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Introduction:

What are we here interested in?

QCD without CP-violating term, quark masses are real
1 _
Laocp = "3 tr{Fu Fu} + Y 0D +myhiy
f

Experiment
—_———

mproton
Mz
Locp(go,my) <> | mk
mp

(mu =mq, ignore top)
my

bare parameters — masses, observables

theory parametrized in terms of observables
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(mu =mq, ignore top)
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What are we interested in?

Strong interactions at large energies

LHC (and other collider physics):

pp—H — ...
SM (or MSSM) predictions depend on

renormalized perturbation theory (PT) in o, (u)
1= 0(10GeV)...0(300GeV)

= ar(p)
What is ar (1) in a given renormalization scheme?
What is AQCD:
Mproton = # X AQCD
w/A>1 1 by
o ~ [ B [ S
r(k) bo In(ju/ 1) { B In(u/A)

In(In(/A)) + 0<1n(u/A>2>}

Natal 2013
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What are we interested in?
Weak interactions

Weak decays (search for BSM physics) of quarks:

effective theory

SM
2-quark op’s, 4-quark op’s <

BSM
necessitates the renormalization of composite fields

Rainer Sommer
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What will we do? _NIC)

vvyvyvVvyyy

v

Renormalization in PT (repetition)

RGE’s, RGI

NP renormalization (principle)

Large scale ratios, step scaling functions (SSF)
Finite volume schemes

Gradient flow (new development)

very incomplete covery of techniques
concentrate on concepts
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Repetition

Renormalization in PT

gauge-invariant, physical

Consider continuum PT, D = 4 — 2¢ dimensions as a regularisation
observable

Example
force between static quarks
G F(r) eoloe
bare, regularised
GO(Ea q, 90, mOi)

q q
g=1/r
G is singular as € — 0 at fixed q, go, mo;

Rainer Sommer
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Renormalization in PT

MS scheme
Renormalizability:

all observables G become finite after the
Renormalization:

dimensionful coupling in D dimensions
2 2 2),,—2€,2
grR=9" = Zy(e. 97 >0

mr; =m; = Zm(€,9*)mo;

GR(:LLa q,9, ml) = lim Go(E, q, Zg_l/Qg:uea Zn_q,lmz)
e—0 \ ) N —

9o ™Mo;
The limit exists with
Zy=1+ gzzx,16_1 + g4[zm726_2 + Zm’36_1] + ...

“minimal subtraction” (of ¢ poles; only those)

Rainer Sommer Natal 2013
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Renormalization in PT

MS scheme
Renormalizability:

all observables G become finite after the

Renormalization: dimensionful coupling in D dimensions

2 2 _ 2 —2€ 2

GR=9" =Zy(e.97 )"0 mass—independent
ization schem

mpi=mi = Zom(e, g%)mos renormalization scheme

Gr(p, q,9,mi) = im Go(e, q, Z, Pgp, Z,,'m;)
e—0 \ A S

9o ™Mo;
The limit exists with
Zy=1+ gzzx,16_1 + g4[zm726_2 + 21’36_1] + ...

“minimal subtraction” (of ¢ poles; only those)
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lat scheme

Renormalization in PT

on the lattice: Go(a, g, go, mo:)

g =9 Zy(In(ap), g*) g5
Milat,s = Mi = Zm(ln(au),QZ) Mq,i
G%{lt (H7 q7gl&t7m’i) =

(%)
lim Go(a,q,Zg_l/Qg, mo; )
a—0

go
The limit exists (continuum limit) with

—1
Zm ™mlat,i  when Ty, = 1

Zs =1+ g%ze1 n(ap) + g'[z2.2(0(ap))* + 2o 3 In(ap)] + ...

different Z,, |
“lattice minimal subtraction” (of logs In(au); only those) g = giat, m = Miat
Proven to all orders of PT for Wilson reg'n [r. reis: ].

mq,i

Expected also non-perturbatively and for other regularisations (universality).
(*) mq,: are bare subtracted masses,

ma.i + (rm(g0) — 1) 57 Ir Mg
Mq,i =
with sufficient chiral symmetry: r,,, = 1, m. =0

mo; — me(go), Mq = diag(mq,1,mq,2,
Rainer Sommer

)

Natal 2013

a
il



Renormalization in PT

Universality

The limit is universal (does not depend on the regularisation) after changing
the renormalization scheme: finite renormalization
glzat

Xo(9ms) Gs» Xg(9) =1+ xVg> + ...
Miat,i Xm(gms) mus,i,  Xm(g) =14+ ngll)g2 + ...
Gr(ps @, gms,mvs:) = GEU(1, a5 Xg(9Ms) Grs Xm (9ns) ms )
Glat

Miat,i

Rainer Sommer
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Renormalization in PT

pn-dependence

Renormalized masses and coupling depend on p:

(}’il}}) ,Ufauglat|g0’mw = /Blat (glat) = _913at (bO + blglzat +.. )
ig% N’a sitlgo,me =  Tat (glat) Mat,s
Tat (lat) = glat (do + dllatglat )

bo = (471r)2( - §Nf)’ do = 47r)2
b1 = e (102 — F V)




Renormalization in PT

pn-dependence

Renormalized masses and coupling depend on p:

iiﬂ% uaﬂglaqgo’mw = PBrat(Grar) = —Ging (bo + brging + - --)
ii_r}r%] Haumlat,i|go,mq,i = Tat(Glat) Mias,i
Tat (G1at) = —0ine (do + A g + - - )
bo = (471r)2 (11— 2N¢), do= 4ﬂ)2
b1 = e (102 — F V)
or in the MS-scheme
lim HOugMS gy e, = Pus(gus) = —giis (bo + bigyg + -+

ll—rf(l) 'ua”mMS’”go,mo,i = 7us(9us) MMS,i

s (gms) = —gus (do + Y giys + - --)
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Renormalization Group
RGE

A physical quantity Gg does not depend on p, since Gy does not depend on p:

d d
'ud/,&GO 0 ,udMGR(,u’aQag7ml)

(Nau + /3(9)89 + T(g) miami) Gr = 0
The general solution of the RGE can be expressed in terms of special
solutions:
1.

m;, g-independent function A(u, g): m;0m,A =0
(,“8# + ﬂ(g)ag) A=0
A=pp49), 4 dimensionless
(1+B(9)0g)pg =0

g
g = exp{—/ dmﬁ} x constant

Rainer Sommer
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RGE

Renormalization Group

A physical quantity Gg does not depend on , since G, does not depend on p

d d
H@GO =0 = ,UJ@GR(,MaQag7mi) =0
(Nau + B(Q)ag + T(g) miami) Gr 0
The general solution of the RGE can be expressed in terms of special
solutions:

1.

m;, g-independent function A(u, g): m;0m,A =0
(Hau + ﬂ(g)ag) A=0

A=pp49), 4 dimensionless
(1+58(9)0)py =0

g
g = exp{—/ dxﬁ} x constant

_ (6092)7171/(21)3) o—1/(2bog®) exp {_ /g dz [ 1
0

_1 1__ b
() + box3 bgz]}
Rainer Sommer Natal 2013




Renormalization Group
RGE

0
(10 + B(9)9y + 7(9) miOm,)Gr = 0

The general solution can be expressed in terms of special solutions:
2. m; dependent function, independent of 1 and m;, j # i, M;(m;, g):

(MiOm,; + B(9)0y) M; =0

M; =m; om(g), »m dimensionless
(7(9) + B(9)9g)pm =0

g
O = exp{—/ dm%} x constant

Rainer Sommer Natal 2013
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Renormalization Group
RGE

0
(10 + B(9)9y + 7(9) miOm,)Gr = 0

The general solution can be expressed in terms of special solutions:
2. m; dependent function, independent of 1 and m;, j # i, M;(m;, g):

(miOm, + B(9)9) M; =0

M; =m; om(g), »m dimensionless
(7(9) + B(9)9g)pm =0

g
Om = exp{—/ dm%} x constant

_ g
= (2bog?) do/(QbO)exp{—/O dz [;Ei; - b(f)_%}}

Natal 2013
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Renormalization Group
Invariants

Now take Gr independent of g;

example: Gr = Myadron
GR =

Gr(p, g(p), mi(p))
1 independent :

Gr(kA, g(kA) . M;/ ¢n(g(kA)))
——

—_————

g ' (1/k) om(pg ' (1/k))
- Gr = GRSY(A,M;) anyk,eg k=1
with mass dimension 1: [Gr] = 1, €.9. Mhadron

Mhadron = A.fh(M’L/A)
A, M;: fundamental parameters of QCD (N + 1 parameters)
Renormalization Group Invariants (RGI)

Rainer Sommer
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Renormalization Group Invariants

Renormalization Group Invariants (RGl)
> non—perturbatively defined

with the standard (undoubted) assumtions:
NP “corrections” to RG functions vanish as =", 7 > 0
e.g. renormalons, instantons

> our job is to determine them

Rainer Sommer Natal 2013



Renormalization Group

in the chiral limit M; =0

MMhadron = Af_.h(o) = fh(O) 1% e—l/(2b0g(u)2) X ...
8;lmhadron |g:0 =0
—  Mhpadron = 0 to all orders of PT

Mpadron, A, M; are non-perturbative quantities

Rainer Sommer Natal 2013 [ <Ey <2y



Renormalization Group

Exercises

Exercises

> Show that

’

M = M$

K2 K2

where s, s’ are different schemes.

> Show that )
A =kA°

Determine & in terms of y\" | b.

> What is needed to determine X_S,l)?



Renormalization Group

Application: short distance behavior

g = 1/r large: short (Euclidean) distances

Gr = Gr(uq,g(n),mi(pn))  dimensionless (e.g. rF(r))
= Plq/p,g(p),mi(n)/q)
= P(l,9(q),mi(a)/a), #q(9(a)) =A/q
mi(q) = Mi/om(9)

> yields the RG improved prediction for P
» becomes more and more accurate for ¢ — oo

Ag) = %{1—%111@”0@—2)}
— 0ast— oo t =21In(q/A)
milg) = M;(2)*" {14}

> unphysical u-dependence of the coupling turned into physical ¢ dependence

Rainer Sommer Natal 2013 <l
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Renormalization Group

Application: short distance behavior

q = 1/r large: short (Euclidean) distances
we also see that

Gr = P(1,9(q),mi(g)/q) A P(1,4(q),0)

mass effects disappear at short distances

Rainer Sommer Natal 2013 [ <Ey <2y 0



Renormalization of composite fields

For weak interactions, chiral symmetry breaking order parameter, . ..
Local composite fields (“operators”)

S5@) = Po@)ale), P() = B (@)psis(x) 14 s flavor indices
N¢
S(x) = S”(x)EZS"(x), P(z) =P (x)
r=1
A (@) = (@) yur50s(2)
OiL(z) = ¥

V(@) 7 (L = 75)0s (2)0, (2) 7 (1 — 75) s (2)
In contrast to non-local composite fields
> Wilson loop

> smeared fields
S5 ()

t a proper smearing parameter
— see the final lecture

Rainer Sommer

Natal 2013
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mixing with operators of same dimension

Renormalization of composite fields

<¢R1 (m1)¢R2($2)¢R3($3)¢R4 (x4) >path integral average
is finite for x; # x; for i # j with

dimensional regularisation, MS

o S Zije, o, [0 = [0 =D
J
eg. [S]=[P™]=3
lattice MS
SO ZZ” (In(ap), g°) @5, [@L0)
D
o), =

D
sub ]] - [¢£ )] =
<1><D> +Y a Zdjk go)@y" ™
n>1

Subtraction coefficients d;, can be chosen purely as functions of g, not In(apu) [m Tesa
hep-th/9803147, Sect. 2 |

Rainer Sommer

Exercise: Go through the argument in hep-th/9803147. Does it hold beyond PT?
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(D)

D
Ri ZZU (In(ap), (bgfb)]7 [‘béub)j] i
(I)guDg] = D) —+ Za Zdjk g() (I)(D )
n>1
An example
Sr(z) = Zg"(In(ap),g%) [¥(x)¢(z) +a >di(go)]
> 113 H H

mixing with the unit-operator

in theories without exact chiral symmetry
in the chiral limit

otherwise: -2 terms

Rainer Sommer
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Renormalization of composite fields

RGl fields and short distance behavior
Just work with a simple example:

Go(a,cc,gg) = (PTS(:E)PST(O»

0 T
cont _ . lat
GR (M,-’L’,g) - il{)[})GR (:U'>$7gaa:u) psT prs
GR'(m,z,g,ap) = (PR (2)PR(0))
= Zl%(a:u)go)G(aam7go)
RGE:

d d o

— =0=u—2127

uduGo(a,w,go) 0 nau e Gr

d . _
— Z;%,ua[ZPZGR]ZO

(w0u + B(9)0g + 7(9) MiOm, —27)Gr =0
v =Zp" pduZe(na, go)

Rainer Sommer Natal 2013 <l
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Renormalization of composite fields
3{€]

Now turn to a renormalization group invariant form:

Prér = wp (1, 9) Py
with
then

(4O + BOg)pp = — pp

GRral

= (Prai(2)Prei(0)) = ¢F Gr

7 dgp2la)
cpp=exp{—/ dx 2122

ﬁ(z)} x constant ...

dimension term).

Then we get the RGE for a renormalization group invariant (without an anomalous

(1O + B(g)9g + 7(g9) MiOm;) Grar

= 0
> We have the prediction for the short distance behavior as before.

Rainer Sommer

»  Grai(z, A, M;): scheme-independent functions, uniquely given by QCD.
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Renormalization of composite fields
3{€]

Now turn to a renormalization group invariant form

Prér = op(u, 9)PR°

with (1O + BOg)pp = —7 pp

then

GRral

(PR&i(2) Prai(0) = ¢b Gr

ep = exp{ / dz g§gg} x constant ...
~Y0/(2bg)
= (2bog ) exp{—/o dx [’YEI; — b’g—ow]}

Then we get the RGE for a renormalization group invariant (without an anomalous
dimension term).

(1O + B(9)9g + 7(9) MiOm,;) Grar = 0
> We have the prediction for the short distance behavior as before

> Grai(z, A, M;): scheme-independent functions, uniquely given by QCD.
> ltis the job of lattice QCD to determine them

Rainer Sommer

Natal 2013
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Renormalization of composite fields NS

The general principle (lot’s of evidence)

> Mixing with all local operators of same and lower dimensions, allowed by
the symmetries

in renormalizable theories (normal propagators, no couplings with
negative mass dimension)

Rainer Sommer Natal 2013
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Renormalization in theories with boundaries
The general principle (lot’s of evidence)

> Mixing with all local operators of same and lower dimensions, allowed by the
symmetries

D DD D) DT S ORED D B B I C)

space—timen=1 1 boundary n=1 i
[gin] =4—n, [cin)] =3 —n bare couplings and masses
> adjust (= tune = renormalize) all coefficienst g;,, cin such that the continuum limit
exists
> no couplings with negative mass dimensions!

> Including theories with boundaries (Schrédinger functional , Gradient Flow)
all-order proof for GF but not for SF.

> O(a) effects: go higher in powers of ¢ and include [gin] =5 —n, [cin]=4—n
Symanzik effective theory — Steve Sharpe

5 4
$ = a3 Y Y@ +d Y Y Y ee@
space—time n=1 1 boundary n—1 3

gis ~ a Cig ~ Q

Rainer Sommer Natal 2013 <
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Quark mass renormalization on the lattice

more detalils ...

Wilson fermions

We had:
Miari = Zm(In(ap), g%) g,
Mqi = M+ (rmlgo) — 1) 57 tr My
mq,i = Mo — mc(go) ) Mq = diag(mq,la mq,27 . )
Why is that?

Write the mass-term as

»Cmass = Z EimOi '(/}z

g 9T 4+ Py JtrM
a€3,8
o Se , nonsinglet Sy singlet

Therefore there is (in general) Z,,, = (ZY8)~" and (r,, — 1)Z,, = (Z5"™%) !

Rainer Sommer Natal 2013 <l
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Quark mass renormalization on the lattice

In general, for Ny > 2, any regularisation

There is a non—anomalous chiral Ward identity: PCAC—relation

([0uA) () — (my +ms) P ()] [fields notatz] ) =0

> Can be obtained formally, performing a chiral rotation — Gregorio Herdoiza
» Can be obtained with lattice exact chiral symmetry (overlap)

> Is therefore (universality) a property of QCD in the continuum limit
after renormalization

see also Gregorio Herdoiza’s tutorial

Rainer Sommer Natal 2013
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Quark mass renormalization on the lattice

In general, for Ny > 2, any regularisation

Renormalized relation

([Za0, AT (x) — (my +ma)rZe P (2)] [fields notat ] ) = 0
é
Zp

(my 4+ ms)r = S~ (M +ms)

defines (m, + ms)r — with Nt > 2 enough combinations to define/determine
me, r=1...N¢ with Ny = 2 use also PCVC
> Za, Zp standard problem which we will discuss

RGI masses from p-dependent masses as discussed. Unambiguous.

> NB: Z4 is actually more simple

v

Rainer Sommer Natal 2013
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Quark mass renormalization on the lattice

In general, for Ny > 2, any regularisation

Renormalized relation

v

vvyyvYyy

([Za0, AL (x) — (Mo + ms)r Ze P™ (x)] [fields notat z] ) = 0

—A(mT + my)

(mr + ms)R = Zp

defines (m, + ms)r — with Nt > 2 enough combinations to define/determine
me, r=1...N¢ with Ny = 2 use also PCVC
Za, Zp standard problem which we will discuss

RGI masses from p-dependent masses as discussed. Unambiguous.

NB: Z4 is actually more simple

This defines M,, = 0 independent of the regularization and conventions.
The only convention was to use Za, Zp with a regular perturbation theory:
Pg* = P™* +0(g”).

Rainer Sommer Natal 2013 <l
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Quark mass renormalization on the lattice

In general, for Ny > 2, any regularisation

Renormalized relation

v

vvyyvYyy

([Za0, AL (x) — (Mo + ms)r Ze P™ (x)] [fields notat z] ) = 0

—A(mT + my)

(mr + ms)R = Zp

defines (m, + ms)r — with Nt > 2 enough combinations to define/determine
my, r=1...N¢ with Ny = 2 use also PCVC
Za, Zp standard problem which we will discuss

RGI masses from p-dependent masses as discussed. Unambiguous.

NB: Z4 is actually more simple

This defines M,, = 0 independent of the regularization and conventions.
The only convention was to use Za, Zp with a regular perturbation theory:
P =P +0(g").

This does not say that anything special happens at M,, = 0. There is no
symmetry enhancement as explained by Mike Creutz.

Rainer Sommer Natal 2013 <
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Nonperturbative Renormalization

First consider just the renormalization of the coupling, set
Properties of a renormalised coupling
a finite: g = f(go, na), such that lim,_o Go(qa, go)|, exists

b gauge invariant (physical)
most natural

Go = Go(qa, 90)

— GR = GR(q/mprotOIn qa) »  Mproton = f(gO)
G%‘mt = GR(fﬂmprotony O)
“hadronic scheme”

> but we want a coupling, i.e. the relation to the A - parameter, the relation
to perturbative QCD

Rainer Sommer
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Nonperturbative Renormalization

First consider just the renormalization of the coupling, set

Properties of a renormalised coupling

a finite: g = f(go, na), such that lim,_o Go(qa, go)|, exists
c

b gauge invariant (physical)

2 Jlaz—0
gnp ~

EatX?PJat (glat)

Xg(9) =1+ xg0g" + ...
/]\
convention, good idea
d It depends on a single scale

— RGE!
For » — oo it is purely short distance

Rainer Sommer

Natal 2013
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Nonperturbative Renormalization

Generic definition of a renormalized coupling

Take Go(ua, go) dimensionless (in the massless theory)
satisfying a,b,d.

Gy has a regular PT

Golqa,g0) = G§(ga) + G (qa)gs + G5 (qa)gs + ...
lat scheme: g0 = g + 2bo In(ap)gins + - - -
- Go=Gr = GW(qa)+ G (qa)ghs + GY (q/1,qa)gine + .-
i=0,1: GV (ga) = G (ga) = ¥ + 0(a®¢®) (%)

GP(q/p, qa) = G§?(qa) + 2bo In(ap) G5 (qa)
= H(qa) + 2bo n(u/q)GS"” (qa)  (¥)
H(qa) = C® +0(a*¢®)  (*)

(*): the continuum limit exists

Rainer Sommer Natal 2013
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Nonperturbative Renormalization

Generic definition of a renormalized coupling

Set u = q:
G 2y _ 0 aWw 2 a¥ 4
o(ua, gg) R (pa) + Gy’ (1a)gia (1) + Gr” (1, 1a) g (1) + - - -
= G (pa) + G§) (pa)ghy () + G (1, pa) gy () + ...
—_———
C®4+0(a2¢?)
then

Go(pa,g3) — G (na)
G (ua)

satisfies a,b,c,d

Rainer Sommer Natal 2013 [ <Ey <2y B 5



Nonperturbative Renormalization

Generic definition of a renormalized coupling

Set u = q:
G 2\ G(O) )+G(1)( 2 ( +G(2)(1 ) 4 (1) +
o(pa, g5) R (na R (@) g (1) + GR7 (1, pa)grae () + - -
= G (ua) + G (na)gh (i) + G (1, pa) gl () + ..
—_———
C®+0(a2q?)
then
_ Go(pa, g2 — G na
gé(u) = 0( O) 0 ( )

Gy (ua)
satisfies a,b,c,d

“physical” coupling
note

ga(p) = 1xgh+O(gi)
T

no o2 effects here

Rainer Sommer Natal 2013
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Nonperturbative Renormalization

Example 1

QQ potential, force:

L J
Go(ua,g3) = 1 Funpe(r), p=1/r @ g
) wm_Cr N? -1
Goo =0, Go'=70  COr=—gy

def. of Finp, later

47
— gqq(ﬂ) = C_FTQ-Fimpr(r)

[there is a little caveat with this ... not 100% short distance ... but ok]

Rainer Sommer Natal 2013 [ <Ey <2y B



Nonperturbative Renormalization
Example 2

Two-point function of multiplicatively
renormalisable field

Golua,g2) =

0

(P () P*"(0)) 2=(0,0,0,1/p)
(Prs(z)P*(0))0=(0,0,0,2/1)
» Factors Zp cancel

T
psr

P'I‘s
> Theoretically fine, but not really recommended in practise

(Prs (w)Psr(O» zsz—fi
steep function, large (a/z)" effects

Cichy, Jansen, Korcyl, 2012]

Rainer Sommer
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Nonperturbative Renormalization

Renormalization of composite fields

v

case by case
> eg. (in principle) i pre

Z%(a,u,go) <Pm(f)PST(O)M:(o,o,o,l/u) = <Prs(x)PST(O»x:(o,o,o,l/u),go=o

this defines Zp (a, go)

> many correlation functions of P™* can be used, as long as they are
sufficiently short distance dominated

> but be careful with integrals, e.g.
[ dtatpre@pon

does not exist, since (P"*(z)P*"(0)) “=° 26

Rainer Sommer Natal 2013 <l
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Nonperturbative Renormalization

RI-MOM: the principle idea [

drop gauge invariance requirement (b): fix a gauge (e.g. Landau gauge)
numerical evidence that this can be done non-perturbatively

then
S(p) = a*> exp(—ipz) (¥r(z1)Pr(z2))

Gr(pi,pa) = a® > exp(—ipim1 +ipawa) ( Pr(z1) P (0) hs(@2) )

T1,T2
Ap(p1,p2) = S~ '(p1) Gr(p1,p2) S~ (p2)
Cp(pi,p2) = 1510 [ Ar(p,p)] 5 Tv(pi,p2) = ...

Define I'v (p) similarly from the conserved vector current, then

ZpTp(p1,p2)/Tv (p1,p2) = [Tp(p1,p2)/Tv(p1,p2)]g0=0

defines Zp (u) [or use a similar condition for the quark propagator to define the quark field renormalization
constant and divide it out in A p]

symmetric point p® = p? = p3 = (p1 — p2)? = u*

— short distance dominated “RI-sMOM”

[c. sturm, Y. Acki, N. H. Christ, . Izubuchi, C. . C. Sachrajda & A. Soni, ARXIV:0901.2599 ]
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Scale Problem

(aqq @s an example)

_Nic)

We need to reach large i where perturbation theory is reliable to be able to
use the perturbative relation (perturbative g-function) in

A
— = Pglglu
p a(9(n))

L > ! > ! ! >a

" 0.2GeV I 10GeV
box size QCD scale, m, spacing

U
L/a > 50
Let us see this in more detall

Rainer Sommer

Natal 2013
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Potential

Potential V' (r) from single exponential fits with ¢ > tmin, SU(3) pure gauge theory.
B=6/g2 =6.4, L/a =T/a = 32, A from variational method.

r/a=12,13 from [M. Guagnelii, R.Sommer, H. Wittig, 1998 |
—
3
3
L I T S
0.72 - .
-
S
=
=
©
0.71 .
3
[
LT
0'7...I...I...I...I.
0 2 4 6 8
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Potential

Potential V' (r) from single exponential fits with ¢ > ¢.,in, SU(3) pure gauge theory.
B=6/g2 =6.4, L/a =T/a = 32, A from variational method.

r/a=12,13 from [M. Guagnelii, R.Sommer, H. Wittig, 1998 |
— ——
3 ) 3
oy ] [ i
LA S S E R
0.72 - 1 0.72 - 1
C) )
= =
© «
0.71 1 0.71 1
3 3
o 1 I 3
3 3 3 i ] | 1t i k3
0.7 U T R N SN T N N SR ST NN SO S S N 0'7...I...I...I...I...
0 2 4 6 8 0 0.2 04 0.8 0.8 1
tmin/@ exp(—At_ )
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Force at 8 =6/g; = 6.4

Define
Fimpe(rt) = L[V(r)=V(r—a)]  ralong an axis
with
—ﬁiz = [D(1,0,0) = D(r —a,0,0)] = [V(r) = V(r — a)]1v/g5
1
0.15
0.1 _
0.05 _
0
o 5 10 15

Rainer Sommer Natal 2013 [ <Ey <2y 0



Renormalize in a hadronic scheme

> replace go — physical quantity
> pure gauge theory: length scale from potential instead of a hadron mass



Renormalize in a hadronic scheme

> replace go — physical quantity
> pure gauge theory: length scale from potential instead of a hadron mass

T 18 1P RS 38 48
3-IIIIIIIIIIIIIIIIIII-
2__ Cornell |

(SO N - ]
T : ]

L ! ]

r l ]
1

L | ]

L ) J
ol vty
0 0.2 0.4 0.6 0.8

> r[fm]

raF(ro) = 1.65

Rainer Sommer Natal 2013 <l
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Reference scale _NIE)

\ \ \ \
- 657 —
0.4 T TR s #

L = -

~ B
0

n -
2
Yy

o _

+ -

A B
~

(=] -
p

0.3 —

[ i::::::l:::::::::::::::::::::::;::: CIIIIIIIIIIIIIIIIIIIIiIII ﬁ:E} ’7 _

L Ll Ll L
0 0.2 0.4 0.6 0.8
exp(— t ;. A)
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Continuum extrapolation [

T A mm 22 PTTTTTT T T
27 [ r
2.65 [ 21 1
26 [ 2
255 [ r
25 19 -~

23 [ —~ 16 [

o r - B

=225 - % 15 _

b r - L 4

5 22 §o 14 -

g r a R
2'15:WHMHMHMMH: 0 001 002
15 7 074 [T T
15 B 073 .
145 [~ B 072 =
1g Dl (S T S B R |

0 0.01 0.02 0.03 0.04 0 002 004 006 0.08
(a/rg)? (a/r.)?
o: r1 = Fimpr naive: e:r,=r—a/2

> Effect of observable improvement is substantial! (Cutoff effects are substantial)
> Do not rely too much on this improvement!
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0.6

0.4

(1)

0.2

continuum limit .
B=6.92 »
B=6.4 ;

RGE 3 loops |
RGE 2 loops

r/r,

Rainer Sommer

Natal 2013

» RGE solutions with known A



L e continuum limit .
- (f=6.92 »
B=6.4 ;

0.4 —

» RGE solutions with known A
> Qualitative contact to PT is made

(1)

0.2 —

_ RGE 3 loops |
__ RGE 2 loops

r/r,

Rainer Sommer Natal 2013 [ <Ey <2y B



continuum limit

» RGE solutions with known A
> Qualitative contact to PT is made

(1)

> But is this safe to determine the

Natal 2013 <

A-parameter?
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Lattice determination of o

ag(r) = r*F(r)/Cr

o

[m)

- = = 3-loop Ny

+

=53, r=013638
B=55,k=0.13671
=2
4-loop Ny =2

Ny =0, continuum

- = = 3loop N; =0 -

4loop Ny =0

Rainer Sommer

graph from [Leder & knechtii, 2011]

N¢ = 0, continuum limit

[Necco &S., 2001 ]
N; = 2, small lattice spacing

[Leder & Knechtli, 2011 ]

Natal 2013 [ <Ey <2y =




Lambda parameter from a

—by/(263) _ 2 9
Ap = galg) = = (b0g2) 1/( o)e 1/(2bog )exp{—/ dz [%
0

approximations:

eff

Tl Tl El>
[e]
&

Rainer Sommer

2\ —b1/(268) _1/(2bgg?) g 1
(bog?) e 097) exp { — ) dx[m-i-

— + O(aqq)

==



Lambda parameter from a

eff To eff n—1
To Aln—loop = ? [TA]n_loop :T0A+O(aqq ) [T: 1/“‘]
N' =0 Nr =2,07
1 1
©  2-loop ©  2-loop
0951 © 3-loop 4 0.95{{ © 3-loop
¢ 4-loop ¢ 4-loop ®
0.9 ALPHA q 0.9 ALPHA @
°
0.85 {) {) b 3 0.85
_ 08 % — _ 08
4075 % 1 2075 °
<c <o o
"o — T oo ¢
PN S T .
0651 L B 1 0.65 s
k3
06 ¢ 0.6 N
0.55F q 0.55
0.5 0.5
0 005 01 015 02 025 03 035 04 0 0.1 0.2 03 0.4 0.5 0.6 0.7
%q %q
A realistic estimate of the uncertainty is impossible.
There are other opinions on this [Brambilia eta al.; Jansen, Karbstein, Nagy, Wagner, 2011 ]
Rainer Sommer Natal 2013 «E>» « = =



Scale Problem

(aqq @s an example)

1 1 1
A > 0:2GeV > L Y 10Gey
box size QCD scale, m spacing
I
L/a > 50

Rainer Sommer Natal 2013 [ <Ey <2y B 0



Scale Problem

(aqq @s an example)

1
>

1 1
A 02Gev " 10Gev
box size QCD scale, m, spacing
4
L/a > 50
Solution: — left with [iteon, ..
L/a>1

Luscher, Weisz, Wolff ]

Finite size effect as a physical observable; finite size scaling!

Rainer Sommer

Natal 2013

il
v
a
i
v



	Todo and all
	Lect 1
	Renormalization, a repetition

	Lect 2
	Potential

