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Maxwell’s egs. are recovered in the limit where S is infinitesimal
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15.3 Field Equations and Conservation Laws

Using Eq. (15.2.9) for the matrix g,g in Eq. (15.2.3), the full Lagrangian
density is

L =— 1 Fun F™ + Lu(y, Dyy), (13:3.1)

where in the absence of gauge fields #y(y,d,yp) would be the ‘matter’
Lagrangian density. We could, in principle, include a dependence of %y
on F,,, as well as higher covariant derivatives D,D,y, D; Fy,,, etc., but
we exclude these non-renormalizable terms here for the same reason as in
electrodynamics: as discussed in Section 12.3, such terms would be highly
suppressed at ordinary energies by negative powers of some very large
mass. For this reason the standard model of the weak, electromagnetic
and strong interactions has a Lagrangian of the general form (15.3.1).
The equations of motion of the gauge field are here
G
T
a(a,quw) aAa\'
0¥ m

— _F},"‘[‘C)’O([)'Aﬁﬂ —1 6D—v1p

o

and so
0“}70(!“' = _jdv >
where ¢#," 1s the current:
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The current #," is conserved in the ordinary sense

avjrxv =Os

15.3 Field Equations and Conservation Laws 13

as can be seen either from the Euler-Lagrange equations for y and
the invariance equivalent (15.2.2) or, more easily, directly from the field
equations (15.3.2).

The derivatives in Eqgs. (15.3.2) and (15.3.4) are ordinary derivatives,
not the gauge-covariant derivatives D,, so the gauge invariance of these
equations is somewhat obscure. It can be made manifest by rewriting
Eq. (15.3.2) in terms of the gauge-covariant derivative of the field strength

DiF,/" = 0;F* —i(tg)uyApiF)™
= 3 Fy" — CaypApiF)" . (15.3:5)
Then Eq. (15.3.2) reads
D,F " = —J,", (15.3.6)
where J,' is the current of the matter fields alone

0L M
dDyy

This is gauge-covariant, if ¥, is gauge-invariant. Also, by operating on
Eq. (15.3.6) with D,, using the commutation relation

[DVa Dy]Féw = _i(tA}')a/}FyquﬁpU = —CyaBFyvaﬁpa s

J) = —i te . (153.7}

we see that J," satisfies a gauge-covariant conservation law
D,J, =0, (15.3.8)

rather than the ordinary conservation law (15.3.4) obeyed by the full
current #,". Also, it is straightforward (using Eq. (15.1.5)) to derive the
identities:

D;tthwl+Dv Fa)w'{'D/lFa,uv =0, (1539)

which hold whether or not the gauge fields satisfy the field equations.
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Nucl. Phys. B 529, 689 (1998) |arXiv:hep-th/9710147].
Int. J. Mod. Phys. A 24, 1825 (2009) |arXiv:0901.1654 |hep-th]|




The integral equations for Yang-Mills




The integral equations for Yang-Mills

| - 4% nW1ldxH dz¥ —1\
AL Joq drdo|aF ) +BF) |4 de_ Pse [, d¢dTV IV




The integral equations for Yang-Mills

' 144 Wl dzt dz¥ 1
P, et Joo drdo|aF)) +BF) |- de Pyela dCdrVIV

27 % A o)
~5 dxr? dx¥ d
jz/ do {ieﬁJW v 4 | 62/ do’
0 0

WA do dr dC

X {((Oz — l)F,Xg —I—ﬁﬁ,fg) (o), (aFXE —I—ﬁﬁg) (O’)_

Xda:“’da:“ dxf (o')dx¥ (o) dxf(o')dx” (o))"
do' do dTt d( d( dT

/




The integral equations for Yang-Mills

' 144 Wl dzt dz¥ 1
P, et Joo drdo|aF)) +BF) |- de Pyela dCdrVIV

27 % A o)
~5 dxr? dx¥ d
jz/ do {ieﬁJW v 4 | 62/ do’
0 0

WA do dr dC

X {((Oz — l)F,Xg —I—ﬁﬁ,fg) (o), (aFXE —I—ﬁﬁg) (O’)_

Xda:“’da:“ dxf (o')dx¥ (o) dxf(o')dx” (o))"
do' do dTt d( d( dT

/

B, — aF,, + 5ﬁ/w




The integral equations for Yang-Mills

' 144 Wl dzt dz¥ 1
P, et Joo drdo|aF)) +BF) |- de Pyela dCdrVIV

27 % A o)
~5 dxr? dx¥ d
jz/ do {ieﬁ]w v 4 | 62/ do’
0 0

WA do dr dC

X {((Oz — l)F,Xg —|—6ﬁ,¥5) (o), (aFXE +5F1YE) (O’)_

Xda:“’da:“ dxf (o')dx¥ (o) dxf(o')dx” (o))"
do' do dTt d( d( dT

/

By, — aF,, + BF,., DMF,, = J, DFF,, =0




The integral equations for Yang-Mills

' 144 Wl dzt dz¥ 1
P, et Joo drdo|aF)) +BF) |- de Pyela dCdrVIV

27 % A o)
~5 dxr? dx¥ d
jz/ do {ieﬁ]w v 4 | 62/ do’
0 0

WA do dr dC

X {((Oz — l)F,Xg —|—6ﬁ,¥5) (o), (aFXE +5F1YE) (O’)_

Xda:“’da:“ dxf (o')dx¥ (o) dxf(o')dx” (o))"
do' do dTt d( d( dT

/

By, — aF,, + BF,., DMF,, = J, DFF,, =0




The integral equations for Yang-Mills

' 144 Wl dzt dz¥ 1
P, et Joo drdo|aF)) +BF) |- de Pyela dCdrVIV

27 % A o)
~5 dxr? dx¥ d
jz/ do {ieﬁ]w v 4 | 62/ do’
0 0

WA do dr dC

X {((Oz — l)F,Xg —|—6ﬁ,¥5) (o), (aFXE +5F1YE) (O’)_

Xda:“’da:“ dxf (o')dx¥ (o) dxf(o')dx” (o))"
do' do dTt d( d( dT

/

By, — aF,, + BF,., DMF,, = J, DFF,, =0

direct consequence of Stokes theorem
and Yang-Mills eqgs.




It implies the local Yang-Mills equations




It implies the local Yang-Mills equations

Infinitesimal cube




It implies the local Yang-Mills equations

Infinitesimal cube

— Osz/ —|— BFIL“/j| )(wR+5Z>\) 53}"“(5yv




It implies the local Yang-Mills equations

Infinitesimal cube

B ozFWJrﬁFW} ) oxtoy”

\($R+5Z>‘)

Wizntszry ~ 1 —ieAy (zR) o




It implies the local Yang-Mills equations

Infinitesimal cube

B ozFWJrﬁFW} ) oxtoy”

\(J:R+5z>‘)

Wizntszry ~ 1 —ieAy (zR) o




It implies the local Yang-Mills equations

Infinitesimal cube

B ozFWJrﬁFW} ) oxtoy”

\(J:R+5z>‘)

Wizntszry ~ 1 —ieAy (zR) o

N —1e |:OZF/,L1/ T 5ﬁu1/} 0zt 0y”

U o

Taylor expanding and adding other faces

P,e® Joq drdo|aF T +BF] 95 = 1+ e [DA [ozFW + 6FW} + cyclic perm. | dzHdy” 527

LR




It implies the local Yang-Mills equations

Infinitesimal cube

B ozFWJrﬁFW} ) oxtoy”

\(J:R+5z>‘)

Wizntszry ~ 1 —ieAy (zR) o

N —1e |:OZF/,L1/ T 5ﬁu1/} 0zt 0y”

U o

Taylor expanding and adding other faces

P,e® Joq drdo|aF T +BF] 95 = 1+ e [DA [ozFW + 6FW} + cyclic perm. | dzHdy” 527

LR

The volume integral gives

Pyela dCdTV IV ] ieﬁjﬂm&v“éy”ézA




Consequences

| - %% W 1ldet dz¥ —1-
P,eie Joo drdo|aF)) +BF)) |- de Pyela ddTVIV




Consequences

- |%% W1l dat da¥ —1
P, et Joq drdo|aF ) +BFY |42 de_ Pgefg d¢drV IV

If Q. is a closed volume (9€2. = 0)

Pgegs”gc dCdrv IV _ ¢




Consequences

. |%% Wldet dz¥ —1
P,ei* Joq drdo|aF ) +BFY |42 de_ Pgefg d¢CdrV IV

If Q. is a closed volume (9€2. = 0)

P3€§QC dCdrv IV _ ¢

Consider Maxwell theory on a space-time S x IR, with § being
a spatial closed submanifold. Then




Consequences

. |%% Wldet dz¥ —1
P,ei* Joq drdo|aF ) +BFY |42 de_ Pg@fQ d¢CdrV IV

If Q. is a closed volume (9€2. = 0)
Pyefo. ddTVIVTT g

Consider Maxwell theory on a space-time S x IR, with § being
a spatial closed submanifold. Then

: ~ L 1% A
pieB [sdCdrdo ., T A — 1




Consequences

. |%% Wldet dz¥ —1
P,ei* Joq drdo|aF ) +BFY |42 de_ Pgefg d¢CdrV IV

If Q. is a closed volume (9€2. = 0)
Pyefo. ddTVIVTT g

Consider Maxwell theory on a space-time S x IR, with § being
a spatial closed submanifold. Then

: ~ L 1% A
pieB [sdCdrdo gy, T i de — 1

= =




Loop space



Loop space

LQ = {v:5° = Q|north pole = zp € IO}




Loop space

LQ = {v:5° = Q|north pole = zp € IO}

Volume in space-time




Loop space

LQ = {v:5° = Q|north pole = zp € IO}

Volume in space-time Path in loop space




Path independency




Closed volume (path) Path independency




cY
nden
indepe

) Path in

me (path

Closed volu e{22




cY
nden
indepe

) Path in

me (path

Closed volu eQQ

(

—1
V
VIV V $,. dCdTV T
' 27
v 3€
¢, ACdTV T
(29
- Pse
— P.
¢, dCdTV T
Qe
Pse
1=




Closed volume (path) Path independency
{2

4

1 — P3€§QC d¢drvVIv =t _ P3€§92 dCdTVjV_lpgefgl d¢dTV IV !

(), and Q. ' are volumes (paths) with the same end points




Closed volume (path) Path independency
{2

(

1 — Pgefﬁc d¢drvVIv =t _ P3€§92 dCdTVjV_lpgefgl d¢drvV IV !

(), and Q. ' are volumes (paths) with the same end points

S0, Pseda dCdTV IV g path independent ‘2
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Conserved charges

Two paths in loop space

or volumes in space-time &, 1

Path independency — V(ISP x NV (QW) = vV( QW) V(S2 x I)

{V(*) = Pgef* dCdTVjv—1i|

The boundary conditions J, ~
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Ve (QY) =U(t) - V(QQ) - U(¢)

t
R

U(t) = W(a'Y, ag) - V(S2 x I)
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Conserved charges are eigenvalues of the operator

ie [g2,1) dT do (aF Y +BE,Y) e de” . S d€ dr vgv—!

):P26 :Pg

Conserved charges are:

1) Gauge invariant Vo Q%) = gr Vo (%) 97"

2) Independent of reference point

Vx(t) (Qgé)) —W! (TR, CUR)Vx(t) (Q&))W(&?R, TR)
R R




Conserved charges are eigenvalues of the operator

ie [g2,1) dT do (aF Y +BE,Y) e de” . S d€ dr vgv!

):P2€ :P3

Conserved charges are:

1) Gauge invariant Vo Q%) = gr Vo (%) 97"

2) Independent of reference point

Vx(t) (QC(Q) —W! (TR, CER)Vx(t) (Qgg))W(fR, TR)
R R

3) Independent of parameterization

—1
efﬂgé) dc dT VJV

P is path independent
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by a Higgs ¢ in the adjoint representation

| 1 ..
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Gauge theory with symmetry broken from G to H
by a Higgs ¢ in the adjoint representation
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€
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Example: BPS dyon

Gauge theory with symmetry broken from G to H
by a Higgs ¢ in the adjoint representation

BPS eqs — B, = —FOZ — sin 6 Dz¢ B, = —§€kaj — COS equb

,”,‘.’L

D¢ — G(7) D,G(#) =0

Vd
A7r?

A, = -0, WW™! G (7) = WG(zg)W !

€

) %% W1l daet da¥
ie [ga.(0) drdo[aF ) +BF | w4 Jl—ie(a cos 048 sin0)G(zr)]

Conserved charges are eigenvalues of G(zR)




The self-dual sector
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The self-dual sector

1 o
— §€MVPJF'O

Integral form is given by

) dzt ) —1 I dx? dxV
P, et $os do Ay ST P, e’ |5, dodT W [a Fo+k (1—a) FW,]W Lz do

with > being any two-dimensional surface on the space-time,
and « being an arbitrary parameter.
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Non-Abelian Stokes Theorem

dxt dxM dxV

—1
PLe $o5 10 Cuis W = Wy Py efs dodt W Hyw WG <

with H,uv — a,ucy — ayC,u -+ [C,u 9 Cu]

7
a W +C, ¢zt W =0 Wr = integration constant
do do
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Conserved Charges

The charges are the eigenvalues of the operator

e ) dodrt W_l[a Fo.+rk(1—a) ﬁuy]Wdf: df:

>:P26

dxH

—'I:e'fl,t dO'A do
:Ple SOO() Ko d




Conserved Charges

The charges are the eigenvalues of the operator

- —1 . ' dxH dz¥
) _ P, ezefpc()? dodt W [ozFW,—I—HJ (1—) FM,,]W e

—'I:e'fl,t dO'A %
:Ple SOO() Ko d

if the boundary conditions are satisfied

Foo =k Fy); ~ 37 T (7)
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Instantons

|74 |74

T
(xP — aP)2 + \?

— A
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Instantons

|74 |74

T
(xP — aP)2 + \?

— A

One gets

—1€ dO’A M . 27T .
Pl e fﬁsclx’)(t) Hido 6—22f0 db o, _ 6—24770,“,
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Are integrable theories gauge theories!

Look for theories in d + 1 dimensions where the equations of motion
take the integral form

Pd_lefaa - Pd efﬂ J

with €2 a d-dimensional hyper volume
Examples:

1) Integrable theories in 1 + 1 dimensions (soliton theories)
2) Chern-Simons theories in 2 + 1 dimensions
3) Yang-Mills in 2 + 1 and 3 + 1 dimensions

L. A. Ferreira and G. Luchini,

An integral formulation of Yang-Mills on loop space, [arXiv:1109.2120 |[hep-th]|
Gauge and Integrable Theories in Loop Spaces, |arXiv:1109.2606 [hep-th]],
Nuclear Physics B 858 [PM]| (2012) 336-365
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g(x) g " (wp) = Pre rao A tis




In (I+1)-dimensions the volume is one-dimensional

X

Let g(z) and A,, be the fields of the theory
and impose on any < the integral equation

dxM

g(x) g~ " (xr) = Pre” 174 ti

The fact that it must be true for any curve joining zp to x,
1t implies A, is flat

0,A, —0,A, +A,, A =0







