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svaegy FECE

finite volume coupling asr (1), u = 1/L
defined at zero quark mass

Linax = const./mprot = O(3fm):  — asr (4 = 1/Lmax)
1

OlSF(,u - 2/Lmax)
1
°
always a/L < 1 .
°
{

ase(p = 2"/Lmax = 1/Lmin)
PT: |
ASFLmax = #

Result is a value for
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The step scaling function

We leave the discussion of a finite volume coupling for later.
Discuss first the

I
H

Step scaling function
>

It is a discrete 3 function:

o(s,5%(L)) = g°(sL)

mostly s = 2
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The step scaling function

We leave the discussion of a finite volume coupling for later.
Discuss first the

Step scaling function
> ltis a discrete 5 function:

o(s,g2(L)) = g?(sL)  mostly s =2
» determines the

non-perturbative running: oY
g E
Uuo = gz(Lmax) Eoe E
1 3 N
0'(2,uk+1) = Uk = =
[ |
1

Uk g2(2ikLmax)
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The step scaling function

a(s,u) = g2(sL) with u = g2(L)

On the lattice:

Z(2,u,1/4)
additional dependence on the resolution
a/L
go fixed, L/a fixed: g%=u
_2 L) = . _2 L) = / .
g (L) =u 9/ (sL) =u a2 2
3(s,u,a/L) u
2(2,u,1/6)
continuum limit: —o_
g“=u
3(s,u,a/L) = o(s,u) + O(a/L)
)2 )2
in the following always s = 2 (go) (go)

everywhere: m = 0 (PCAC mass defined in (L /a)* lattice)
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The step scaling function

(Table from N¢ = 2, 73‘:';‘55,'.@)

[ L/a B K | ° dg? | m dm
[u=11814
4 8.2373 0.1327957 | 1.1814 0.0005 | 0.00100  0.00011
5 8.3900 0.1325800 | 1.1807 0.0012 | -0.00018 0.00009
6 8.5000 0.1325094 | 1.1814 0.0015 | -0.00036 0.00003
8 8.7223 0.1322907 | 1.1818 0.0029 | -0.00115 0.00004
8 8.2373 0.1327957 | 1.3154 0.0055 | 0.00020  0.00005
10 8.3900 0.1325800 | 1.3287 0.0059 | 0.00097 0.00007
12 8.5000 0.1325094 | 1.3253 0.0067 | -0.00102 0.00002
16 8.7223 0.1322907 | 1.3347 0.0061 | -0.00194 0.00002
[L/a [S(1814,a/L) 0% |
4 1.3154 0.0055
5 1.3296 0.0061
6 1.3253 0.0070
8 1.3342 0.0071

> tune &, go to have desired m =~ 0, fixed g2 (L)

propagate errors from g2 (L), shift means if necessary
— 3,08
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Continuum limit (/V; = 4)

3.5 ¢ $—
o
3t
— o ©
Py
S
3
= ®
noo2r
®
=
1.5¢
1t & & ]
0 0.02 0.04 0.06 0.08
(a/L)?
[Alalgw'-a‘xé(s., Tekin & Wolff, 2010); update: M. Marinkovic, 2013 ]
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Constant fit:
@ (u,a/L) = o(u)
for L/a =6,8
Global fit:
P (u,a/L) = o(u)+pu’ (a/L)?

for L/a =6,8
— p = 0.007(85)

L/a = 8 data:

o(u) = 2P (u,1/8)
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compare it to perturbation theory and other flavour numbers

15 T T T T T

1450 |—— N, =2 (ALPHA '04) 1
—— Ny = 4 (this work)

— —=2-loop f-funct. for Ny =4
1351 | 3.loop A-funct. for Ny =4 b

[A';u'mﬁ 2010; update: M. Marinkovic, 2013 ]

Excellent agreement with PT over a large range of couplings in this particular

scheme.
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Recursive reconstruction of gsp(L)

Uq §2 (Lmax/2i)

u; = U(ui+1)7 1= 07 s,y UY = Umax = g2 (Lmax) 3

solve for u;y1,i=0...n =10
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The strategy

Axrs

T 1-lp (exact)
Asr

Asps 1 L A5
_MS X —E % LkASF X MS
Mproton mprotoanax Ly, Asr
8
AMprot Lmax/a
5 non-perturbative SSF’s 5 3-Ip
g (Lmax) massless theory g (L)
m
M= 0 mp Mz
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Non-perturbative running of agp

ap) [T T T
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Non-perturbative running of agp

a(“) T IIIIIIII T IIIIIIII T IIIIIIII
o i
1.2 - —
L SF scheme, N =0 |
0.8 - —
- : L -
L "_. o 2/3-loop B ]
() e - 1
0.4 |- SF scheme, N;=2 - 0.4 | ° -
3 -3-loop - g

I | 250MeV

0 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII 0 A IIIIIIII 1 IIIIIIII 1 IIIIIII

100 10! 102, /p 10° 100 1ot 102 /A 103
[PASEHA 2005] [PALEHA 2001]
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B(9)/g’

—-0.04

-0.06 ¢

-0.08
o Nf=3 NPT
A Nf=2 NPT
-0.1 s
—— Nf=3 PT 3 loops
—— Nf=2 PT 3 loops
-0.12 : : ' '
0 0.1 0.2 0.3 0.4
oc=g2/47t
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Nt = 3 [racscs 2009 ]

Ne=2]

ALPHA

Callaboration
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Non-perturbative running of agp
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The complete strategy _NC)

(5) (5)
E _ # > Lmax x LkAQ « MS
FK FK Lmax Lk Ms A@
MS
'K — uv,
(= ) (5) 4-p A
O (mp) e
4-Ip
4 4-p 4
F Lin X/a O‘%(mb) -~ AI(\/T)S
/ ) . 1-lp (exact)
o) non—pe@zﬁ%we SSF's ‘2(L ) 3-p 1(4)
g1 {(Fmax masslessiNy.= 4 theory B g Lk SF
n
p=20 mp Mz 00
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> for Ny = 4 missing completely
> for Ny = 3, CP-PACS m, Liax (With 1-loop c;)
> for Ny =2
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> for Ny = 4 missing completely
> for Ny = 3, CP-PACS m, Liax (With 1-loop c;)
> for Ny =2

issues:

— autocorrelations

— chiral extrapolation in u/d
— continuum extrapolation
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v

for Ny = 4 missing completely
for Ny = 3, CP-PACS m, Liax (With 1-loop ¢;)
for Np =2

issues:

— autocorrelations

— chiral extrapolation in u/d
— continuum extrapolation

FxLnax = f(ﬁ) : lmax(ﬁ) + O(GQFIQ()

f(ﬁ) = FKa7 lmax(ﬂ) = Lmax/a

Interpolate I,,.x(8) to CLS (used in large volume) 5’s
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Chiral extrapolation of Fi
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Continuum extrapolation of Fy L.y
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N dependence of Ay and comparison to

phenomenology

status 2011
Np: 0 2 3 4 5

Experiment Theory

My, K — 12,13 SF ﬁamﬁ] 238(19)  310(20)

My, M, SF [Pacs-cs] 362(23)(25) 239(10)
(6)(-22)

DIS, HERA PT, PDF-fits [ABM11 ] 234(14) 160(11)

DIS, HERA PT, PDF-fits [MSTW09 ] 285(23) 198(16)

“world av. "[2011] PT 212(12)

ete™ — had (LEP) 4-loop PT 275(57)

> Non-trivial, non-perturbative N¢-dependence.

> Small errors are cited, but overall consistency is not that great.
> More precision and rigor (PT only at high energy) will be very useful.
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Finite volume schemes

Zero modes

Boundary conditions matter in finite volume. Which ones?

A most relevant criterion is zero modes
> Zero modes of gauge fields
— perturbative expansion (+ MC)

» Zero modes of Dirac operator
— HMC stability

Rainer Sommer Natal 2013



Finite volume schemes

Gauge field zero modes

Path integral w.o. fermions

W) = 5 [ple S Pow)
Sw) = YL wa-ve). 8=
PT, sketchy
B — o0 U~ Unin =V dominates (classical solution)
Ula,p) = Vi, we™ @7 gh(z) <1, /D[U] - /D[tﬂ
5’(U) = S'(V) + Z Gm Kmngn + O(qg) y  Gn = Qﬁ(w’) y = (%7#: b)
o) = OoWV)+...

Gauss intergrals — Wick contractions ... IFF K has no zero modes (Kv = Av, A > 0)
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Finite volume schemes

Gauge field zero modes

Generically there are zero modes

> gauge modes — gauge fixing

> finite volume modes (gauge invariant)

“GI’OUﬂd State metamorhos's”[(}onzales Arroyo, Jurkiewicz, Korthals-AIIes] W|th perIOdIC BC’S
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Finite volume schemes

Ground state metamorhosis

Toy example: SU(2), L*, L = a lattice, PBC, d = 2, single point

>

| 4
>
>

S =2— tr (U UJUY)
trU; is gauge invariant, U; can’'t be gauged away
minima: Uy = Uz =V ...pick Uy = Uz = 1.

. - b b
fluctuations U; = e'7 %
S = 2- tre Bl i Bemiotal O(¢") — K=0

g =0(8"*) = O(g"*)

PT in powers of go, not g2 NOT regular

In general: mixture of gaussian and non-gaussian modes
integrate over non-gaussian ones exactly ...

complicated, non-universal 8-function

it can be worse, divergent behavior, 1/ log(g) terms, see [Nogradi et al., 2012 ]

think of these U; as Polyakov loops — relevant for 4-d gauge theory.
“Ground state metamorhOSiS”[Gonzales Arroyo, Jurkiewicz, Korthals—AItes]
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Finite volume schemes

Zero modes of the Dirac operator

Viz,p) =1,

PBC: (x4 Lj) = ¥(x)
massless Dirac operator has a zero mode (constant mode, p = 0)
easily fixed by

P+ Ljt) = " *(z)
e.g. a =7/2in SU(2), « = w/3 in SU(3)
Exercise: why these values of a?

Rainer Sommer
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Finite volume schemes

Schradinger functional

Boundary conditions
> Space: PBC

» Time: Dirichlet, breaks translation invariance!

space

Yang M'”S theory [Lﬂscher, Narayanan, Weisz & Wolff ]

ZWV) = / DU iige ¢~ 55 )

time

V(X, k) z0=0
Ssr(U) = Y Bwr(1-U(p), Ulzk)= {
p inside VI(X, k) zo=T
Standard introduction of Hilbert space, transfer matrix:

ZWV, V') = <V’|e‘ﬁT@|V>, U(x, k)|U) = U(x,k)|U)

TT/a 1

projector onto gauge invariant states

Z(V, V") = Euclidean time propagation kernel by time 7' = Schrédinger functional
Rainer Sommer Natal 2013 «E>» «E>»



Finite volume schemes

Schrédinger functional : quarks

Wilson Dirac operator (also others are possible)

Dw = 3{w(Vu+Vi)—aV,V,}
V(@) = = [U(e, w0 (@ + af) - p(2)]

* 1
vu"p(m) =

—[¥(@) = Uz — ajp, 0) '@ — ap)]
Schrddinger functional action

Sp =

a' 3" P(@)[mo + Dwli (),
with

PY(x) =0, Pp(z) =0 forzg <0, andzg > T
In the continuum theory this corresponds to BC’s [sint, 1994 ]

Piyp@)l,geo =0  $(@)P-|

=0
z0=0

Py =1(1+£7)
Py@luyr =0 P@P| _ =0

Rainer Sommer

These BC'’s are stable: emerge in the cont. limit without fine-tuning. Universality! [Lischer, 2006 |
The Universality class is characterised by Parity invariance, discrete rot. invariance (not chiral symm)

Natal 2013
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Finite volume schemes

Schrédinger functional : boundary quark fields

Correlation functions can be formed with the usual fields in the interior (bulk)
and the boundary quark fields
((x) = P-U(z,0)¢(z +a0)|, _, {(x) = Y(z +a0)PLU(2,0) [,
¢'(x) = PyU(z — a0, 0)_11/1(x—a())’zozT ¢(x) = Pz — ad)P_U(z — ab, 0)|

zo=T

A very interesting feature of these is that one can form correlation functions where the

quark fields are projected to p = 0. (Note that the gauge fields at the boundaries are
fixed).

5 (xo) = 62 v)756r(y) P () ;

P(z) = 4, (w)’Ys'l/}s (z)
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Finite volume schemes

Schrédinger functional : boundary quark fields

boundary quark fields

¢(x) = P-U(x,0)0¢(z +ad)|, _, {(x) =
¢'(x) = PrU(x —a0,0) (@ —al)|, . {(x) =

These boundary quark fields renormalize multiplicatively.

(r(x) = Zc((x),

s Cr= ZcC’(x)
Define also boundary-to-boundary correlation functions

¥(x + a0) P+ U (,0) 7|

Pz — a0)P_U(z — a0, 0)]

\i

12
;o= aLTvyZ;x(Zs(V)vscr(y)f’r(uhsc;(x» o
Then
(P =2 (7) (8 (20))g = 2 Zp (f#"(x0))

Rainer Sommer
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Finite volume schemes

Schrédinger functional : properties

> Regular PT (no gauge field zero modes)
> Gap for Dirac operators

» Momentum zero boundary quark fields
(spatially one takes pbc up to a phase, cf “flavor twisted bc”)

» Schrddinger functional coupling defined with non-trivial V, v’
B-function known to 3-100pS [txww; w; Bode, weisz, ot ]
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Finite volume schemes

Schrédinger functional : properties

> Regular PT (no gauge field zero modes)
» Gap for Dirac operators

» Momentum zero boundary quark fields
(spatially one takes pbc up to a phase, cf “flavor twisted bc”)

» Schrddinger functional coupling defined with non-trivial V, vV’
B-function known to 3-100pS [txww; w; Bode, weisz, ot ]

> We can define Z-factors (schemes) for composite fields, e.g.

Zp = A c(a/L) = X

cla/L) fp5(T/2)° f53(T/2)

go=0
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Finite volume schemes

Schrédinger functional : properties

> Regular PT (no gauge field zero modes)
» Gap for Dirac operators

» Momentum zero boundary quark fields
(spatially one takes pbc up to a phase, cf “flavor twisted bc”)

» Schrddinger functional coupling defined with non-trivial V, vV’
B-function known to 3-100pS [txww; w; Bode, weisz, ot ]

> We can define Z-factors (schemes) for composite fields, e.g.

Zp = A c(a/L) = X

cla/L) fp5(T/2)° f53(T/2)

go=0

> There is also a new SF coupling ...
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Consider the free Schrddinger functional , i.e. U(z, 1) = 1 with pbc in space
for the fermions.

> Show that fp(xzo) = constant for mass-less quarks.
hints:

¢ write down the Wick-contraction in terms of the Schrédinger functional
propagator
* note that it is apropriate to go to momentum space concerning the space

components, but to remain in coordinate space concerning the time
coordinates

* what is the the equation for the spatial p = 0 contribution to the propagator?
note how it splits into Py pieces

¢ solve the equation by “inspection”, iteration
* obtain the result for arbitrary quark mass

» Could this result be guessed by dimensional reasoning?

Rainer Sommer Natal 2013
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