r6y�u0�)}�z�r6w�~�y�u��	~�}�x��#wDr��	��u�}���u�wµ�	~�}�~�}���t�y�}�t�{�u6}�r��)}�z��)}�u6u�y�z|{�y�r$��y�z|{6u6yÌ}�r��|tL�	w'r¼�
��u�y�r6y�z|{�y³�)}�x � w'zL�	�$�	}j~�}�x�}�~�y)�D}j~�yÃw'z�Â�z�w�{�}�r°r6¶'{6w'}�r°�)}�xÎt�xÛu6y)�Dy)��}�xft���{�w'���'wD�$�#{6w'��}��

Ë r�r6w'x]�)}�x�}³}��)}�u6u6yÆ�)}�x }pzBÍ�x�y�u6}p~�y°r6¶'{6wD}�ror6y�v�u6y�v��	z�{�y�r$�|}�ro�)}�x���u6w'x�y�z|{6}�ro~�y°u��#x�}�rÞzL�	}
�My�u�x�w'{6y�x�{�y�r�{��#uÃ��¯�wD� á {�y)r�y�z�y�t�{6u����M}�u��|t�y�~�y��My�z�~�y�x¥~��"~�y�r��9}�z�¯�y$�9w�~���{�������~�yfxft�{��	�$�#}��
Ô(w'}�up�#wDz�~����H��v�y�z�y��#�'}�v�wµ�"zL�	}���y)��wD~�y�z|{6y����L�	u-{�w'u³~�}��M}��Dw'x�}�u�Â�r6x�}l} � r6y�u����	~�}ly���u�y$�)w'r��#u6w��
r6y�ußw'z�ÁEy�u�w�~�����wDz|{6u6}B~�t���w'z�~�}�Ä�t�{�t����)À|y�r¸�	w'z�~��Ìxj�	w'}�u6y�r·y�xÇ�|tL�#�D�|t�y�uß��u6}B�)y$~�w'x�y�z|{6}Êz�y�r6r��Æ�Dw'z�¯L���
£(z�{�u6y9{��#z|{�}���~��#rÌ£(�|r$��AäÈ��É¬�BJyªAäÈ��É¦�B9��r6y�v�t�y³Á ���)w'�'x�y�z|{6yp�|t�yÃ}�zBÍ�x�y�u6}�~�y³x¿t�{��	�)ÀBy)r°��u6y)r�y)z|{�y�r
y�xÎu��#x�}�r¼y9�B{�y�u�z�}�r$�

Ke

��{�y�xÎx��$~�w��

E(Ke) = θ,
AäÈ��D¤��B

y�z���tL�	z|{6}�}�zBÍ�x�y�u6}�~�yÃxft�{����9ÀBy�r¼y�xÛu��#x�}�r¼w'z|{�y�u�z�}�r��
Ki

���Ê{��	�C�|t�y

E(Ki) = θ(an − 1).
AäÈ��D¤�¤eB
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i
A<zL�#}�{�y�u6x�wDzL�#�ü���M}�~�y³r6y�u

φ
Bo�M}�~�yÃr�y�u0��w'r6{6}��)}�x�}j��u��	w��³~�yÃt�x��

Å#u���}�u6y��
Ti

�C�)t��F}�rÃz á rÃr��#}�}�r³~�y�r��)y�z�~�y�z|{�y�r³~�y
i

y�y��Dy���u á ��u6w'}���÷BtL�#rÃÁE}��D¯L�#r³�)}�z�r6{6w'{6t�y�x¥t�x
r6t � �)}�z��Ft�z|{6}�~����#x�}�r�{�u���}�u�wDv�w'zL�	�ü� Ë r6r6wDx��M�¿��u6y$�)w'r6}�y�r6�My$�)w'Â��$�	u�t�xj��Å#u���}�u6y��Mx�y$~�w��	z�{�y¿r�tL�
u��#w��

i
�&�L�#u��l~�y)Â�z�w'uf���#�'{6t�u��l~�yjt�xj�lÁµ}��'¯L���L�	u-{�wD�)t����	u

l
�
Ni,l = S(i, l)

�>y����#�'{6t�u��l~�yjt�xj�
Å#u���}�u6y��

mi = maxl∈Ti Ni,l

�YÔH}�u¿r6w'x����'w��)wD~��	~�y��·r6y����
Nl ≡ Nφ,l

� Ë �'��x�~�w'r6r6}��·~�y��$�	~���z á
i

¦�Ü



w'z|{�y)u6w'}�u°~��fv�y�z�y��	�'}�v�w���~�y�r��)y�z�~�y�xæ~�tL�#r°r6t � �FÅ#u���}�u�y�r����)}�x
ri

y
si

Áµ}��'¯L�#r$�
ri ≥ si

�
Ë � á rjy)r�r��#r�~�y)Â�z�w��)À|y�r$�J���M}�r6r6¶'��y��Ì�#��u6y)r�y)z|{��#u���~�y$��tL��~��#x�y�z�{�y��#r�È�y)r6{��#{6¶Dr�{6w��$�#rjt�r��	~��	r

�L�#u��³�$�	u����9{6y�u6w����#u��Ê{�}��M}��D}�v�wµ�p~��¿Å#u���}�u6y°v�y�z�y$�	� á v�wD�$�¿~��¿�#x�}�r�{�u����f�ÌtL�#z�~�}f�)}�z�¯�y$�)wD~�}�r��Br6y�t�r
���	�'}�u6y�r�z�}�r"�$�#r6}�r"~�y9{�y�u6x�wDz�¶'r�{�wD�)}�r�~�y�Å	u-��}�u6y�r��)}�x����Dy9{��#x�y�z|{�yYr6wDx��){�u6wD�$�#r�}�t �	r6r6w'x��){�u�w����	r
y����#�'}�u�y�r�x��$~�w'}�r�z�}�u6y)v�w'x�y�z�y�t�{�u�}+r��#} �	��u�y�r6y�z|{��	~�}�r��L�#u����)}�x��L�#u��	�$�	}��Ó²°}	{�y��2r6y��|t�y�r á
y9��w'r�{�y�xÛv�y�z�y��#�D}�v�w��#rÆ�My�u6ÁEy)w'{��	x�y)z|{�y³r6w'x��){�u�w����	r°r6y³}�{��	x��#z�¯�}j~����#x�}�r�{6u���ÁE}�u¼t�x����M}	{�±�z��)w��
~�ypÜ��

¤�� Ë ��u6w'x�y�w'u��fy�r�{��#{6¶'r6{6w������p���#��{�t�u��fx��$~�w���~�yÃt�x��fÁE}��D¯L��~���Å	u-��}�u6y��

N =
1

n

n∑

l=1

Nl.
AäÈ��D¤�®�B

£(xÕt�x��pv�y�z�y��	�'}�v�w��fr6w'x��){6u6wD�$���
N = log2 n

�BzL�f�	r6r6wDx��){�u�w��$���
N = (n−1)(n+2)

2n

y<ÑÊw'u$ÒB�L���
{�u6wD��Ò�yp÷B���#{$ÒBw'zlx�}�r�{�u��	u��	x¥¹'¤��¦	»����My����¿{�y�}�u6w���~�}��)}|�#�'y�r��)y�z|{�y����|t�yÊ}����#�D}�u�y�r6�My�u��	~�}�~�y
N

�M}�z�~�y�u���~�}�y�xÛu�y��	�'w����	�)ÀBy�r°�M}�r6r6¶���y�w'r°z�}�u�y�v�wDx�yÃz�y�t�{�u6}�� 〈
N
〉

= 2
∑n

i=2
1
i

�
Ü�� Ë r�y)v�t�z�~��f�³}�~�y�r���w'}��L�	~�u��#}j~����#�'{6t�u���~�yÃt�x��fÁE}��D¯L���

σN =
1

n

n∑

l=1

(Nl −N)2.
AäÈ��D¤�¬SB

²Ì�¼Å#u���}�u6yÞ�#r6r�w'x��){6u6wD�$���
σN = (n−1)(2n−1)

6
− (n−1)2(n2+4)

4n2

��y�z��|tL�#z|{�}�zL�0r6wDx��){�u�w��$���
σN = 0

�
º��

C =
2

n(n− 3) + 2

n−1∑

i=1

(ri − si)
AäÈ��D¤�¦SB

��t�xj��x�y$~�wD~��"~�y � �#�µ�#z��)}��L�	u���Å	u-��}�u6y�rÃ�)}�x �My)�D}�x�y�z�}�rÃº"ÁE}��D¯L�#r$��q ¶'z�~�wD�)y
i

���#u6u�y
{�}�~�}�rl}�r

n − 1
z á rlw'z|{6y�u6z�}�r�A

φ
w'z��)�'t�r6}�B��âöÆy�r��)}�z�r6wD~�y�u��	z�~�}[�Ñz�}�u6x��#�Dw����	�$�#}��Ìy�r6r��

y�r�{��#{6¶'r6{6w����p�Æw�~�±�z�{�wD�$�f ³w'z|{�u�}�~�t���wD~��p�M}�u¼�o}��D�'y�r6rJy�x ¹ÉÜ�®�»��|yÌ�L�#u6y$�)wD~��p�)}�x]t�x��³x�y�~�w�~��
� �	r6y��	~���z�}����	�'}�u¼y�r6�My�u��	~�}j~���u������#} ri−si

ri+si

¹Ý§���ú¤�È�Ü#»��

C
���#u6w���~�y���H�L�#u��lt�xj�YÅ#u���}�u�yj�My�u6ÁEy)w'{��	x�y)z|{�yjr�w'x��){6u6wD�$���·�+¤��&z�}��$�#r�}�}��M}�r�{�}���÷By�t

���#�'}�u¼x���~�wD}���zL���#t�r6±�z��)w���~�yÃr6y��Dy$���	}����³~���~�}��My�����y$�|tL�	�$�#}j~�yÃu6y$�)}�u6u�±�z��)w���¹�¤�È�®�»

〈C〉n =
2

[n(n− 3) + 2][n− 1]

n−1∑

i=1

{[i(i− 3) + 2] 〈C〉i + |n− 2i|} , AüÈ��ÉÜ��B
}�z�~�y 〈C〉1 = 〈C〉2 = 0

�
¦�º



¨�� Ë �|tL�	u-{��px�y$~�wD~��f~�y � �#���	z��)}���}f���#�D}�u0x��$~�w'}�A<�)}�z�r6wD~�y�u��	z�~�}f{�}B~��	r¼�	r0r6t � �FÅ#u���}�u6y�r�~��
v�y�z�y$�	�'}�v�w���B�~�}�wDz���y�u6r6}�~����#��{�t�u���~��	r¼r6t � �FÅ	u-��}�u6y�r$�

B1 =
∑

i6=φ

1

mi

,
AäÈ��ùÜ�¤|B

�"r6}�x���r6y�y9�B{�y�z�~�y�z�~�}l�My��'}�r
n − 2

z á rÃw'z|{6y�u6z�}�r³~�wDr�{6wDz�{�}�r³~�} Ë ��«�å ~����M}���t������$�#}��
£(xÛt�xj��Å#u���}�u�yp�	r6r6w'x��){�u�w��$���

B1 =
n−2∑

i=1

1

i
,

AäÈ��ùÜ�Ü�B

y�z��|tL�#z|{�}

B1 =

log2 n−1∑

i=2

2i

log2 n− i
AäÈ��ùÜ	ºSB

z�}j�$�#r�}�}��M}�r�{�}��
È�� Ë Í���{�w'x���y�r�{���{�¶'r6{6w������

B2

�L�³t�x���x��$~�w����M}�z�~�y�u���~��j~��#r��#�'{6t�u��#rÌ~��	rÆÁE}��'¯L�	rÌ~��jÅ#u���}�u6y��
y�xÕ�)}�z�r6{6u��#r�{�yÌ�)}�xâ�³��u�wDx�y)wDu��³x�y$~�wD~����ÞqÌro�My�r6}�roÁE}�u��#xÕ�)}�z���y�z�w'y�z|{6y�x�y�z|{6yÌy�r��)}��'¯�w�~�}�r
~�y�Áµ}�u�x����|t�y

B2

r6y����Ê�ÆwDz�Áµ}�u�x��	�$�	}Ã~�y°÷B¯L�#z�z�}�zB�äÚ w'y�z�y�u(�)}�xÇ��u�} � � � w'�'w�~��	~�y
Pl = 2−Nl

~�y¿�#�D�$�	z��$�	uÆ��Áµ}��'¯L�
l

���L�#u�{�w'u°~��fu��#w��p~�yÃt�x���Å#u���}�u6yÃr6w'x��){6u6wD�$���

B2 = −
n∑

l=1

Pl log2 Pl =

n∑

l=1

2−NlNl.
AäÈ��ùÜ#¨�B

Ë r6r�w'x�y){6u6w���Á ���³�)}�xs�|t�y

B2 = 2

(
1− 1

2n−1

)
,

AäÈ��ùÜ�È�B

y�z��|tL�#z|{�}

B2 = log2 n
AäÈ��ùÜ	§SB

y�xÛv�y)z�y��	�'}�v�w��#rÆr6w'x��){�u�w��$�#r$�

Ë r�r6w'x��|���#�D}�u6y)r¼�#�'{6}�r0~��#r0~�tL�#r0Í��'{6wDx��#rJx�y$~�wD~��#r0w'z�~�wD�$�	xÕr6w'x�y){6u6w������#}f�)}�z|{6u�Å#u6w'}�~��	rJy�r�{����
{�¶'r�{�wD�$�#r°u�y�r6{��	z�{�y�r$�
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´�}�u��	x¥u6y��#�Dw����	~��#r¿r6w'xft������9ÀBy�r¿~���~�wDz�Ù	x�wD�$�l~�y�t�x��"�M}���t����	�$�#}�~�y
M = 100

w'z�~�w���¶�~�t�}�r
¯L�#��� á wD~�y�r$��r6t��Fy)w'{6}�r¼�pt�x��³{������p~�y�xft�{����)À|y�r

U = 1
�Þqx�y�r6x�}��9}�x��M}�u�{��	x�y�z|{�}��|t��	�'w�{��#{6w���}

�j} � r6y�u-���	~�}Y�L�	u��l}�t�{6u6}�rp���	�'}�u6y�rf~�y
U

yjx�y�r6x�}�}��)}�x��M}�u-{��#x�y�z|{6}��|tL�#z|{�w�{���{�w���}�~�y��My�z�~�y
xft�w'{6}��M}�t��)}�~�y

M
�|t��	z�~�}�}�r0{��#x��	z�¯�}�r°~��#rÆ�#x�}�r6{6u��#r¼r��#}��My$��t�y�z�}�r°y�xÛ�)}�x��L�#u��	�$�	}��)}�x

} {��#x��	z�¯�}Ñ~��+�M}���t����	�$�	}�� Ë ~�y��My)z�~�±�z��)w���~�}�r����	�'}�u6y�r�y�r6�My�u��	~�}�r�~��	r"È y)r6{��#{6¶Dr�{6w��$�#r�y)x
u6y)�µ�	�$�#}l�	}�{��	xj�	z�¯�}"~��"�#x�}�r6{6u���� � �	r6y��	~�}�r�y�x

5.104
u6y��#�Dw����	�)ÀBy)rÃw'z�~�y��My�z�~�y)z|{�y�r$�úy�r�{�Åjw'�Dt�r-�

{�u���~���zL�	r°Â�v�t�u��#r�È��D¤)¨"�jÈ��D¤�¬����L�	u�����Å#u6w'}�r°���#�'}�u�y�r�~�y
s

� Ë r � �#u6u��#rÌ~�y³y�u6u6}jÁµ}�u��	xs}�x�w�{�wD~��	r
�M}�u��|t�y³r��#}jx¿t�w�{�}j�My$��t�y�zL�	r$�L�)}�x����	u�Å$��y�wDrÌ 	r°y�r6�My�r6r�t�u��	rÆ~��	r°�Dw'z�¯L�#rÌ~�}�r°v�u�Å#ÂL�9}�r$�¼qÌr°u6y)r�t�� �
{��	~�}�r¼�#zL�#�D¶�{�wD�)}�r��L�#u�� 〈

N
〉 y 〈C〉 zL�f�#t�r�±)z��)wµ�¿~�yÌr6y��Dy��$�	}��)}�wDz��)wD~�w'u��#xâ�My�u6Áµy�w'{��	x�y�z|{�y��)}�xÎ�	r

r6w'xft������)À|y�r$�
£·x � }�u����fr6y��'y$�$�#}�r6y�x���u6yÃ~�±Ã}�u6w'v�y�xæ�fv�y�z�y��#�D}�v�wµ�#r°x��#wDrÆ�#r6r6wDx��){�u6wD�$�#r°~�}��|t�yp�#r¼} � {�wD~��	r

z�}�u�y�v�w'x�y¿z�y�t�{6u6}��í�)}�x�}�y)r��My�u���~�}��dz�}	{����2r6yf�|t�y����#r6r6wDx�y9{�u6w��jzL�#}"�)u�y�r��)yfx�}�z�}	{�}�z�wD�$�	x�y)z|{�y
�)}�x

s
�[Ôß�	u��

M = 100
y
U = 1

�Þ} � r6y�u-������r6ylt�x �9}�x��M}�u�{��	x�y)z|{�}+y9��{6u6y�x�}+y�x
s ≈ 0.4

y��>~��#¶(y�x¥~�w��	z|{6y��>}�rÊ���#�'}�u�y�r³y�r6�My�u��	~�}�rp~��#r³y�r�{��#{6¶Dr�{�wD�$�#r¿�#��u6}$��w'x��#x���r6y�z�}����#x�y�z�{�y�~�y�r6y�t�r
�)}�x��M}�u�{��#x�y�z�{�}�r"z�y�t�{6u6}�r$� £(r6r6y�y�ÁEy�w�{�}Ó�M}B~�y�r�y�u"�)}�x���u6y�y�z�~�wD~�}Ñ{�y�z�~�}Óy�x �BwDr�{����|t�y��Æ~�y
�)y�u-{��jÁµ}�u�x����d}�u6y�v�w'x�y�~�y¿r6y��'y$�$�#}�y9��{�u�y�x����¿r�y�x�y��'¯L�	z|{6y��#}�z�y)t�{�u6}�¹ã¬�¤9»��My�x � }�u��j�)}�x�t�x��
�M}���t������$�#}³x�y�z�}�u$���M}�wDr¸}�r¸w'z�~�w���¶D~�t�}�ro�|t�y¼�M}B~�y�x r6y�u6y���u�}�~�t���w'u¸r��#}Ãr6y��'y){�w����#x�y�z�{�y¼wD~�±�z|{6w��)}�r$�
�o}�z|����x u6y�r6r��	��{��	u¸�|t�y°��y�r�{���{�¶'r�{�wD�$�

C
�L�#u6y$�)y°�	��u�y�r6y�z|{��#u(t�x �)}�x��M}�u-{��#x�y�z|{6}Ã�Dw���u�y°~�y¼y)r��$�#���

y�xÕÁµt�z��$�#}�~�}p{��#x��#z�¯�}�~��¿�	x�}�r�{�u������)}�x�}fr6yÆ��±ÆzL�³Â�v�t�u��fÈ��D¤�§��fÑ~�w'ÁE¶D�)wD�ú�#Â�u�x��	uor6yÌy�r6r��³�Dy)w
~�y��M}	{�±�z��)w������$�#u��	�9{�y�u6¶'r�{�wD�$�"~��#rÃv�y�z�y��#�D}�v�wµ�#r³v�y�u���~��#rÃ�My��'}�x�}B~�y��'}ly9��}��'t��)w'}�zLÅ	u�wD}��	~�}�{���~�}��
�M}�wDrJ�Ì�M}�r�r6¶���y��d�|t�yÌy����¿~�y$�9}�u�u��¿~�yÊ�#�'v�t�xj�p��u6}���u�wDy$~��	~�yÌ��t�u��#x�y�z|{6yÌv�y)}�x��){6u6wD�$�¿~��#r�Å	u-��}�u6y�r$�
£(r6r��°�|t�y�r�{��#}°{��#x � ��xW�My�u6x�y�w��Ì�¼w'z|{�y)u6��u6y){������	}�~�yÞu6y�r6t���{��	~�}�rHu6y$�9y�z|{�y�r·�	�)y�u��$�°~��¼y�x�y�u6v�±�z��)w��
~�yÃu�y��µ�	�)À|y�rÆ~�y³y)r��$�#�����	�'}�x��){�u�w��$�#r°y)xs�)y�u-{��	r¼v�y�z�y��#�D}�v�wµ�#rf¹�¤�È�»��

£·z|{�u�y){��#z|{�}����)}�x�}��#r¼Â�v�t�u��	rÌÈ��D¤)¨���È��'¤$¬j�#��u6y�r6y�z|{��	xs�)}�x��M}�u�{��	x�y�z|{�}�r°x��$~�w'}�r$��y����	r°zL�	}
y9���MÀ|y�xæ~�w'u6y9{��#x�y�z|{�yp��y9ÂL�)w'±�z��)w��j~��#r

5
y�r�{���{�¶'r�{�wD�$�#rÆy)xsu6y-�Fy�w�{��#uÌ��¯�w'� á {�y�r6y¿~�y³z�y�t�{6u��#�DwD~��	~�y

y�x�ÖB×�ØÌÅ#u���}�u6yÌv�y�z�y��#� á v�w����fv�y�u���~��pzL�p��u6y�r6y�z��$�¿~�yÌr6y��Dy��$�	}��ÞÔß�	u��pu�y�r��M}�z�~�y�u��py�r6r��¿�|t�y)r6{��	}
z�}Ê�)}�z|{6y9��{�}Ê~�yJt�xUx�}�~�y��D}�y)��}��'t��)w'}�zLÅ#u6w'}Ã~�yJy�r��My��)wµ�	�$�#}���ÑÊw'u$ÒB���#{6u6wD��Ò³y°÷B����{�ÒBw'zl¹'¤��¦	»�t�r��#u��#x
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�
y9����{��#x�y�z�{�yo~���ÁE}�u6xj��t�{�w'�'w�����~��Æ�#}°�D}�z�v�}Ì~�y�r�{�yÞ�$�	��¶'{6t��D}2A<x�����w'x�w������$�#}Æ~���y9��{�y�z�r��#}Ì~���u�y�v�w��#}
�)u�¶'{6w��$��B9�

2 4 8 16 32

n

0

2

4

6

8
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x�y�r6x�}���tL�	z�~�}��#r�r6y$��T�±�z��)w��	rÌ{6y�x�t�x �)}�x���u�wDx�y�z|{�}jÂ�z�w�{�}��Ê£·xû¹ù®#¬#»��M�M}�uÌy9��y)x����D}��ú����u6}#�
� � � w'�DwD~��	~�y

Mjk

~�yÃt�xj�fr6y$�ST�±�z��9wµ���)}�x
k

v�y�z�y�r¼�L�#r6r��#u°�¿{6y�u
j

v�y�z�y�r�zL�fv�y�u����$�#}�r�y�v�t�w'z|{�yÊ�
~��	~����My�����~�w'r6{6u6w � t�wD�$�	} � w'z�}�x�wµ�#�

Mjk =


 L− k

j − k


 uj−k(1− u)L−j, k ≤ j ≤ L.

A Ë �D¤eB

Ë y$�|tL�	�$�#}��	�)wDxj��zL�	}�r6}�x�y�z|{�yp� � y�x�r6w'x����'y�r��)}�x�}j{��#x � ��xæ�'y)����Á<���9wD�'x�y�z�{�y� �£¸�L�7AäÜ��ùÜ�B9�
�M}�wDrp�jt�x¾Á<��{�} � y�x½�)}�z�¯�y$�)wD~�}��Hy9���M}�r6{6}Yy�x¾�|tL�	�D�|t�y)up{6y9��{�} � Å#r�wD�)}Yr6} � u6yj��u�} � � � w'�DwD~��	~�y�r$�
�|t�yÊt�x��f�'y�w � wDz�}�x�w��	�C�$�	u�����{�y�u6w����	~����My��'}�r¼�L�#u�Ù#x�y){�u�}�r

N
y
p

���)}�u�u6y�r6�M}�z�~�y�z|{�y�rÆ�
L− k y

u
zL��£¸�M��A Ë �D¤eB9�í�#��u6}$��w'x����2r6yf~�y¿t�x��j~�w'r�{�u6w � t�wD�$�#}�~�y�Ô&}�w'r6r�}�z�~�y¿x��$~�w��

λ
�|tL�	z�~�}

N → ∞ �
p→ 0

y
Np→ λ

�
«��#r0�Ìw'�Dt�r�{6u���{�w���}��)}�z�r6w�~�y�u��	u0�)}�x�}f}fx�}B~�y��'}�~�y�r6y$�ST�±)z��)wµ�#rJÂ�z�w�{��#r°�#��u�y�r�y)z|{��	~�}fzL�pr6y$�$�#}

Ü��Éº¿�M}�r6r6w � w'�'w'{��¿}f�$Å	�D�)t��'}�~��³��u6} � � � wD�'wD~���~�yÊ~�yÌt�xÕv�y�z á {�w'�M}��)}�x
k

x¿t�{��	�)ÀBy)rJ{�u��	z�r6Áµ}�u�x��	uF��r�y
¤��§



y�x ØJ� �	Ö�×Õv�y�z á {�w'�M}��)}�x
k′

xft�{��	�)À|y�r$�Cr6y�x u�y�r6{6u6wD�)À|y�rp�
k

y
k′

y��#}"{��#x��	z�¯�}l~�}��#�DÁ<� � y){6}��
�o}�x�}Yz��	}Y�M}�~�y�u�wµ�Y~�y�w ���#uf~�y�r6y�u��(��~�w'r�{�u6w � t�wD�$�#}�~�y���u6} � � � wD�'wD~���~�y"} � {�wD~���{�y�z�~�y" �~�w'r6{6u6w �
� t�wD�$�#}�~�yÃÔH}�wDr6r6}�z�y�r6�My�u��	~�����tL�	z�~�}�r��	}�r���{�w'r6ÁEy�w�{��#rÆ�#r¼�9}�z�~�wD�)À|y�r°~�yÌ���#�'w�~��	~�yÃ~�}�x�}�~�y��'}�~�y
w'z�Â�z�w�{�}�r°r6¶'{6wD}�r$�Þ²°y�r6r6yÃ�'wDx�w�{�y��L�#r°x¿t�{��	�)ÀBy�r¼u6y)��y�u6r��	r¼zL��{�t�u��	�'x�y�z�{�yÃu6y)��y��µ�#x���r6yÃw'x��M}�r�r6¶���y�w'r$�

Ë wD~���w��Ì�)}�z�r6wDr�{�yJy)xU�L�#u�{6wDuß~�yJt�x��°r6y$�ST�±�z��)w��Ì�)}�x
k

r6¶'{6wD}�rßxft�{��#z|{�y�rHy
L−k zL�#}Ìxft�{��	z|{6y�r

y¿} � {�y�uÌt�xæv�y�z á {�w'�M}"�)}�x
k′

~�y)ÁEy�w�{�}�r���£(xæv�y�u��#�ä�d�¿�M}�r6r�¶���y)�·��t�y
m

x¿t�{��#z|{�y�r$�
0 ≤ m ≤ k

�
�My�u6�$�	x�y�r6r����)}�z�~�w����	}��¸}��|t�y"}��)}�u6u�y��)}�x���u6} � � � w'�DwD~��	~�y

u/(A − 1)
�L�	u����$��~��Yt�x ~�y��Dy�r$�

qÌr
k −m u6y)r6{��	z�{�y�rÌ�M}�~�y)x �#{6�fx¿t�{��#u$�M~�y�r�~�y���t�y¿zL�	}"��~��|t�w'u��	x�}�r6¶'x � }��'}�}�u6w'v�wDzL�#�ü�Ê£·r6r��

��u�} � � � w'�DwD~��	~�y¿�
1− u/(A− 1)

��©ÌÅ

 k

m


 ÁE}�u6xj�	rÆ~�wDÁµy�u6y�z|{6y�rÌ~�w'r�r6}����)}�z|{6y$�)y�u$��ÔH}�u°}�t�{6u6}

����~�}��úr6y�r á u6y�r�{��#u��#x
k −m x¿t�{��#z|{�y�r�y�����u�y$�)w'r�}"} � {6y�u

k′
�
k′ − (k −m)

~�}�r
L − k r6¶'{6wD}�r

zL�#}þxft�{��	z|{6y�r���u6y$�)w'r��#x x¿t�~��	u"r6y�t�rlr6¶Dx � }��'}�rly�}�rl~�y�x��#wDr$�
L − k − [k′ − (k − m)] =

L −m − k′ �d~�y)��y�xæ�My�u6xj�	z�y$�9y�uÌw'zL�	��{�y)u��	~�}�r$� Ë rÌ��u6} � � � w'�'w�~��	~�y�r�y�z���}��'��wD~��#rÌr��#}
u

y
1 − u �

u6y)r��My��9{�w����#x�y�z�{�y��ByÆy9��w'r�{�y�x

 L− k

k′ − (k −m)


 �)}�x � w'zL���9ÀBy�rJ�M}�r6r6¶���y�w'r�� Ë �'��xÕ~�w'r�r6}��B�Ì�)���	u�}

�|t�yf}�rÃ~�}�w'rÃz|Í�x�y�u6}�r$�
k′ − (k −m)

y
L −m − k′ �í��u6y$�)w'r��	x r�y)uÊx��#w'}�u�y�rÊ}�t�w'v�tL�	w'rp�ë��y)u6}��

öÆy�r6r���ÁE}�u6x����o�	�'��x ~�}��L�	u�~�yl~�y�r6wDv�tL�#��~��	~�y�r
0 ≤ m ≤ k

�
m

{��#x � ��xû��u6y$�)w'r���r��#{6w'r�Á ����y�u
k − k′ ≤ m ≤ L − k′

� Ë w'x��M}�r6wD�$�#}þr6wDx¿t���{�Ù#z�y��Ó~�y)r�r��#rl~�tL�#rl�)}�z�~�w��)À|y�r�~�y9{�y�u6x�wDzL��}�r
�M}�r6r�¶���y�w'r¼���#�D}�u6y�r°~�y

m
��~�yÃx�}B~�}j�|t�yp�f��u6} � � � wD�'wD~���~�yp~�y�r6y����	~����

P (k → k′) =

min(k,L−k′)∑

m=max(0,k−k′)


 k

m




 L− k

k′ − (k −m)




×
(

u

A− 1

)m(
1− u

A− 1

)k−m
um−(k−k′)(1− u)L−m−k

′
.

A Ë �ÉÜ�B

£(z��|tL�	z�{�}�}��$�	r6}�y�x ��t�y
A = 2

��Å����)}�z�¯�y$�)wD~�}+zL�Y�Dw�{�y�u��#{6t�u��Ó¹�¤$¦�	»0¯LÅ��	�'v�t�x�{�y�x��M}��o�
y9����u6y�r6r��	}�v�y�u��	�C���	u6y��)y³r6y�u�wDz���~�w'{����

²Æ�	}��j~�w'ÁE¶D�)wD�¸r6wDx����Dw�ÂL�$�#uf��y��|tL�����	}����9wDx��l�|t��	z�~�}
L → ∞ �

u → 0
y
uL → U

�"ý0�#r�{��
z�}	{��#u¿�|t�y��#r¿�M}	{�±�z��)w��#r��)}�x � �#r6y

1 − u/(A − 1)
}�t

1 − u
yjy9���M}By�z|{6yjÂ�z�w�{�}�{�y�z�~�y�x��

1
�|tL�#z�~�}

u→ 0
�o©ÆÅ�t�x����)}�z|{6u6w � t�w����	}jzL�#}�{�u6w����	�>~�}�{6y�u6x�}

(1− u)L = (1− U/L)L → e−U
�

�°x���~��#r°�M}�{6±�z��)w��	rÌ~�y
u

�)}�z|{�u�w � t�w&�)}�x����M}	{�±�z��)wµ�
Lk−k

′−m �L�|t�yp�)}�z|{6u�� � �	���#z��$��}�r¼{�y�u�x�}�r
~�y��My�z�~�y�z|{�y�r¸~�y

L
zL�Ær�y�v�t�z�~����9}�x � wDzL�	�$�#}���u6y�r6t���{��#z�~�}Êy�xUt�xÇÁ<��{�}�u·t�z�w�{�Å	u6w'}��·å¼y)r6{��Ê�#�My�zL�#r

¤��®



t�xQ{�y�u�x�}�~�y��My�z�~�y�z�{�y�y)x
L

�
L−m

��qÎu�y�r6t��'{���~�}Yr á zL�#}���z|t��D}Yr6y
m

��t�~�y�u¿r6y�upzBt��'}��ß}�t
r6y������Þr6y

k − k′ ≤ 0 ⇒ k′ ≥ k
�Ñ²°y�r6r��	r��)}�z�~�wD�)ÀBy)r��Þr á }�{�y�u6x�}

m = 0
�)}�z|{�u�w � t�w0�L�#u��+�

r6}�x����By)�Dw'x�w'zL�¿�|t��	�D�|t�y�u0~�y)�My�z�~�±�z��)w��¿z�}p{��#x��#z�¯�}f~�}��	�'Á<� � y){�}fyÆv�y�u��p}�rJÁ<��{�}�u6y�rJz�y$�)y�r6r�Å	u6w'}�r
 f} � {6y�z��$�#}j~���~�w'r6{6u6w � t�wD�$�	}j~�ypÔ&}�w'r6r�}�z

P (k → k′) = e−U
Uk′−k

(k′ − k)!
, k′ ≥ k.

A Ë �ÝºSB
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²¼y�r6{6yp�	�M±)z�~�w��9y³r��#}��#��u6y�r6y�z�{��	~�}�rÆ�	�'v�t�z�rÆ�$Å#���)t��'}�r°u6y������)w'}�zL��~�}�rÌ �r6y$�$�#}jº��Ý¨��

Ås¸QP%ß,ºSR'ÁT¶¹´TP ¼¹Á5á%ÁµÁµ´TUVR'¸�ÙÛÂ/Ã5´ª¶ÛÁXW¥ß¹Ù¹Â/Ã5´XYT¸9á%Á(R%á"¾[ZI\�]�^�_a`cb
�ÌtL�#z�~�}�}�r�~�}�w'r�����~�}�rÊ~���£(�M�¶Aüº��Éº�B¼r��	}�x¿t��'{6w'���DwD�$�	~�}�r��M}�u

zi
y¿r6}�x��	~�}�rÊ~�y

i = 0
� ∞ �

r6t�u6v�y���y9����u�y�r6r��#}
A(k, z, t) ≡ ∑∞j=0 z

jCj(t)wj
�ú�#� á rÃ��w'z|��y�u�r��#}"~���}�u�~�y�x�~�}�r�r6}�xj�#{ á u�wD}�r

z�}Ã�µ�	~�}p~�wDu�y�w'{6}p~���y$�|tL�	�$�#}³u6y�r6t���{��#z|{�y����°r��	z�~�}p�ÊÁµ}�u�x��Ê~�}³u�y��'y)��}³~�y¼r6y��Dy��$�	}Ã{6u6t�z��$�	~��ÁAüÜ��ã¨�B
yp��~�y)Â�z�wD�$�	}j~���Áµt�z��$�#}jv�y�u��#{6u6w��ëA<º��ã¨�B��

A(k, z, t) =
k∑

j=0

zjCj(t) + (1− s)
{ ∞∑

j=0

zjCj(t)−
k∑

j=0

zjCj(t)

}
=

= s
k∑

j=0

zjCj(t) + (1− s)G(z, t).
AäýÌ�'¤|B

£(r6r��"y9����u�y�r6r��	}Y�	���	u6y��)y�zL�"y$�|tL�	�$�	}�~�y�u�y$�)}�u6u6±)z��)wµ�ÞAüº��D¤�ºSBÌy���u6y$�)w'r���r6y�uÃr6}��DÍ���y��¸u�y$�)t�u6r6w������
x�y�z�{�y¿�L�#u��j�|t�y¿r6y����j�M}�r6r6¶'��y��Hy�z��)}�z|{�u��	uÌÁ á u�xft����	rÌÁEy$��¯L��~��#r��L�#u���}���u�} � �'y�x�����²°}	{�����r�y¿�|t�y
w(t) = A(k, 1, t)

���2t�r6{6w�ÂL�$�	z�~�}��#r0£¸��r��nA<º��'¤�®wB·y2Aüº��D¤�¦SB��(öÆy)Â�z�w'z�~�}
B(k, z, t) ≡∑k

j=0 z
jCj(t)

¤��¦



yÃt�r��#z�~�}���y$��tL���$�#}¸Aüº��Éº�B9�

B(k, z, t) =

k∑

i=0

zi

{
e−U

w(t− 1)

i∑

j=0

Cj(t− 1)wj
U i−j

(i− j)!

}
=

=
e−U

w(t− 1)

k∑

j=0

{
zjCj(t− 1)

k−j∑

l=0

(zU)l

l!

}
≡ e−U

w(t− 1)
D(k, z, t− 1).

AüýÌ�ùÜ�B

£(r6r��jy9����u6y�r6r��#}�{�y�x ~�}�w'rÊr6}�x���{ á u6w'}�rÊ�|t�yfzL�#}"�M}�~�y�x r6y�u�r6w'x����'w'Â��$��~�}�r$�úy�x �)}�z|{6u��#r6{6y��)}�x
}jÍ�z�w��9}�r6}�x���{ á u6w'}�~�y

A(k, z, t)
�¼÷By����$�	~���w�{�y�u������	}��Mu�y�v�u�y$~�w'z�~�}�z�}j{6y�x��M}��d�	�L�#u6y$�)y)r�r6ypt�x

r6}�x��#{ á u�wD}j��~�w��)w'}�zL�	�ü��zL�#}�¯L����y�u�wµ�fr6}��'t��$�#}jÁµy$��¯L�	~����Þ£·z|{�u�y){��#z|{�}��

D(k, z, t− 1) =
k∑

j=0

{
zj

[
e−U

w(t− 2)

j∑

i=0

Ci(t− 2)wi
U j−i

(j − i)!

][
k−j∑

l=0

(zU)l

l!

]}
=

=
e−U

w(t− 2)

k∑

i=0

k∑

j=i

{
ziCi(t− 2)

(zU)j−i

(j − i)!

[
k−j∑

l=0

(zU)l

l!

]}
=

=
e−U

w(t− 2)

k∑

i=0

{
ziCi(t− 2)

k−i∑

m=0

[
(zU)m

m!

k−i−m∑

l=0

(zU)l

l!

]}
=

=
e−U

w(t− 2)

k∑

i=0

{
ziCi(t− 2)

k−i∑

j=0

(2zU)j

j!

}
.

AäýÌ�ÝºSB

q¥�#r6�dy��9{�}�w'x��M}�u-{��#z|{�yY~��+y��|tL�����	}Ñ���)w'x������|t�y�Áµ}�w°u�y��	�'w�����~�� x��#w'r�t�x���w'{6y�u��	�$�#}�yY}
zBÍ�x�y�u6}l~�y�r6}�xj�#{ á u�wD}�rÃr6y�x��#z|{�y)��y��)}�z�r�{��#z|{�y��>}l�|t�y�Á<�����)}�x¥�|t�y�x�}B~�y��'}lr6y�����r�}��'Í���y��ü� Ë
Í���{�w'x��f�L�	r6r��#v�y�x���z��	}�{�u6w���w��#�ä���Ãt�xj��r6w'x����Dy)rÌ�#���'w��$�	�$�#}�~���wD~�y�z�{�wD~���~�y

f(α, β,N) ≡
N∑

n=0

N−n∑

m=0

(
αn

n!

)(
βm

m!

)
=

N∑

i=0

(α + β)i

i!
.

AäýÌ�ã¨�B

÷BtL��~�y�x�}�z�r6{6u��	�$�	}��Ãr�w'x����'y�r$� � �#r�{���w�{�y)u��#uÆ��y$��tL���$�#}j~�yÃu6y��)}�u�u6±�z��)w��

f(α, β,N) = f(α, β,N − 1) +
(α + β)N

N !
,

AäýÌ�ÉÈ�B

�|t�yÃ�M}B~�y³r6y�u�Á<���9wD�'x�y�z�{�yp~�y�~�t���wD~��j�f�L�	u-{�w'u°~���~�y)Â�z�wD�$�	}j~�y
f(α, β,N)
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 ��u6y��)wDr6}��$�	�D�)t����	u�~�y�u�w'���	~��#r�~���ÁEt�z��$�#}�v�y�u���{�u�w"�����	u���} � {�y�u��	r��)}�z��)y�z�{�u��	�)À|y�r�� ²°y�r6r6y

�)}�z|{�y���{�}��B�#r¸y�����u6y�r6r6ÀBy)ro� � �#w ��}Ãr��	}Ãw'x��M}�u�{��	z|{6y�r$�(²°}Ã�|t�y�r6y�v�t�yÆ� � �	w ��}��B�
m

����r6w'x��Ê~�y�u�w'���	~��
~�yÃt�xj��ÁEt�z����	}

f(z)
�³~�y�z�}	{��	~����M}�u

[f(z)](m)
y
θ(x)

�p�fÁEt�z��$�#}j~�y�v�u��#tC�

θ(x) =





1,
r6y
x ≥ 0

0,
r6y
x < 0

.
AäýÌ�Ý§SB

Ë �'v�t�z�r°u6y)r�t���{���~�}�r°��u�y��Dw'x�w'zL�#u6y�r°Í�{6y�w'r°r��#}

(zα)(i) =
α!

(α− i)!z
α−iθ(α− i)⇒

{
(zα)(i)

}
z=0

= i! δi,α,
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(eβz)(i) = βieβz ⇒
{

(eβz)(i)
}
z=0

= βi
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yp� � y�xs�)}�z�¯�y$�)wD~���y9�����	z�r��#}2� � wDz�}�x�w��	�~ Ê�L�	u�����~�y�u6w�����~���~�}���u6}�~�t�{�}j~�y³~�tL�#r°Áµt�z��)À|y�r��

(f.g)(i) =
i∑

j=0


 i

j


 f (j)g(i−j),
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{�}B~�}�r°Á<�	�)w'�Dx�y�z|{�y³~�y�x�}�z�r�{�u�Å$��y�w'r°�M}�u¼w'z�~�t��$�#}�Â�z�w'{����
Ë r�r6w'x��

{[
zj+lezU(t−i)](m)

}
z=0

=





m∑

n=0


 m

n


 (zj+l)(n)[ezU(t−i)](m−n)




z=0

=

=
m∑

n=0


 m

n


{(zj+l)(n)

}
z=0

{
[ezU(t−i)](m−n)

}
z=0

=

=
m∑

n=0


 m

n


n! δn,j+l[U(t− i)]m−n =

= m!
[U(t− i)]m−(j+l)

[m− (j + l)]!
θ[m− (j + l)]
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y

{[
ezUtG(z, 0)

](m)
}
z=0

=





m∑

n=0


 m

n


 [ezUt](m−n) [G(z, 0)](n)




z=0

=

=
m∑

n=0


 m

n


{[ezUt](m−n)

}
z=0

{
[G(z, 0)](n)

}
z=0

=

=
m∑

n=0


 m

n


 (Ut)m−nn!Cn(0) = m!

m∑

n=0

Cn(0)
(Ut)m−n

(m− n)!
,
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qÌroz|Í�x�y�u6}�rJ~�y�£(t��'y�u
En,k

r��#}¿w'z�~�y9����~�}�rJ�M}�uJÜ³w'z|{6y�wDu�}�r$�B�)}�x�}p}�r0�)}|y)ÂL�)w'y�z|{6y�r � wDz�}�x�w��	w'r$�
£Çy�x � }�u���r6y����#x � y�x x�y�z�}�r�Á<�#x�}�r6}�rj�|t�y�r�y�t�r���u6w'x�}�r � w'z�}�x�wµ�#w'r��o}�r�zBÍ�x�y)u6}�rj~�yY£·t��'y�u
�)}�z�r�{�w�{�t�y�x t�x {�u6w�Ù#z�v�t��'}pr�w'x��){6u6wD�)}����)}�x�}p}¿~�yÌÔ·�#r����	�ü�|y��	~�x�w�{�y�x t�x��Ãw'z|{�y)u6��u6y){������	}¿�)}�x��
� w'zL��{�}�u6w��	� � y�x w'z|{�y�u�y�r6r��#z|{6y�Ï

En,k
�°}pzBÍ�x�y�u�}¿~�y°�My�u�xft�{����)À|y�r

π1π2...πn
~�y {1, 2, ..., n} ��t�y

{�±)x
k

�M}�r6w��9ÀBy�rÆ}�z�~�y
πj < πj+1

A£�Fr6t � wD~��	r! !B9� Ë r6r�w'x��
k

�M}�~�y¿�	r6r6t�x�w'uÆ��tL�	�D�|t�y�u¼���	�'}�uÆ~�y
0

�
n− 1

��y ∑n−1
k=0 En,k = n!

� Ë r6w'x�y){�u�wµ�
En,k = En,n−1−k

~�y$�9}�u6u�yÊ~��p�My�u6x¿t�{��	�$�#}
π1π2...πn

{�y�u
n− 1− k �Fr6t � wD~��	r! �r6y�yÊr6}�x�y�z|{�y�r6yÊr6tL�¿u6y)Ä�y����	}

πn...π2π1

{6w'��y�u
k
�Fr6t � wD~��	r! ��¸ÔH}�u0y9��y�x����'}��

r6y
n = 3

�d¯LÅ
3! = 6

�My�u6x¿t�{��	�)ÀBy)r��M}�r6r6¶���y�w'r$� {1, 2, 3} � {2, 3, 1} � {3, 1, 2} � {1, 3, 2} � {2, 1, 3}
y {3, 2, 1} � Ë ��u6w'x�y�w'u����#��u6y�r6y�z�{���~�tL�#r>�Fr6t � wD~��	r! 
A

1 → 2
y

2 → 3
B��ú�jÍ���{�w'x����dz�y�z�¯Bt�xj���dy

�#rÆ~�y�x��	w'r$��t�x��¾�Fr6t � wD~��| ��
Ë �'{6y�u6zL�	~��	x�y�z|{�y³~�w'ÁEy�u�y�z��)w��	z�~�}�yÃxft���{�w'���'w����	z�~�}��M}�u

x
�fr���u�wDyÃv�y�}�x��){�u�w��$���

1

1− x =
∞∑

i=0

xi,
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}�z�~�y | x |< 1
�

x

(1− x)n+1

n−1∑

k=0

En,kx
k =

∞∑

i=1

inxi.
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£(r6r6yÃ��u�}��)y$~�w'x�y�z�{�}�u6y)��y��µ���|t�yÃ}�r°zBÍ�x�y�u6}�r°~�yp£(t��'y�u¼r���{�w'r�Á ����y)x��fu6y$�)}�u6u�±�z��)w��

En,k = (k + 1)En−1,k + (n− k)En−1,k−1.
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z

En,0 En,1 En,2 En,3 En,4 En,5 En,6 En,7 En,8
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²¼y�r6{6y³�#�M±�z�~�wD�)yÃr��#}��	��u�y�r�y)z|{��	~��	r°�#r�ÁE}�u6x��#r�y9�����D¶D�)w�{��#r°~�}�r¼�)}By9ÂL�)wDy)z|{�y�r
gk

t�{6wD�'w����	~�}�r¼z��	r
r6t � r6y$�)À|y�r°¨��ÉÜ��Ýº�yÃ¨��ùÜ��ùÜ��

öÆy)��wD~�}� +y)r6{6u6t�{6t�u��+~�� £¸�M� A<¨�� ®wB9�J�$�	~�� �)}|y)ÂL�)w'y�z|{�y
gk

�Y~��	~�} �My��µ�+~�wDÁµy�u6y�z���� ~�yY~�}�wDr
{�y)u6x�}�r$�

gk = fk − fk+1,
Aüöf�'¤|B

}�z�~�y
fk

�+��x��$~�w��Ñ~�y
αN

′
k,0

zL�Ñ~�w'r�{�u6w � t�wD�$�#}
P (N ′)

�)}�z�r�wD~�y�u���~����]Ô&}�u�{��#z|{�}��°��r6t�ÂL�)w'y�z|{�y
�)}�z�¯�y$�)y�uÆ�fÁEt�z��$�#}

fk
y�xs�$�	~���t�xs~�}�r¼x�}�~�y��D}�r°��u�} � � � w'�'¶Dr�{�wD�)}�rf¹�¤$¦#»>y�x���u6y�v���~�}�r$�

£·xÎ{�y)u6x�}�r°~�y
fk

����y$�|tL�	�$�#}¸A<¨��D¤�¤|Bo�M}�~�y�u�wµ��r6y�u¼y9����u6y�r6r����)}�x�}

〈ŵq〉 = e−qU
{

1− [1− (1− s)q]∑∞i=0(1− s)qifi
(1− s)q

}τ
.
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È�ÁT²µÁPÙgn\´po�q\´
£·r�{�y³�$�#r6}j�)}�u6u6y)r��M}�z�~�y¿�

P (N ′) = δ(N,N ′)
��}��|t�yÃÁ<���³�)}�xs��t�y

fk = αNk,0.
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r ¾¿ÙÛ´×²Ü¾eÁPº
÷ByÌt�x��p�M}���t������$�#}�~�yÌ{��#x��#z�¯�}

M
y�r�{�w���y)u�~�w'r6�My�u6r��¿t�z�wDÁµ}�u�x�y�x�y�z|{6y�y�xÕt�xÕx�y�w'}f�D¶D�|t�wD~�}

~�y¼��}��'t�x�y
V

�B~�}p�|tL�#�L�Æ�)}��D¯�w�~��Ãt�x��³�	x�}�r�{�u��³~�y°��}��'t�x�y
∆V

���Ê��u6} � � � wD�'wD~���~�yÌ~�y°t�x �)y�u�{6}
w'z�~�w���¶D~�t�}jy)r6{��	u���u6y�r6y�z|{6yÃzL���#x�}�r�{�u��f�

u = ∆V
V

��~�yÊÁE}�u6x����|t�yp�f��u6} � � � w'�DwD~��	~�y¿~����	x�}�r�{�u��
�)}�z|{�y)u°y9���#{��	x�y�z�{�y

N ′
w'z�~�w���¶D~�t�}�r°�

P (N ′) =


 M

N ′


 uN

′
(1− u)M−N

′ �
N ′ = 0, . . . ,M

�Jq
{�y)}�u�y�x�� � w'z�}�x�w��	�C�'y)�����#}�u6y�r6t���{��	~�}

fk = [1 + u(αk,0 − 1)]M .
Aüöf�ã¨�B

�wDx��M}�u-{��#z|{�yÌz�}	{��#u0�|t�yÊ�Ã���#u6w�Ù#z��)w��f~�y
N ′

�
Mu(1− u)

�B�Ìr�y)x���u6yÌx�y)z�}�uJ�|t�yÌr6tL�px���~�wµ���
Mu

��yÃ�M}B~�y³r6y�uÆ�#u � w'{6u��#u6w��	x�y)z|{�yÃ�My$�|t�y)zL���

Äk´×¾sPtP�´×Ù
�o}�z�r�wD~�y�u��	z�~�} } ��u�}��)y$~�w'x�y)z|{�}�~�yY�	x�}�r�{�u��	v�y�x ~�y)r��)u�w�{�} �'}�v�}����9wDx����o} w'z|{6y�u6y�r6r6yY~�y�r�{�y

y�r�{�t�~�}�u�y�r�wD~�ylz�}��$�#r6} y�x �|t�y
M

��t�x zBÍ�x�y�u6} y�z�}�u6x�y�� ÷|y����#�D��x ~�w'r�r6}��
∆V � V

���
~�w'r�{�u6w � t�wD�$�#}��M}�wDr6r6}�z�wµ�#zL�¿{6}�u�zL����r6y�t�x��py9���)y��'y�z|{6y³�	��u6}$��w'x����$�#}�  � wDz�}�x�w��	�íy��L�#r�r����py9��w'r�{�w'u
�#�My�zL�#rÌt�xs�L�#u�Ù#x�y){�u�}ju6y)�Dy)���#z|{�y��L}�{��	xj�	z�¯�}jx���~�wD}�~��j�#x�}�r6{6u����

N = M ∆V
V

�L�|t�y³{��#x � ��x
�pw'v�tL�	�H ����#u6w�Ù	z��)wµ���¼öÌy�r6r���ÁE}�u�x����d��~�w'r�{�u6w � t�wD�$�#}"~�yfÔH}�w'r�r6}�z

P (N ′) = e−NNN′

N ′!

�
N ′ ∈ N �M~�Å

}�u6w'v�y)xæ�	}j�9}By)ÂL�)w'y�z|{6y

fk = exp[N(αk,0 − 1)].
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u ¾sP!R�ß¹á%ÁÜÄk´×¾sPtP�´×ÙcvwYTÁP²�Á
Ô&}�u(}�t�{�u�}Ã�µ�	~�}���}³��u á ��u6w'}Ã��}��'t�x�y

∆V
~��³�#x�}�r6{6u���y����)}�z�r�y$��T�y�z|{�y)x�y�z|{�y���}Ã�L�	u�Ù	x�y){�u6}³~�}

�$�#r6}��M}�w'r�r6}�z�w��	z�}��d�M}B~�y�x�r6y�uÌ�)}�z�r6w�~�y�u���~�}�rÌ���#u6w�Å���y�w'rÊ�	�'y���{ á u6w��	r$�Æ²°y�r6r�y¿�$�#r�}��Mu�y$�)}�x�y�z�~�����r6y
���	~�}B�$�	}�~�yÊt�xâx�}B~�y��'}�¯�wDy�u�Å	u6�|t�wD�)}�¹�¤$¦	»í}�z�~�y³�¿x��$~�w��f~���ÔH}�w'r�r6}�z�} � y$~�y$�)yÊt�x��¿~�wDr�{�u�w � t�w��
�$�#}�v|�#x���@��ßy�r6�My$�)w�ÂL�$��~��Y�M}�uf~�}�w'rf�L�#u�Ù#x�y){�u�}�r¿�M}�r�w�{�w���}�r$�

λ
y
r

��qÛx�}B~�y��'}�u6y�r6t���{��#z|{�y��
��¯L�#x��	~�}�x�w'r�{�t�u���Ô&}�w'r6r6}�z���v��	xj��x��#r��&�|tL�#z�~�}

r ∈ N �>y��'yjr6y�u6y�~�t�����t�x���Áµ}�u�x����#��{�y�u6z����
{�w�����~���~�wDr�{�u�w � t�w��$�#} � wDz�}�x�w��	�Hz�y)v|��{�w�������£(x��L�#u�{6w��9t��µ�#u$�dr6y

r = 1
�d} � {���xf�2r6y���~�wDr�{�u�w � t�w��$�#}

v�y�}�x��){�u�w��$���
UW��ced$x|i�^jc�YCced�`?YCXnY��

P (N) = λrNr−1e−λN/Γ(r)
��lhb1X X0�mc�^jY

r/λ
d4g�Y�[W^yx�x�l!^jY

r/λ2
�
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Ë ~�y�z�r6wD~��	~�y�~�y���u6} � � � wD�'wD~���~�y�Ô&}�wDr6r6}�zB�2v��#x��
P (N ′) = Γ(N ′+r)

N ′!Γ(r)
prqN

′ �ß}�z�~�y
q = 1 − p

�
~�y��My�z�~�y°~�}�r(�L�#u�Ù#x�y){�u�}�r

p = λ/(λ+1)
y
r

�	{�y�z�~�}Êx��$~�w��
rq/p

y0���#u6w�Ù	z��)wµ�
rq/p2

���°xÇ�M}�t��)}
~�ypÅ#�'v�y � u���x�}�r�{�u����|t�y

fk =

[
p

1− q αk,0

]r
.
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s
y
U

�¸²°}³y�z|{��#z|{�}��|�Æ�M}�r6r�¶���y)�Mx�}�r�{�u��#uo�|t�y��
zL�#r�u�y�v�wDÀ|y�r � w'}��'}�v�wD�$�#x�y�z|{6yÃ���µ�#t�r6¶'��y�w'r¼~�}�y�r6�L�	�)}�~�y��L�#u�Ù#x�y){�u�}�r$��}���u6}��9y$~�wDx�y�z|{�}�y�x���wDu�w������
x�y�z�{�yÃ��~�}	{��	~�}������Dy�z��	x�y�z�{�y0�Ft�r�{�w�ÂL�$�	~�}����d}�w'r¼u�y$~�t��³�#r�wDz��)y�u�{6y?���	r�zL�¿wDz�Áµy�u6±�z��9wµ���Þ£(r6r6yÊÁ<��{�}
��u�y$�)w'r��"r6y�uÃw'z��)}�u��M}�u���~�}lz�}�r³u�y�r6t��'{���~�}�r¿�	�)wDxj���C�M}�w'r¿�	rp~�wDr�{�u�w � t�w��)À|y�rf�	~�}	{��	~��	r¿�	~�x�w�{�y�x¾�
�M}�r6r�w � w'�DwD~��	~�y¿~�}�{��#x��#z�¯�}j~����	x�}�r�{�u��fr�y�u�zBt��'} � �

öÆy�r6r���ÁE}�u6xj������u6y$�)w'r6}"{�u�t�z��$�#u�{6}�~��#rp�#r³~�wDr�{�u�w � t�w��)À|y�r³~�y�ÁE}�u6x��"��y9���)�'t�w'u
N = 0

�¿£(r6r6y
��u�}��)y$~�w'x�y�z�{�}�Á<���³�)}�xÛ�|t�y

fk →
fk − P (N ′ = 0)

1− P (N ′ = 0)

Aüöf�ù®�B

y����)}�z�r6y$�ST�y�z|{�y�x�y�z|{�y��

gk →
gk

1− P (N ′ = 0)
.
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Ô&}�u-{��#z|{�}��J~��	~���t�x���~�w'r6{6u6w � t�wD�$�	} �L�#u���}�{��#x��#z�¯�}�~�}�r�v|�#u6v��	�'}�r$�o{�}B~�}�rj}�r
βq

{6}�u�zL�	xf�2r6y
x��#w'}�u�y�rÆ~�y9��wD~�}� �~�w���w'r��#}��M}�u¼t�xÛÁ<��{�}�u°�)}�xft�x��

�hØ b1i�d!tvuwd![W^jX0d$x�\Wb1i!�PY<dmi�\yY�`1x�YC{mk�b7c|dÛYCra`1z|XnYCi0l!z|rs\Wz|[_YCi0cedhg1dh��i�d�Y�b2}�[_YClmYCiWi]b7ceb1i0}~z�x|c�YCceb�[�d$i�dÛx�k�b�Y�b
} Y�\Wb�cedqx|dmx|�vz|X�^jx|c|^sge¦jc|zeb�i]d![�\W[_YCx�i�}�dm[W^aceb��vXnYCi�dmi�i_Y4u�b�iWi�^a��^arj^ac�YCced'x�k�b�}�b1^�^jx|lhb�[�u�bC[yY�c�Y�xeb�X0becedmrabfdmi�\_z|c�Y�c|b
xedmi]\yYf\Wdmi�d��
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÷By)v�t�z�~�}Ót�x�� � y�x ~�w'ÁEt�z�~�wD~��Ó�)}�u6u�y�z|{�y�zL��y���w'r6{6y�x�}��D}�v�wµ�Ñ~��	rl�9wD±�z��9wµ�#rlzL��{�t�u��	w'r ¹'¤$È�¤9»��
t�x��+�)}�z�~�wD�$�	}�z�y$�)y�r6r�Å	u�wµ�+�L�#u�� �|t�y�t�x���{�y)}�u�wµ� �)w'y�z|{6¶'Â��$� r6y���� �)}�z�r6wD~�y�u��	~����9wDy�z�{�¶�ÂL�$�+���
Á<�#�'r6y�� � w'�'w�~��	~�y��í}�t�r6y������My��µ����u6y$�9wDr��jÁ ����y�uÆ��u6y)��w'r6ÀBy�rÌ�L�#r6r�¶���y�w'rÊ~�y¿u6y�ÁEt�{��	�$�	}�y�x���¶'u6wD�$����öÆy�r6r��
ÁE}�u6xj���	t�x��°x�y){�}B~�}��D}�v�w��Ì�)}�z�r6w'r�{�y�z|{6yJ�L�	u����°{6}�x��	~��Ì~�y0~�y$�9wDr6ÀBy)r(z��������#�'wµ�	�$�#}Ã~�yJ¯�w'� á {6y�r6y�r·�
t�x wDz�r�{6u6t�x�y�z�{�}³ÁEt�z�~��#x�y�z|{��	�M~�y)z|{�u6}p~�}px��){�}B~�}¿�)w'y�z|{6¶'Â��)}��¸£·x � }�u��³�	w'z�~��Ãr6y���� � y�x x�y�z�}�r
�)}�z�¯�y$�)wD~��¿y�t�{�w'�'w"�$��~��f~�}��|t�y�~�y)��y�u�wµ�����¿x�y){�}B~�}��'}�v�w��¿y�r�{���{�¶'r6{6wD�$�f~�yÌ{6y�r�{�y�r�~�y�¯�wD� á {�y�r6y�rÃ¹'¤�¦	»
��Å�~�y�r6y�x��My�z�¯���y�r6r6yÃ�L�#�My��C¯LÅ � �#r6{��	z�{�yÊ{�y�x��M}��

èÌwµ��~�y�u6y�v�u����H~�y�z�}�x�w'zL����r�y�¯�wD� á {�y)r�y�zBt������
H0

�H����u�y�u6u�}�v��#{6w�����xj�	w'r³u6y��'y)���	z�{�y�y�z|{�u�y�{�}#�
~��#rÃ�#r��M}�r6r�w � w'�'w�~��	~�y�rÃ�)}�z�r6wD~�y�u��	~��	r$�í�|t�yf~�y)��y¿r6y�uÌ�M}�r�{��� j��u6}����jyf�)t������9}�z�ÂM� � w'�DwD~��	~�y�r6y�u�Å
�)}�z�¯�y$�)wD~���y�xst�xÛr�y�z�{�wD~�}��|tL�#z|{�w�{���{�w����	x�y�z|{�y � y�xs��u6y$�)w'r6}��0©¼wD� á {�y�r6y�r$��z�y�r6r�yp�)}�z|{6y9��{�}���r��	}
��Â�u6x��	�)À|y�r·�	�)y�u6�$�°~�y¸t�xWx�}�~�y��'}Æ��u6} � � � w'�'¶Dr�{�wD�)}��·²°}Æ�$�#r�}°x��#w'r&r6wDx����Dy�r$�#�|t�yJ��{�y�z�~�yJ #r&z�y$�)y�r-�
r6wD~���~�y)r¼~�y�r�{�yÌ{6u�� � �	�'¯�}����)}�z�r6w�~�y)u����2r6y�t�x��py�r�{���{�¶'r6{6w����

X
�9t����f~�w'r�{�u6w � t�wD�$�#}�~�y���u�} � � � w'�'w�~��	~�y

~�y��My�z�~�y�~�y�t�x ���	u�Ù	x�y){6u6}��úy�r6�My$�)w�ÂL�$��~�}l�dy)�µ��¯�w'� á {6y�r6y�zBt������f²°y�r�{��j{�y�r6y��
H0

�j��¯�w'� á {6y�r�y
~�y�y)��}��Dt����	}lz�y�t�{6u����

H0 : s = 0
�¨ �)}�z|��y�z�w'y�z|{6y�y)r��My��)w'ÂL���	uÊ{��#x � ��xQ�"�)}�z|{�u��#�L�#u�{�wD~��"�|t�y

r6y�u�Ål�)}�z�r6wD~�y�u��	~��Y�	�)y�w�{�Å���y��Þ�$�	r6}
H0

r6y�����u6y��2y�w'{���~����H~�y�z�}�x�w'zL��~��l¯�w'� á {�y�r6y��#�'{6y�u6zL��{�w������
H1

�
öÆy��My�z�~�y�z�~�}¿~�}Ê��u6} � �Dy�xj���B�Ã�#��{�y�u�zL�#{6w'�����M}�~�y¼r6y�u¸�)}�x����'y){��#x�y�z|{6y¼y�r6�My$�)w�ÂL�$�	~��Ã}�t�~���~����M}�u
t�x��f¯�w'� á {�y�r6yp�)}�x��M}�r�{����)}�x�}

H1 : s 6= 0
�

���u6y��)wDr6}Ì~�y9Â�z�wDu&t�xà�)u�w'{6��u6w'}Ì~�yo~�y��)wDr��#}Æ�L�#u��°�Æ�����	�'w����$�#}Ì~��#rH¯�w'� á {�y�r6y�r$�#y�x � }�u���y)��y�z|{6tL�#wDr
y�u�u6}�rJr6y����#x]w'z�y)��w�{�Å���y�w'r$�¸öÌy)r�y��-����r6yÌy9��w'{��	uJ��t�y

H0

r�y-���³u6y��2y�w�{��	~��¿�|t��	z�~�}¿�°��y�u6~���~�y�wDu����B}¿�|t�y

¤�¤�¬



���)}�z�¯�y$�)w�~�}��9}�x�}ly�u6u�}�~�}�{�w'�M}
I

�>y��|t�y
H0

z��	}lr6y����"u6y��2y�w'{���~����|tL�#z�~�}���Á<�#�Dr����>}�y)u6u6}�~�}
{�w'�M}

II
�Å t�r6tL�#�HÂ����#uÃ����u�} � � � w'�DwD~��	~�y�~�}"y�u6u�}�~�}�{�w'�M}

I
y�x t�x �)y�u�{6}����	�'}�u

α
�í��¯L�#x��	~�}

z�¶���y��Þ~�y�r6wDv�z�w�ÂL�$Ù	z��9wµ��~�}l{�y�r�{6y��&y�y�r��9}��'¯�y�upt�xj���L�	u-{�yj~�}�y�r6�L���9}��#x�}�r�{�u��#�Þ~�y
X

�ß��u�y�v�w��#}
�)u�¶'{6w��$�ëAäå��nB9�|�|t�y��)}�u6u�y�r6�M}�z�~��¿�³t�x��³ÁEu����$�#}

α
~��³x��#r�r��p~�yÌ��u6} � � � wD�'wD~��	~�yÊ~�y

X
r6y�v�t�z�~�}��

~�w'r�{�u6w � t�wD�$�#}�y�r6�My$�)w'Â��$��~����M}�u
H0

�°�0�	r6}�}����#�D}�uÆ} � r6y�u�����~�}�~���y�r�{��#{6¶'r6{6w��$��y�xst�x��j�	x�}�r�{�u��
�My�u-{�y�z��$�j jå����

H0

�pu�y��Fy�w�{��	~����}�Ìr¼��y?��y)r��M�#�Dv�t�z�rÆ��u6w'z��)¶'��w'}�rÆr��#}jÍ�{�y)wDrÆzL��~�y){�y�u6x�wDzL�	�$�#}�~��
å��Ì�Bx��#rJy�xÕv�y�u��#�ú�³y�r��)}��'¯L�p�Ê�	u � w'{6u�Å#u6w����(ÔH}�u�{��#z|{�}��Bt�x��³y�r�{���{�¶'r�{�wD�$�pr6}��)wDz�¯L�pz��	}fy�r6�My$�)w�ÂL�$�
t�xâ{�y�r�{�y����M}�wDr°�³�)}�x��L��{�¶���y��C�)}�xså¼�orÆ�#u � w�{�u�Å#u6w��#r��

Ë ~�y){�y�u�x�w'zL���$�#}�~�����u�} � � � w'�DwD~��	~�y
β

~�} y�u6u�}�~�}�{�w'�M}
II

~�y�x��#z�~���t�x���y�r6�dy��)w'Â��$���$�#}
�)}�x����'y){���~���¯�w'� á {�y�r6y��#��{�y�u�zL�#{6w'������²°}l��u6y�r6y�z|{6yj�)}�z|{�y9�B{�}��

β(s) = P (
zL�#}�u6y��2y�w'{��	u

H0 | s)
�

Ô&}�u���x��o�9}�r�{�t�xj����r6y�t�{�w'�'w"���#u���Áµt�z��$�#} �M}B~�y�u
π(s) = 1 − β(s)

�o�|t�yl�)}�u6u6y)r��M}�z�~�yY �Áµu��	�$�	}
~��+x��#r6r�� ~�y���u6} � � � wD�'wD~���~�y�~�� ~�w'r�{�u6w � t�wD�$�#}Ñ~�yY��u6} � � � wD�'wD~��	~�y�~�y

X
�0�L�#u��#x�y){6u6w����	~�� �M}�u

s
�ß�|t�yjy�r�{�Ål��u�y�r6y�z|{�yjzL�lu6y�v�w��	}��)u�¶'{6w��$��� Ë r6r6wDxl�·�lÁEt�z����	}Y�M}�~�y)u¿�ju6y��#�Dx�y)z|{�yjt�x��lx�y�~�w�~��

~����$�	�L�	�)wD~��	~�y�~�y�t�xQ{�y�r�{�y�y�x¾u6y��Fy�w�{��	u
H0

y�x½r6w'{6tL�	�)ÀBy�rfy�x���t�y�y��µ�lu6y��#�Dx�y�z|{�y�~�y)��y�r6y�u
u6y-�Fy�w�{��	~����
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Ä�á%´�UÛÁ�U½¾¿º¿¾[¶¹Á5¶¹¸g¶¹¸aß,²µÁµÁP²µ´TP!R%á%Á�R'¸9á
i
ÁPºe¸9ºe´�P

²Æ�Ì�#��u6}$��w'x������	}�~�y0~�wDÁEt�r��#}����	~�x�w�{�y9��r6y0��t�yJ}Æ{��	xj�	z�¯�}Æy�ÁEy){�w���}�~��°�M}���t����	�$�	}�r6y����°w'z�Â�z�w�{�}��
Ne →∞

��x��#r°�|t�yp�f��u6} � � � wD�'wD~���~�yp~�yÃxft�{��	�$�	}��M}�u¼wDz�~�w���¶D~�t�}j~�w'��� á wD~�y³�M}�u¼v�y�u����$�#}
u

r6y��-�
xft�w'{6}��My$�|t�y�zL���

U → 0
�·~�y�x�}�~�}��|t�y

4Neu
{�y�z�~�y���t�x¾���#�'}�uf�)}�z�r6{��	z�{�y��

θ
�(�|t�y�u6y�v�y��

~�w'zLÙ#x�w�����y)��}��Dt��)w'}�zLÅ	u�w����J÷ByÃ}�r¼wDz�~�w���¶D~�t�}�rÆÁµ}�r6r6y�xÛ¯L�#��� á wD~�y�r$�����#�'y�u6w�����y$�|t����$�#}
θ = 2Neu

�
£·x ¹ÉÈ�Ü#»ä��£ßÿ0y�z�r¼��Â�u6x��p�|t�yÊ�9y�u�{�}�r0u�y�r�t��'{���~�}�r�~��f�#��u6}$��w'x������	}�~�y�~�wDÁµt�r��	}fw'z�~�w����	xÎ�|t�yÃ�

ÁEt�z��$�	}
f(x) = θx−1(1− x)θ−1 A<´0�'¤|B

��{��#�o�|t�y
f(x)δx

���l��u�} � � � w'�DwD~��	~�y"~�y���t�y�t�x��#�Dy)�D}�{�y�z�¯L�lÁEu�y$�ST�±�z��)w���y�z�{�u6y
x

y
x + δx

�
£(x }�t�{6u��#r��L�#���$�Bu��	r$�

f(x)
�Yt�x��+~�y�z�r6wD~���~�y�~�y�ÁEu6y��ST�±�z��)w��#r��#�D�)�DwD�$�#r$�£(r6r6y�Á<��{�}��My)u6x�w�{�y

{�u��	z�r�Áµ}�u�x��	u�r6}�x��#{ á u�wD}�rly�x wDz|{6y�v�u��	w'rlr�w'x����'y�r$���M}�w'r�y�r�{��#r�{�±�x r6y�x���u6y �ÓÁµ}�u�x��Ó~�y+t�x��
ÁEt�z��$�	} � y){����

B(r, s) =

∫ 1

0

xr−1(1− x)s−1dx =
Γ(r)Γ(s)

Γ(r + s)
,

A<´0�ÉÜ�B
}�z�~�y

Γ(n)
�j�"ÁEt�z��$�	}lv��	xj���>�|t�y�r��#{6wDr6Á ���

Γ(n + 1) = nΓ(n)
y�x¥v�y�u��#�(y��Cr6y

n
ÁE}�uÃw'z|{�y�w'u6}��

Γ(n+ 1) = n!
�

¤$Ü	



Ë ¯�}�x�}w��w'v�}�r6wD~���~�y
F

�Ìr6w'x����'y�r6x�y�z|{6yÃ�³��u6} � � � w'�DwD~��	~�yÃ~�y�~�}�w'r¼�#�Dy��'}�r0y�r��)}��D¯�wD~�}�r°�#�'y��#{6}�u�w��
�#x�y�z|{6yÃr�y)u6y�xÛwD~�±�z�{�wD�)}�r$� ∑

i p
2
i

��y���zL���#��u6}$��w'x��	�$�#}j~�y³~�wDÁµt�r��	}����³~���~����M}�u

F = θ

∫ 1

0

x2[x−1(1− x)θ−1]dx = θ
Γ(2)Γ(θ)

Γ(2 + θ)
=

1

1 + θ
.

A<´0�ÝºSB

Ë �D��x ~�w'r�r6}��>����u6} � � � w'�'w�~���~�y�~�y��|t�y�}
(j + 1)

����r6w'x�}"v�y�z�y�A ÁEu6y��ST�±�z��)w���w'v�tL�#�¸�
pi
BÌ��r6y�u

u6y9{�w'u��	~�}Ñ~��+�M}���t��µ�	�$�#}Ñ�L�#u�� �)}�x��M}�u����#x�}�r�{�u��+r6y��-��~�yYt�x {�w'�M}Ñ�	�'���'w��9}Ó~�w'ÁEy�u�y�z|{�y�~�}�r
j

��u�wDx�y)wDu�}�r¼� ∑
i(1− pi)jpi

yÊ���#�Dy

θ

∫ 1

0

(1− x)jx[x−1(1− x)θ−1]dx = θ
Γ(1)Γ(j + θ)

Γ(1 + j + θ)
=

θ

j + θ
≡ gj+1.

A<´0�ã¨�B

q � �Bwµ�#x�y�z|{6y����Ì��u�} � � � w'�DwD~��	~�y¼~�y��|t�yJ{��#��v�y�z�y0zL�	}�r�y-���Ìw'z��$~�w�{�}ÊzL���	x�}�r�{�u��Ì�
hj+1 ≡ 1−gj+1

� j
j+θ

�(£(r6r��	rJ~�tL�	rJv�u��#z�~�y?���#rJ�My�u6x�w�{�y�xÕ�|t�yÆr�yÆ} � {�y�z�¯L�
πi

���³��u6} � � � wD�'wD~���~�y�~��¿�	x�}�r�{�u��p~�y
2n

v�y�z�y�r¸{�y�u
i

�	�'y��'}�r$�(Ô·�#u���{��	z�{�}�� � �#r�{��Êz�}�{��	uÞ�|t�y���r6y
qj,i

�Æ�Ã��u�} � � � w'�'w�~��	~�yÌ~�}�r
j

��u�wDx�y)wDu�}�r
v�y�z�y�rÃ~����	x�}�r�{�u��j�My�u-{�y�z��)y)u6y�x¥��y9����{��#x�y�z�{�y

i
�#�Dy��'}�r��íy�z|{��	}��f�M}�r6r6¶���y��ßy�r��)u6y)��y�uÃ��u�y������$�#}

~�yÃu�y$�)}�u�u6±�z��9wµ�
qj+1,i = qj,i

j

j + θ
+ qj,i−1

θ

j + θ
,

A<´0�ÉÈ�B
�|t�yÃ�Ãt�x����#���'w��$�	�$�#}�~��f�Dy�w>~�����u�} � � � w'�DwD~��	~�y³{6}�{��	�ü�oqÌr°�$�#r�}�r¼y9��{�u�y�x�}�r¼r��#}

qj,1 = h2h3 . . . hj =
(j − 1)!

(θ + 1)(θ + 2) . . . (θ + j − 1)
=

θ(j − 1)!

θ . . . (θ + j − 1)

A<´0�Ý§SB

y
qj,j = g2g3 . . . gj =

θj−1

(θ + 1)(θ + 2) . . . (θ + j − 1)
=

θj

θ . . . (θ + j − 1)
.

A<´0�ù®�B
qÌr°~�y�x��#w'rÆ�$�#r6}�r¼r��	}�} � {6w�~�}�r°x�y$~�w��	z|{6y¿�ft�{�w'�'w"�$���$�#}�~��fÁEt�z��$�#}�v�y�u���{�u6w��

Gj(z) =

j∑

i=1

ziqj,i,
A<´0�Ý¬SB

�|t�y��L�	���DwD�$�	~��j fy$�|tL�	�$�	}¸A<´0�ÉÈ�B����'y)���� fy$�|tL�	�$�	}

Gj+1(z) =
j + θz

j + θ
Gj(z) =

(j + θz) . . . (1 + θz)

(j + θ) . . . (1 + θ)
G1(z).

Aü´J�É¦�B

�o}�x�}

G1(z) = zq1,1 = z,
Aü´J�D¤�SB
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y�z|{��	}

Gj+1(z) =
(j + θz) . . . (θz)

(j + θ) . . . (θ)
.

Aü´J�D¤�¤|B

Ôß�	u��Æt�xj���#x�}�r6{6u��Æ~�y
2n

y��'y�x�y�z�{�}�r���~�y)��y9��r6yo{6}�x��#u
j = 2n−1

y���r6yJÁµ}�u·~�y)Â�z�wD~�}�}��M}��Dw'z�¡�x�w'}

Lr(x) = x(x+ 1) . . . (x+ r − 1) = l1x+ l2x
2 + · · ·+ lrx

r,
Aü´J�D¤$Ü�B

y�z|{��	}

G2n(z) =
L2n(θz)

L2n(θ)

Aü´J�D¤�ºSB

yÆt�x��Ãr6wDx����Dy�rJ�)}�x��L�#u��	�$�	}f~�yÆ�M}	{�±�z��)w��#rJy�z|{�u�y��	roy$�|tL�	�)À|y�r<Aü´J�É¬�B(y�A<´0�'¤�¤eB(�My�u�x�w'{6yÌ�)}�z��)�Dt�wDu
�|t�y

πi = q2n,i =
liθ

i

L2n(θ)
.

Aü´J�D¤)¨�B

qÌr¼�)}|y)ÂL�)w'y�z|{6y�r
li

r��#}��)}�z�¯�y$�)wD~�}�r°�)}�x�}�zBÍ�x�y)u6}�r¼~�yp÷|{6wDu��Dw'z�v�~�yÊ��u6w'x�y�w'u��¿y�r6�M�$�)w'y�� Ë Áµt�z��$�#}
v�y�u���{�u�w"�³~��	~����My�����£¸�M�>Aü´J�D¤�ºSBo�Dy9����Á ���)w'�'x�y�z|{6y¿�#}�zBÍ�x�y�u6}�x��$~�w'}j~�yp�#�Dy)�D}�r°zL���	x�}�r�{�u����

E[i] =

{
∂

∂z
G2n(z)

}

z=1

= θ

2n−1∑

j=0

1

θ + j
,

Aü´J�D¤$È�B

y����	� á rÌ�#�Dv�t�x���Å	�'v�y � u����M ¿���	u6w�Ù#z��)w��

V ar[i] = θ
2n−1∑

j=0

j

(θ + j)2 .
Aü´J�D¤�§SB
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�	~�y�z�~�}f¹ã¦�È�»��#}°{6u�� � �	�'¯�}°}�u�wDv�w'zL�	�M¹ÉÈ�Ü#»ä�4�z�}�{�Å���y��|�|t�y��	�#� á r>{��#z|{�}�rß�#z�}�r���y�r6r��0y9����u6y�r6r��#}��#wDz�~��
��y)z�¯L�°y�z��9}�z|{6u��#z�~�}Ê�#���DwD�$�	�)ÀBy�rßy�xà~�w'��y�u6r��#r·Å	u6y$�	r$�#wDz��)�'t�r6w���yJzL�°~�y){6y�u6x�w'zL�	�$�#}�~�}Æ{��#x��#z�¯�}Ì~�y
�#v��'}�x�y�u��	~�}�r°¹'¤$Ü�®�»�y�xÇ´ß¶'r6w������·öÌy0Á<��{�}��	��Å#u6w��#r(x�y$~�wD~��#r¸~�y¼~�w���y�u�r6w�~��	~�y�v�y�z��){6w�����r��#}³�#zLÅ	�'}�v|�#r
�fv�u��	z�~�y?�$�	r°Áµ¶Dr6wD�$�#r���y�r6�My$�)w��	�'x�y�z�{�y³zL��Å	u�y���~�yÃr6w'r6{6y�x��#rÆ~�y�r�}�u�~�y)zL��~�}�r¿¹É®	¦	»ä�

Ë Á á u6xft����Ã~�yÌ�#x�}�r�{�u��#v�y�x ~�yÆ£ßÿ0y�z�r¸y9����u�y�r6r��Ã�Ê��u�} � � � w'�'w�~��	~�yÆ~�y°�$��~����M}�r6r6¶'��y����L�#u�{�wD�$�#}
~�yjt�xj�Y�#x�}�r6{6u��l~�y

r
v�y�z�y�rpy�x

k
{6wD�M}�rf~�y��#�'y��'}�r$��qÌu6w'v�wDzL�#�'x�y�z|{�y��·�	r³���	u�wDy�~���~�y�rf�	�'���'w����	r
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ÁE}�u��#xUw'z�~�y9���	~��	r(~�y0Áµ}�u�x��Ì~�y$�)u�y�r��)y�z|{�yJr�y)v�t�z�~�}�r6tL�	rßÁEu6y$��T�±�z��)w��	r>A<¶'z�~�wD�)y
1

�L�#u��Æ}Ã�#�Dy��'}Êxj�	w'r
ÁEu�y$�ST�y�z�{�y��

k
���	u���}�xj�	w'rpu��	u�}�BÌyj�$��~����L�	u-{�wD�$�#}Yy�u���y9����u6y�r6r����My��'}��9}�z��2t�z|{�} {n1, . . . , nk}

�
}�z�~�y

ni
�J�¼�|tL�#z|{6w�~��	~�yo~�yÞv�y�z�y�rH~�}¼{�w'�M}

i
zL�°�#x�}�r�{6u����

i = 1, . . . , k
�·q � �Bwµ�#x�y�z|{6y�� ∑k

i=1 ni =

r
� Ë �'{6y�u6zL��{�w����	x�y)z|{�y��Þt�x����L�#u�{�wD�$�#} �M}B~�ylr�y�u�~�y�z�}�{���~���w'z�y$�|t�w'��}��$�#x�y�z|{6y��M}�u�{6}�~���t�x��

Á<�#x�¶'�'wµ�Ã~�y����#u6w�Å���y�w'rÞ�)}�x�}
α(j)

���|t�y¼u�y���u6y�r6y�z|{��³�Ê�|tL�#z|{6w�~��	~�y°~�yÆ�	�'y��'}�ro�|t�y°�)}�z|{�u�w � t�y�x �)}�x
j

v�y�z�y�rfzL���#x�}�r6{6u�����U�9�µ�#u6}���t�y�z�y$�)y�r6r��#u6w��	x�y)z|{�y
α(j) = 0

r6y
j > r

A<xj�	r¿zL�	}��	�My�zL�#r
z�y�r6r6yf���	r6}SB�y¿r6y�x���u�y³���	�'y�x �	rÆy$�|tL�	�)ÀBy)r ∑r

j=1 α(j) = k
y ∑r

j=1 j α(j) = r
�°ÔH}�uÆy9��y�x����D}��

r6y
n1 = 7

�
n2 = 7

�
n3 = 6

�
n4 = 3

�
n5 = 3

�
n6 = 2

�
n7 = 1

�
n8 = 1

y
n9 = 1

��y�z|{��#}
k = 9

�
r = 31

�
α(1) = 3

�
α(2) = 1

�
α(3) = 2

�
α(4) = 0

�
α(5) = 0

�
α(6) = 1

�
α(7) = 2

y
α(i) = 0

�L�#u��
i ≥ 8

�o�o}�xæ��r6y�v�t�z�~���z�}	{��	�$�	}��L���)�)�Dy � u�y³Á á u�xft������	~��|t�w'u6yÃt�x��fÁE}�u6x��fx��#wDr¼r6w'x����'y�r��

P ({α(1), . . . , α(r)} | k, θ) =
r!

1α(1)α(1)! . . . rα(r)α(r)!

θk

Lr(θ)
.
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£·r�{�yf�	�M±�z�~�w��)y��#��u6y�r6y�z|{����#rÌÁ á u�xft����	rÆy9�����'¶��9w'{��	rÊ~�}�rÌ~�y�r���wD}�rÌ�L�	~�u��#}"~���y�r�{��#{6¶Dr�{�wD�$�
T

~�y
	ß�#�2wDxj��y³~��#r°¨�y�r�{���{�¶'r6{6w����	r°~�y³´�tlyÅ�Cwü�o÷By����#x

an,m =
n−1∑

j=1

1

jm
,

A_���'¤|B

b1 =
n+ 1

3(n− 1)
,

A_���ÉÜ�B

b2 =
2(n2 + n+ 3)

9n(n− 1)
,

A_���ÝºSB

cn =





1,
r6y
n = 2

2[nan,1 − 2(n− 1)]/[(n− 1)(n− 2)],
r6y
n > 2

A_���Ý¨SB

y

dn = cn +
n− 2

(n− 1)2
+

2

n− 1

(
3

2
− 2an+1,1 − 3

n− 2
− 1

n

)
.

A_���ÉÈ�B

£·z|{��#}

σ2
T = uTK + vTK(K − 1),

A_�f�É§�B
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}�z�~�y

uT =
an,1 b1 − 1

a2
n,1

A_��� ®wB
y

vT =

[
b2 −

n+ 2

n an,1
+
an,2
a2
n,1

]
/
[
a2
n,1 + an,2

]
.

A_���Ý¬SB
Ë �D��xÛ~�wDr6r6}����L�	u����|t��	�D�|t�y�u¼y�r�{���{�¶'r�{�wD�$�

X
~�yp´�tlyÅ�Cwä�

σ2
X = uXK + vXK

2,
A_���Ý¦SB

yp�#rÆ�9}�z�r�{��#z|{6y�r°�L�#u����$��~����$�	r6}�r��#}

vD = 1 +
a2
n,1

a2
n,1 + an,2

(
cn −

n+ 1

n− 1

) AW���D¤�SB
y

uD = an,1 − 1− vD,
AW���D¤�¤|B

vD∗ =

[(
n

n− 1

)2

bn + a2
n,1 dn − 2

n an,1(an,1 + 1)

(n− 1)2

]
/
[
a2
n,1 + an,2

] AW���D¤$Ü�B
y

uD∗ =
n

n− 1

(
an,1 −

n

n− 1

)
− vD∗ ,

AW���D¤�ºSB

vF =

[
cn + b2 −

2

n− 1

]
/
[
a2
n,1 + an,2

] AW���D¤)¨�B
y

uF =

[
1 + b1 − 4

n+ 1

(n− 1)2

(
an+1,1 −

2n

n+ 1

)]
/an,1 − vF ,

AW���D¤$È�B
y���Â�zL�	�'x�y�z�{�y��

vF ∗ =

[
dn + b2 −

2

n− 1

(
4an,2 − 6 +

8

n

)]
/
[
a2
n,1 + an,2

] AW���D¤�§SB
y

uF ∗ =

[
n

n− 1
+ b1 −

4

n(n− 1)
+ 2

n+ 1

(n− 1)2

(
an+1,1 −

2n

n+ 1

)]
/an,1 − vF ∗ .

AW���D¤�®�B
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