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MR	Problem	

Known	crystal	structure	 New	crystal	structure	

Given:  • Crystal structure of a homologue 
  • New X-ray data 

 
Find:   • The new crystal structure 
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MR	Technique	

Method:  • 6×N - dimensional global optimisation 
     – one 6-d search for each molecule in the AU 
         >> split further to orientation + translation searches = 3 + 3 
         >> fast search step using FFT 

 
Required:  • Scoring 

     – the match between the data and an (incomplete) crystal model 
    – ideally: the highest score = correct solution 

Search	model	

Known	crystal	structure	 New	crystal	structure	
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Real	and	Reciprocal	spaces	

	
•  Terms	may	refer	real	space	but	actual	calculaKons	may	
be	performed	in	the	reciprocal	space:	
– "Search	in	the	electron	density"	
– "PaOerson	search"	

•  The	concepts	formulated	in	real	space	are	more	intuiKve	
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Func8ons	in	Real	and	Reciprocal	spaces	
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Structure	factors	and	Electron	density	map	

F = A+ iB

Structure	factors 	F(h,k,l)	
–	A	discrete	complex	funcKon	
			in	the	reciprocal	space	
	
At	given	h,	k,	l	
–	Complex	number:	
	
	
–	Can	be	expressed	via	
			structure	amplitude	and	phase	

F = F exp(iφ)

Electron	density	map	
–	periodic	3-d	funcKon	in	real	space	

is	directly	interpretable	
	–	model	building	
	–	real-space	fiXng	of	fragments	
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Intensi8es	and	Pa>erson	map	

Intensi8es	 	I(h,k,l)	
	–	3-d	discrete	real	funcKon	
					in	the	reciprocal	space	

Pa>erson	map:	
	–	3-d	funcKon	in	real(*)	space	

–	No	features	resembling	a	protein	molecule	
–	Model	building,	residue	by	residue,	
			is	impossible	
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Data	and	MR	

MR: Two distinct cases dependent on availability of phases 
 
• Data = structure factors (include phases) 
–  "Search in the electron density" 

o  Electron density maps are compared: calculated vs. observed 
o Model building is a more straightforward approach 

» Useful in special cases 
 
• Data = observed intensities (no phases) 
–  "Patterson search" 

o  Patterson maps are compared: calculated vs. observed 
o Direct model building is impossible in the absence of phases 

» The most common case of MR 
 
 
As a rule, all computations are in the reciprocal space 
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Self	and	cross	vectors	

Electron	
density	map	

PaOerson	map	

One	molecule	 Two	molecules	

r1	
r2	

r1	–	r1	
r2	–	r2	
r1	–	r2	
r2	–	r1	

Electron	density	map	=	peaks	from	all	atoms	
PaOerson	map	=	peaks	from	all	interatomic	vectors	
•	self-vectors:	vectors	between	atoms	belonging	to	the	same	molecule	
•	cross-vectors:	vectors	between	atoms	belonging	to	different	molecules	

self-vectors	

cross-vectors	ContribuKon	from	self-vectors	
	–	is	centred	at	the	origin	
	–	dominates	in	a	vicinity	of	the	origin	
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Pa>erson	search	

PaOerson	map:	
	

•  ContribuKon	from	self-vectors	is	centred	at	the	origin	

•  Self-vectors	are,	in	average,	shorter	than	cross-vectors	
– Peaks	from	self-vectors	dominates	in	a	vicinity	of	the	origin	
– Peaks	from	cross-vector	dominates	away	from	the	origin	

• One	6-dimensional	search	splits	into	
– RotaKon	FuncKon:	3-dimensional	search	(using	self-vectors)	
–  TranslaKon	FuncKon:	3-dimensional	search	(using	cross-vectors)	
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Rota8on	Func8on	

	
	
	
																																		contains	only	

•  self-vectors	
	
	
																		contains	

•  self-vectors	(signal	from	one	of	the	orientaKons	in	the	crystal)	

•  cross-vectors	(noise)	

RF(α,β,γ ) = Pobs (r)×Pself
calc (α,β,γ,r)dr∫∫∫

3

Pobs (r)

Pself
calc (α,β,γ,r)
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Rota8on	Func8on	

Crystal	 Model	

×	

α,	β,	γ	

Pself
calc (α,β,γ,r)Pobs (r)
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RF(α,β,γ ) =
r
∫∫∫



Transla8on	Func8on	

	 	 					contains	
•  self-vectors	(background)	
•  cross-vectors	
	

	 							contains	

•  self-vectors	(background	or	noise)	
•  cross-vectors	(relevant	vectors:	signal,	others:	noise)		
	

TF(t) = Pobs (r)×Pcross
calc (t,r)dr∫∫∫

3

Pobs (r)

Pcross
calc (t,r)
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Transla8on	Func8on	

•  TranslaKon	t	does	not	change	

the	structure	

–  can	be	compensated	with	shid	of	

crystallographic	origin	

•  TF	step	is	not	needed	

t	

t	t	

t	

P	1	

t	 1	

4	3	

2	

P222	

•  The	centre	of	molecule	1:	
–  parameter	t	

•  Centres	of	molecules	2,	3	and	4	
–  from	symmetry	operaKon	

•  MR	program	matches	Pcalc(t)	to	Pobs	to	

find	the	best	matching	t	



Fixed	par8al	model	

Almost	the	same	equaKon	as	for	a	single	molecule	search,	

	

	

•  Again	FFT	technique	can	be	used	

•  No	excepKon	for	the	space	group	P1	anymore!	
–  translaKon	of	the	second	copy	relaKve	to	the	first	one		cannot	be	compensated	
by	a	shid	of	crystallographic	origin	

TF(t) = Ih
obs × Fh

fixed +Fh
calc (t)

2

h∑

Fixed	model	
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Packing	considera8ons	

Molecules	in	the	crystal	do	not	overlap	
How	can	we	use	this	informaKon?	

» PaOerson	map	does	not	explicitly	reveal	molecular	packing	

	
Reject	MR	soluKons	

•  Restrict	distance	between	centres	of	molecules	

•  Count	close	interatomic	contacts	
	
Modify	TF	

• Divide	TF	by	Overlap	FuncKon	
• MulKply	TF	by	Packing	funcKon	
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Specialised	MR	techniques	

•  Search	in	the	density	(phased	MR)	
• Handling	TranslaKonal	Non-Crystallographic	symmetry	
– Non-origin	peaks	in	the	PaOerson	map	indicate	the	presence	of	TNCS	
– Requires	special	handling	of	model	errors	(Phaser)	
– Molecules	related	by	TNCS	can	be	found	in	one	go	as	they	have	nearly	
the	same	orientaKon	

•  Self	RotaKon	FuncKon	

•  Locked	RF	and	TF	
– Using	point	symmetry	of	oligomers	

•  ExhausKve	searches	

•  StochasKc	searches	
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Molrep	

Alexey	Vagin	

YSBL	University	of	York	
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Molrep	

molrep	-f	data.mtz	-m	model.pdb	-mx	fixed.pdb	-s	target.seq	
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Log-file	
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Default	protocol		

•  model	correcKon	based	on	sequence	and	structure	informaKon	

•  defines	the	number	of	molecules	per	AU	

•  anisotropic	correcKon	of	the	data	
•  weighKng	the	data	according	to	model	completeness	and	similarity	

•  check	for	pseudotranslaKon	and	use	it	if	present	
•  30+	peaks	in	Cross	RF	for	use	in	TF	(accounts	for	close	peaks)	
•  applied	packing	funcKon	
•  make	use	of	parKal	structure	(fixed	model)	

molrep	-f	data.mtz	-m	model.pdb	-mx	fixed.pdb	-s	target.seq	
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Model	modifica8on	in	MOLREP	

•  Performs	model	correcKon:	
–  IdenKfies	secondary	structure	in	the	model	

– Aligns	target	and	model	sequences	
»  no	deleKons	or	inserKons	in	α-helixes	or	β-strands	

– Retains	aligned	residues	

– Retains	"aligned"	atoms	in	aligned	residues	

• Adds	B-factor	to	residues	exposed	to	solvent	

• Uses	sequence	idenKty	to	down-weight	high	resoluKon	data	

molrep	-m	model.pdb	-s	target.seq	
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Molrep	protocol	for	two	copies	of	a	model	

RF	=	∑hkl	w	*	IO*	IC(αβγ)		
TF	=	∑hkl	w	*	IO*	IC(xyz)		
Rescoring:	CorrelaKon	Coefficient*	PF	

X-ray	data	 all	steps	

RF	 TF	*	PF	 Rescoring	 Par<al	structure	Search	model	

TF	*	PF	 Rescoring	 Possible	solu<on	
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Molrep	protocol	for	two	copies	of	a	model	

RF	=	∑hkl	w	*	IO*	IC(αβγ)		
TF	=	∑hkl	w	*	IO*	IC(xyz)		
Rescoring:	CorrelaKon	Coefficient*	PF	

X-ray	data	 all	steps	

RF	 TF	*	PF	 Rescoring	 Par<al	structure	Search	model	

TF	*	PF	 Rescoring	 Possible	solu<on	
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Molrep	vs	Phaser		
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Single	soluKon	is	taken	forward	 	>> 	More	sophisKcated	search	strategy	
TF/	sig(TF) 	 	 	 	 	 	= 	TFZ	
CC 	 	 	 	 	 	 	 	>> 	Log-likelihood	gain	(LLG)	
LS	rigid	body	refinement 	 	 	>> 	LL-based	rigid	body	refinement	
and	more	
	
	
Improved	scoring	
-	is	crucial	for	using	distant	homologues	successfully	in	MR	method	
-	allows	correct	placement	of	small	fragment	models	(even	single	atom)		



Molrep	protocol	for	two	copies	of	a	model	

RF	=	∑hkl	w	*	IO*	IC(αβγ)		
TF	=	∑hkl	w	*	IO*	IC(xyz)		
Rescoring:	CorrelaKon	Coefficient*	PF	

X-ray	data	 all	steps	

RF	 TF	*	PF	 Rescoring	 Par<al	structure	Search	model	

TF	*	PF	 Rescoring	 Possible	solu<on	
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Search	in	the	electron	density	map	

Map coefficients Refmac 

Partial structure 

Molrep 

Search model 

Extended model 

Search	in	the	map	
•  Calculate	2-1	or	1-1	maps	ader	restrained	refinement	of	parKal	structure	

•  FlaOen	the	map	corresponding	to	the	known	substructure	

•  Calculate	structure	amplitudes	from	the	modified	map	

•  Use	these	modified	amplitudes	in	RotaKon	FuncKon	

•  And	finally	–	Phased	TF	
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Molrep:	SAPTF	

November	16,	2018	 IFSC/CCP4	MX	School,	São	Carlos	 29	

Spherically	Averaged	Phased	TranslaKon	FuncKon	
(FFT	based	algorithm)	

€ 

ρ Map(s,r)

€ 

ρ Model(r)

€ 

SAPTF(s) = ρ Map(s,r)∫ ρ Model(r) r
2 dr

€ 

Map

€ 

Model

€ 

s



Molrep:	Search	in	the	map	with	SAPTF	
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1.	Find	approximate	posiKon:	
Spherically	Averaged	Phased	TranslaKon	FuncKon	

	
2.	Find	orientaKon:	
Local	Phased	RotaKon	FuncKon	
–  Local	search	of	the	orientaKon	in	the	density	

	
3.	Verify	and	adjust	posiKon:	
Phased	TranslaKon	FuncKon	



Molrep:	Search	in	the	map	with	SAPTF	
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1.	Find	approximate	posiKon:	
Spherically	Averaged	Phased	TranslaKon	FuncKon	

	
2.	Find	orientaKon:	
Local	RotaKon	FuncKon	
–  Structure	amplitudes	from	the	density	within	the	SAPTF	sphere	

	
3.	Verify	and	adjust	posiKon:	
Phased	TranslaKon	FuncKon	

•  Local	RF	is	less	sensiKve	than	Phased	RF	to	
inaccuracy	of	the	model	posiKon	



Example	
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•  Asymmetric	unit 	 	two	copies	

•  ResoluKon	 	 	 	2.8	Å	

Phane	et.	al	(2011)	Nature,	474,	50-53	



Usher	complex	structure	solu8on	
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3.	FiXng	into	the	electron	density	
–  FimD-Plug	
–  FimD-NTD	
–  FimD-CTD-2	

	
	
4.	Manual	building	
–  FimD-CTD-1	

1.	ConvenKonal	MR	
–  FimC-N	+	FimC-C	
–  FimH-L	+	FimH-P	
–  FimD-Pore	

	
	
2.	Jelly	body	refinement	(Refmac)	
–  FimD-Pore	



Performance	of	fiOng	methods	

Trying	several	methods	is	a	good	pracKce	(also	because	of	cross-validaKon)	

search	
model	

sequence	
idenKty	

"Masked"	RF	
PTF	
	

prf	n	

SAPTF	
PRF	
PTF	
prf	y	

SAPTF	
Local	RF	
PTF	
prf	s	

FimD-Plug	 3fip_A	 38.5%	 2	(2)	 –	(–)	 1	(2)	

FimD-NTD	 1ze3_D	 100%	 2	(2)	 1	(2)	 2	(2)	

FimD-CTD-2	 3l48_A	 	33.3%	 –	(–)	 2	(2)	 –	(–)	
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FiOng	into	EM	maps	

SPP1	portal	protein	
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Self Rotation Function
MOLREP

Rad  :   33.00 Resmax :     2.90RF(theta,phi,chi)_max :    0.2814E+05    rms :      1093.

 Chi =  180.0

X

Y

 RFmax =     0.2813E+05

 Chi =   90.0

X

Y

 RFmax =      2176.

 Chi =  120.0

X

Y

 RFmax =      7563.

 Chi =   60.0

X

Y

 RFmax =      3202.

X	

Y	

Self	Rota8on	Func8on	(SRF)	
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Preliminary	analysis	of	X-ray	data	
•  Oligomeric	state	of	the	protein	in	crystal	

•  SelecKon	of	oligomeric	search	model	

	
Limited	use	
•  No	clear	interpretaKon	or	even	arKfact	peaks	
in	high	symmetry	point	groups	(e.g.	622)	

•  different	oligomers	with	the	same	symmetry	

Example	of	SRF	

•  Space	group	P21	
•  One	222-tetramer	in	the	AU	
	

Chi	=	180°	



Locked	Rota8on	Func8on	

• Uses	SRF	to	derive	NCS	operaKons	
	
• Averages	RF	over	NCS	operaKons	
	
•  In	favorable	cases	Improves	signal	to	noise	raKo	in	RF	
	
	

AutomaKc	mode:	
	
	
	
	
There	is	an	opKon	of	selecKng	specific	SRF	peaks	
Available	from	CCP4I	

molrep	-f	s100.mtz	-m	monomer.pdb	-s	s100.seq	–i	<<+	
lock	y	
+	
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One-dimensional	exhaus8ve	search	(exo8c	case)	
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SRF	helps	restrict	dimensionality	in	an	exhausKve	search	
• OrientaKon	of	the	trimer	is	known	from	the	analysis	of	SRF	

• Unknown	parameter:	rotaKon	about	3-fold	axis	

• One-parametric	exhausKve	search	using	TF	as	score	funcKon	

at χ values of 180o, 120o (Fig. 2.2c) and 90o, which correspond to the 432 symmetry. This

means that the NCS axes are in special orientations with respect to the crystallographic two-fold

axis (two of the four NCS triads are orthogonal to the crystallographic axis). These data may

suggest that the asymmetric unit of the crystal contains either four dodecamers with 23 point-

group symmetry (the high apparent symmetry of SRF in this case is the consequence of special

orientations of the NCS axes) or four 24-mers with 432 symmetry. However, in the second case

one of the six diagonal dyads of a 24-mer would be parallel to a crystallographic two-fold screw

axis and such an arrangement would generate strong peaks in the native Patterson synthesis

at v = 0.5, which were not observed. Moreover, four 24-mers would result in an impossible

specific volume and solvent content and therefore this possibility was excluded.

χSRF = 120o χSRF = 180o

χ

xx

yy

a a

b b

c c

(a)

(b)

(c)

(d) (e)

χ (o)

CC

0 40 80 120
0.02

0.06

0.10

Figure 2.2. Structure solution of anti-TRAP from B. licheniformis. (a) Ribbon diagram of the dodecamer

of anti-TRAP from B. subtilis. (b) Native Patterson synthesis, in which three strong non-equivalent non-

origin peaks are present. (c) 120o and 180o sections of the SRF, indicating the orientations of two-fold

and threefold NCS axes. The trimeric search model (centre) was oriented so that its threefold molecular

axis was aligned with the NCS threefold axis (red lines). TF searches were performed for a series of

orientations related to that shown by a rotation around the molecular threefold axis by the variable angle

χ. (d) The highest CC in the TF search is plotted as a function of χ. (e) The MR solution with four

dodecamers in the asymmetric unit, which are related by the translational NCS. This figure was prepared

using BOBSCRIPT,MOLREP, CCP4mg (Potterton et al., 2004) and R.
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MR	substructure	solu8on	(exo8c	case)	
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•  Select	isomorphous	derivaKve	
– by	comparing	naKve	SRF	and	SRF	from	D-iso	

• Hg-substructure	is	a	13-atom	ring	(from	naKve	SRF	analysis)	
– OrientaKon	of	the	ring	is	known	from	the	analysis	of	SRF	
– Unknown	parameters:	radius	of	the	ring,	rotaKon	about	13-fold	axis	

•  Two-parametric	exhausKve	search	

A series of search models was generated. Each model contained 13 Hg atoms located around

a circle with a step of 27.7o (Fig. 2.7b). An additional carbon atom was placed on the axis of

the circle but outside of its plane for the MR program to be not confused with an ill-conditioned

inertia matrix, which would occur for a flat model. The radius of the circle varied in the series of

the search models from 10 to 90 Å with a step of 1 Å. Every model was submitted to a rotation

Fobs Diso Diso
(native) (Hg-1 – native) (Hg-2 – native)

χ
=
18
0o

x

y

x

y

x

y

χ
=
27

.7
o

x

y

x

y

x

y

(a)

R

(b) R0 30 60 90

R
F

0

20

40

60
Hg-1
Hg-2

(c)

Figure 2.7. The Hg-substructure solution of the portal-protein derivative crystals. (a) The SRF computed

for the native data (left) and for the isomorphous differences between the native data and the derivative

data Hg-1 (middle) and Hg-2 (right). (b) The search model for exhaustive search composed of 13 mercury

atoms located on the circle of variable radius R. (c) The plots of the maximal value of the CRF against

R computed for the isomorphous differences between the native data and the derivative data Hg-1 (thick

line) and Hg-2 (thin line).
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A series of search models was generated. Each model contained 13 Hg atoms located around

a circle with a step of 27.7o (Fig. 2.7b). An additional carbon atom was placed on the axis of

the circle but outside of its plane for the MR program to be not confused with an ill-conditioned

inertia matrix, which would occur for a flat model. The radius of the circle varied in the series of

the search models from 10 to 90 Å with a step of 1 Å. Every model was submitted to a rotation
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Figure 2.7. The Hg-substructure solution of the portal-protein derivative crystals. (a) The SRF computed

for the native data (left) and for the isomorphous differences between the native data and the derivative

data Hg-1 (middle) and Hg-2 (right). (b) The search model for exhaustive search composed of 13 mercury

atoms located on the circle of variable radius R. (c) The plots of the maximal value of the CRF against

R computed for the isomorphous differences between the native data and the derivative data Hg-1 (thick

line) and Hg-2 (thin line).
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Which	direc8on	does	MR	go?	

Automation: 
 
✖  Collection of tricks 
 
✔ Improvement of "standard" methods 
✔ Better scoring system 
 
✔✔ Models 
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