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svaegy FECE

finite volume coupling asr (1), u = 1/L
defined at zero quark mass

Linax = const./mprot = O(3fm):  — asr (4 = 1/Lmax)
1

OlSF(,u - 2/Lmax)
1
°
always a/L < 1 .
°
{

ase(p = 2"/Lmax = 1/Lmin)
PT: |
ASFLmax = #

Result is a value for
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The step scaling function

We leave the discussion of a finite volume coupling for later.
Discuss first the

I
H

Step scaling function
>

It is a discrete 3 function:

o(s,5%(L)) = g°(sL)

mostly s = 2

Rainer Sommer

Natal 2013

a
il



The step scaling function

We leave the discussion of a finite volume coupling for later.
Discuss first the

Step scaling function
> ltis a discrete 5 function:

o(s,g2(L)) = g?(sL)  mostly s =2
» determines the

non-perturbative running: oY
g E
Uuo = gz(Lmax) Eoe E
1 3 N
0'(2,uk+1) = Uk = =
[ |
1

Uk g2(2ikLmax)
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The step scaling function

a(s,u) = g2(sL) with u = g2(L)

On the lattice:

Z(2,u,1/4)
additional dependence on the resolution
a/L
go fixed, L/a fixed: g%=u
_2 L) = . _2 L) = / .
g (L) =u 9/ (sL) =u a2 2
3(s,u,a/L) u
2(2,u,1/6)
continuum limit: —o_
g“=u
3(s,u,a/L) = o(s,u) + O(a/L)
)2 )2
in the following always s = 2 (go) (go)

everywhere: m = 0 (PCAC mass defined in (L /a)* lattice)
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The step scaling function

(Table from N¢ = 2, 73‘:';‘55,'.@)

[ L/a B K | ° dg? | m dm
[u=11814
4 8.2373 0.1327957 | 1.1814 0.0005 | 0.00100  0.00011
5 8.3900 0.1325800 | 1.1807 0.0012 | -0.00018 0.00009
6 8.5000 0.1325094 | 1.1814 0.0015 | -0.00036 0.00003
8 8.7223 0.1322907 | 1.1818 0.0029 | -0.00115 0.00004
8 8.2373 0.1327957 | 1.3154 0.0055 | 0.00020  0.00005
10 8.3900 0.1325800 | 1.3287 0.0059 | 0.00097 0.00007
12 8.5000 0.1325094 | 1.3253 0.0067 | -0.00102 0.00002
16 8.7223 0.1322907 | 1.3347 0.0061 | -0.00194 0.00002
[L/a [S(1814,a/L) 0% |
4 1.3154 0.0055
5 1.3296 0.0061
6 1.3253 0.0070
8 1.3342 0.0071

> tune &, go to have desired m =~ 0, fixed g2 (L)

propagate errors from g2 (L), shift means if necessary
— 3,08
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Continuum limit (/V; = 4)

3.5 ¢ $—
o
3t
— o ©
Py
S
3
= ®
noo2r
®
=
1.5¢
1t & & ]
0 0.02 0.04 0.06 0.08
(a/L)?
[Alalgw'-a‘xé(s., Tekin & Wolff, 2010); update: M. Marinkovic, 2013 ]
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Constant fit:
@ (u,a/L) = o(u)
for L/a =6,8
Global fit:
P (u,a/L) = o(u)+pu’ (a/L)?

for L/a =6,8
— p = 0.007(85)

L/a = 8 data:

o(u) = 2P (u,1/8)
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compare it to perturbation theory and other flavour numbers

15 T T T T T

1450 |—— N, =2 (ALPHA '04) 1
—— Ny = 4 (this work)

— —=2-loop f-funct. for Ny =4
1351 | 3.loop A-funct. for Ny =4 b

[A';u'mﬁ 2010; update: M. Marinkovic, 2013 ]

Excellent agreement with PT over a large range of couplings in this particular

scheme.
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Recursive reconstruction of gsp(L)

Uq §2 (Lmax/2i)

u; = U(ui+1)7 1= 07 s,y UY = Umax = g2 (Lmax) 3

solve for u;y1,i=0...n =10
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The strategy

Axrs

T 1-lp (exact)
Asr

Asps 1 L A5
_MS X —E % LkASF X MS
Mproton mprotoanax Ly, Asr
8
AMprot Lmax/a
5 non-perturbative SSF’s 5 3-Ip
g (Lmax) massless theory g (L)
m
M= 0 mp Mz
Rainer Sommer Natal 2013



Non-perturbative running of agp

ap) [T T T

1.2 -

SF scheme, N =0 |

0.8 -
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Non-perturbative running of agp

a(“) T IIIIIIII T IIIIIIII T IIIIIIII
o i
1.2 - —
L SF scheme, N =0 |
0.8 - —
- : L -
L "_. o 2/3-loop B ]
() e - 1
0.4 |- SF scheme, N;=2 - 0.4 | ° -
3 -3-loop - g

I | 250MeV

0 1 IIIIIIII 1 IIIIIIII 1 IIIIIIII 0 A IIIIIIII 1 IIIIIIII 1 IIIIIII

100 10! 102, /p 10° 100 1ot 102 /A 103
[PASEHA 2005] [PALEHA 2001]
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B(9)/g’

—-0.04

-0.06 ¢

-0.08
o Nf=3 NPT
A Nf=2 NPT
-0.1 s
—— Nf=3 PT 3 loops
—— Nf=2 PT 3 loops
-0.12 : : ' '
0 0.1 0.2 0.3 0.4
oc=g2/47t
Rainer Sommer Natal 2013
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Nt = 3 [racscs 2009 ]

Ne=2]

ALPHA

Callaboration
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Non-perturbative running of agp

0.3

0251
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The complete strategy _NC)

(5) (5)
E _ # > Lmax x LkAQ « MS
FK FK Lmax Lk Ms A@
MS
'K — uv,
(= ) (5) 4-p A
O (mp) e
4-Ip
4 4-p 4
F Lin X/a O‘%(mb) -~ AI(\/T)S
/ ) . 1-lp (exact)
o) non—pe@zﬁ%we SSF's ‘2(L ) 3-p 1(4)
g1 {(Fmax masslessiNy.= 4 theory B g Lk SF
n
p=20 mp Mz 00
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> for Ny = 4 missing completely
> for Ny = 3, CP-PACS m, Liax (With 1-loop c;)
> for Ny =2
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> for Ny = 4 missing completely
> for Ny = 3, CP-PACS m, Liax (With 1-loop c;)
> for Ny =2

issues:

— autocorrelations

— chiral extrapolation in u/d
— continuum extrapolation

Rainer Sommer Natal 2013




v

for Ny = 4 missing completely
for Ny = 3, CP-PACS m, Liax (With 1-loop ¢;)
for Np =2

issues:

— autocorrelations

— chiral extrapolation in u/d
— continuum extrapolation

FxLnax = f(ﬁ) : lmax(ﬁ) + O(GQFIQ()

f(ﬁ) = FKa7 lmax(ﬂ) = Lmax/a

Interpolate I,,.x(8) to CLS (used in large volume) 5’s
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Chiral extrapolation of Fi
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Continuum extrapolation of Fy L.y

0.35

034}
0.33}
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~ 031}

03}

0.29

strategy 1 -
— — -—strategy 2
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N dependence of Ay and comparison to

phenomenology

status 2011
Np: 0 2 3 4 5

Experiment Theory

My, K — 12,13 SF ﬁamﬁ] 238(19)  310(20)

My, M, SF [Pacs-cs] 362(23)(25) 239(10)
(6)(-22)

DIS, HERA PT, PDF-fits [ABM11 ] 234(14) 160(11)

DIS, HERA PT, PDF-fits [MSTW09 ] 285(23) 198(16)

“world av. "[2011] PT 212(12)

ete™ — had (LEP) 4-loop PT 275(57)

> Non-trivial, non-perturbative N¢-dependence.

> Small errors are cited, but overall consistency is not that great.
> More precision and rigor (PT only at high energy) will be very useful.

Rainer Sommer
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Finite volume schemes

Zero modes

Boundary conditions matter in finite volume. Which ones?

A most relevant criterion is zero modes
> Zero modes of gauge fields
— perturbative expansion (+ MC)

» Zero modes of Dirac operator
— HMC stability

Rainer Sommer Natal 2013



Finite volume schemes

Gauge field zero modes

Path integral w.o. fermions

W) = 5 [ple S Pow)
Sw) = YL wa-ve). 8=
PT, sketchy
B — o0 U~ Unin =V dominates (classical solution)
Ula,p) = Vi, we™ @7 gh(z) <1, /D[U] - /D[tﬂ
5’(U) = S'(V) + Z Gm Kmngn + O(qg) y  Gn = Qﬁ(w’) y = (%7#: b)
o) = OoWV)+...

Gauss intergrals — Wick contractions ... IFF K has no zero modes (Kv = Av, A > 0)

Rainer Sommer Natal 2013
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Finite volume schemes

Gauge field zero modes

Generically there are zero modes

> gauge modes — gauge fixing

> finite volume modes (gauge invariant)

“GI’OUﬂd State metamorhos's”[(}onzales Arroyo, Jurkiewicz, Korthals-AIIes] W|th perIOdIC BC’S

Rainer Sommer
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Finite volume schemes

Ground state metamorhosis

Toy example: SU(2), L*, L = a lattice, PBC, d = 2, single point

>

| 4
>
>

S =2— tr (U UJUY)
trU; is gauge invariant, U; can’'t be gauged away
minima: Uy = Uz =V ...pick Uy = Uz = 1.

. - b b
fluctuations U; = e'7 %
S = 2- tre Bl i Bemiotal O(¢") — K=0

g =0(8"*) = O(g"*)

PT in powers of go, not g2 NOT regular

In general: mixture of gaussian and non-gaussian modes
integrate over non-gaussian ones exactly ...

complicated, non-universal 8-function

it can be worse, divergent behavior, 1/ log(g) terms, see [Nogradi et al., 2012 ]

think of these U; as Polyakov loops — relevant for 4-d gauge theory.
“Ground state metamorhOSiS”[Gonzales Arroyo, Jurkiewicz, Korthals—AItes]
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Finite volume schemes

Zero modes of the Dirac operator

Viz,p) =1,

PBC: (x4 Lj) = ¥(x)
massless Dirac operator has a zero mode (constant mode, p = 0)
easily fixed by

P+ Ljt) = " *(z)
e.g. a =7/2in SU(2), « = w/3 in SU(3)
Exercise: why these values of a?

Rainer Sommer

Natal 2013
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Finite volume schemes

Schradinger functional

Boundary conditions
> Space: PBC

» Time: Dirichlet, breaks translation invariance!

space

Yang M'”S theory [Lﬂscher, Narayanan, Weisz & Wolff ]

ZWV) = / DU iige ¢~ 55 )

time

V(X, k) z0=0
Ssr(U) = Y Bwr(1-U(p), Ulzk)= {
p inside VI(X, k) zo=T
Standard introduction of Hilbert space, transfer matrix:

ZWV, V') = <V’|e‘ﬁT@|V>, U(x, k)|U) = U(x,k)|U)

TT/a 1

projector onto gauge invariant states

Z(V, V") = Euclidean time propagation kernel by time 7' = Schrédinger functional
Rainer Sommer Natal 2013 «E>» «E>»



Finite volume schemes

Schrédinger functional : quarks

Wilson Dirac operator (also others are possible)

Dw = 3{w(Vu+Vi)—aV,V,}
V(@) = = [U(e, w0 (@ + af) - p(2)]

* 1
vu"p(m) =

—[¥(@) = Uz — ajp, 0) '@ — ap)]
Schrddinger functional action

Sp =

a' 3" P(@)[mo + Dwli (),
with

PY(x) =0, Pp(z) =0 forzg <0, andzg > T
In the continuum theory this corresponds to BC’s [sint, 1994 ]

Piyp@)l,geo =0  $(@)P-|

=0
z0=0

Py =1(1+£7)
Py@luyr =0 P@P| _ =0

Rainer Sommer

These BC'’s are stable: emerge in the cont. limit without fine-tuning. Universality! [Lischer, 2006 |
The Universality class is characterised by Parity invariance, discrete rot. invariance (not chiral symm)

Natal 2013
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Finite volume schemes

Schrédinger functional : boundary quark fields

Correlation functions can be formed with the usual fields in the interior (bulk)
and the boundary quark fields
((x) = P-U(z,0)¢(z +a0)|, _, {(x) = Y(z +a0)PLU(2,0) [,
¢'(x) = PyU(z — a0, 0)_11/1(x—a())’zozT ¢(x) = Pz — ad)P_U(z — ab, 0)|

zo=T

A very interesting feature of these is that one can form correlation functions where the

quark fields are projected to p = 0. (Note that the gauge fields at the boundaries are
fixed).

5 (xo) = 62 v)756r(y) P () ;

P(z) = 4, (w)’Ys'l/}s (z)

Rainer Sommer Natal 2013 <l
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Finite volume schemes

Schrédinger functional : boundary quark fields

boundary quark fields

¢(x) = P-U(x,0)0¢(z +ad)|, _, {(x) =
¢'(x) = PrU(x —a0,0) (@ —al)|, . {(x) =

These boundary quark fields renormalize multiplicatively.

(r(x) = Zc((x),

s Cr= ZcC’(x)
Define also boundary-to-boundary correlation functions

¥(x + a0) P+ U (,0) 7|

Pz — a0)P_U(z — a0, 0)]

\i

12
;o= aLTvyZ;x(Zs(V)vscr(y)f’r(uhsc;(x» o
Then
(P =2 (7) (8 (20))g = 2 Zp (f#"(x0))

Rainer Sommer

Natal 2013
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Finite volume schemes

Schrédinger functional : properties

> Regular PT (no gauge field zero modes)
> Gap for Dirac operators

» Momentum zero boundary quark fields
(spatially one takes pbc up to a phase, cf “flavor twisted bc”)

» Schrddinger functional coupling defined with non-trivial V, v’
B-function known to 3-100pS [txww; w; Bode, weisz, ot ]

Rainer Sommer Natal 2013 <l

il
v
a
i
v
it



Finite volume schemes

Schrédinger functional : properties

> Regular PT (no gauge field zero modes)
» Gap for Dirac operators

» Momentum zero boundary quark fields
(spatially one takes pbc up to a phase, cf “flavor twisted bc”)

» Schrddinger functional coupling defined with non-trivial V, vV’
B-function known to 3-100pS [txww; w; Bode, weisz, ot ]

> We can define Z-factors (schemes) for composite fields, e.g.

Zp = A c(a/L) = X

cla/L) fp5(T/2)° f53(T/2)

go=0

Rainer Sommer Natal 2013 <l
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Finite volume schemes

Schrédinger functional : properties

> Regular PT (no gauge field zero modes)
» Gap for Dirac operators

» Momentum zero boundary quark fields
(spatially one takes pbc up to a phase, cf “flavor twisted bc”)

» Schrddinger functional coupling defined with non-trivial V, vV’
B-function known to 3-100pS [txww; w; Bode, weisz, ot ]

> We can define Z-factors (schemes) for composite fields, e.g.

Zp = A c(a/L) = X

cla/L) fp5(T/2)° f53(T/2)

go=0

> There is also a new SF coupling ...

Rainer Sommer Natal 2013 <l
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Consider the free Schrddinger functional , i.e. U(z, 1) = 1 with pbc in space
for the fermions.

> Show that fp(xzo) = constant for mass-less quarks.
hints:

¢ write down the Wick-contraction in terms of the Schrédinger functional
propagator
* note that it is apropriate to go to momentum space concerning the space

components, but to remain in coordinate space concerning the time
coordinates

* what is the the equation for the spatial p = 0 contribution to the propagator?
note how it splits into Py pieces

¢ solve the equation by “inspection”, iteration
* obtain the result for arbitrary quark mass

» Could this result be guessed by dimensional reasoning?

Rainer Sommer Natal 2013
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Gradient Flow and SF-coupling

> Gradient flow [Luscher, 2010; Luscher & Weisz, 2011 ]
new observables

e UV finite (proven to all orders of PT)
¢ excellent numerical precision
¢ renormalized coupling in finite volume with pbc [sww, 2012]
> Flow in finite vqume, SF [P Fritzsch & Ramos, arxiv:1301 4388]
¢ lowest order PT to define a new coupling

* numerical investigation shows excellent precision
> Flow with gauge fields AND quark fields [Lascherzzxiviizoz.s24¢]
> General idea

z = (zo,x),

t = flow time

A, (x) = quantum gauge fields : Z=/
B, (z,t) = smoothed gauge fields
dB,, (z,t)

. Bu(z,0) =
o D, Gy, (x,t) + gauge fixing
~ _ Sy m[B]

Apu(r)

5B,
correlation functions of B-fields at arbitrary points are finite
Rainer Sommer

Natal 2013

a
il



Gradient Flow

Yang—Mills theory

dB,, (z,t)
dt

= By(z,t) = D,G,,(x,t)+ D,0,B,(x,t)

X
o _ Sy u[B]
3B,

(%)
)
>

eliminate by a t-dependent gauge trafo
it is a continuous form of stout Smearing [Morningsxar& Peardon]
> inPT: A,(z) = goA,.(x)

Bﬂ(xvt) = Bﬂyl(x7t)go+BH,2(m7t)g(2) +...
— Bu,1($,t)

Guu = [0vBu1 — 9uBualgo + O(g3), Dv =0, + O(go)
6V8UBM,1($,t)
> heat equation

Rainer Sommer

Natal 2013
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Gradient Flow

Yang—Mills theory

» inPT: A,(z) = goA

(x)
Bu(z,t) = Buai(z,t)go + Bua(x,t)g5 +
Gy =10,Bug —
— Bu,l(x,t) = 0

9uBu1] g0 + O(g)
,,&,B,M (CL‘ t)

D, =9, + O(go)
> heat equation

Bua(e.t) = / dPp et b, (p,t)

by=—pby = bu(p,t) = bu(p,0)e™""
/dDy Kz —y) Au(y), Ki(z) = (4nt) D/2,—z%/(4t)
» smoothing over a radius of /8t

8t
> gaussian damping of large momenta

Rainer Sommer

Natal 2013
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Gradient Flow

Yang—Mills theory

» inPT:A,(x) = ggfiu(x)
Bu(z,t) = Bui(z,t)go + Bua(z,t)gs + ...
Guu - [aVB/,L,l - 8;131/,1] 9o + 0(9(2)) ) DI/ = 81/ + 0(90)
— Bu,l(x,t) = 8,,61,3“,1(1‘,75)

> heat equation

Bui(n,t) = / dPp e b, (p, 1)

by =—p®b, = bu(p.t) =Dbu(p,0)e !
Bua(a,t) = / APy Ki(w —y) Au(y),  Ki(z) = (dmt)~D/2e=="/(40

» smoothing over a radius of /8t

> gaussian damping of large momenta

> all correlation functions of B/, are finite (£ > 0) [Luscrera weisz, 2011 ]
in particular (E(t)), E(t)=—3trG,G.

Rainer Sommer Natal 2013 <l
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Gradient Flow

Yang—Mills theory
> order by order iteration:
Bu(z,t) =Y Bpun(z,t)gh
k
By k(z,t) — 8,0, By k(z,t) = Ry i,

Rua =0, Bua(et)= [a°y K = 9) A,)

R, > =2[By1,0,Bu 1] — [By,1,0uBul,
Rys =2[By,2,0,Bua] + 2[Bu,1,0, B 2]
— [Bu,2,0,Bu,1] — [Bu,1,0,Bu,2] + [Bu,1, [Bu,1, Bu,1lls

t
Byt z) =/ ds/dDthfs(z—y)RM,k(s,y) k> 1
0]

Rainer Sommer Natal 2013 [ <Ey <2y B



Gradient Flow

Yang—Mills theory
> order by order iteration:
Bu(z,t) =Y Bpun(z,t)gh
k
By k(z,t) — 8,0, By k(z,t) = Ry i,

Rua =0, Bua(et)= [a°y K = 9) A,)

RM,2 = 2[BV,1781/B;L,1] - [Bu,l»auBu,l],
Ru,S = 2[Bu,29 auBu,l] + 2[Bv,1: auBu,2]
= [Bv,2,0uBv1] = [By,1,0uBy,2] + [Bu,1, [Bu,1, Bu1ll,

t
Bun(ta) = [ds [Py K@= )R it k>0
0
> For(E), E=—-1trG.., G
(EY = Eogo+Eogs+--.

Ey = (tr[0,B,,10,By,1 —0,By10,B, 1))

2
~ / e P *"[p?5,,, — pupy] Dy (p) finite (also with cutoff reg'n)!
p

Rainer Sommer Natal 2013 [ <Ey <2y B



Gradient Flow and SF-coupling

The coupling in PT

use the flow in SF: T' x L? world with Dirichlet BC in time, T = L
define

&
—~~
~
~—
~
I

—5{tr GG (@, ) s=r/2 = 15 Gas (1) (1 + 1G8ys +..)
NTHE(E()

t=c2L2/8

Qf
QN
5|
\>
[l

This is a family of schemes characterized by ¢ (dimensionless)

Rainer Sommer Natal 2013
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Gradient Flow and SF-coupling

The coupling in PT

use the flow in SF: T' x L? world with Dirichlet BC in time, T = L
define

&
—~~
~+
~—
Nt
I

_%“r Gquuu(xa t)>x0=T/2 = %’ §12\/IS(/L) 1+ Cl§12\/IS +..)
N7H(E(t))

Qf
QN
5|
=
[l

t=c2L2/8

This is a family of schemes characterized by ¢ (dimensionless)

128
n,no

1
N(C) _ C4(N2—1) Z efc2ﬂ,2(n2+zng)

3
275 (T/2) (0% + ), (1/2)

n2+%n3

> the lattice version is known (and needed)

Rainer Sommer Natal 2013
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Gradient Flow and SF-coupling

statistical precision: variance

relative variance =

should be finite as a — 0, L/a — oo

Numerically, Fritzsch & Ramos:

107t E|—L/a=6 E
F|—L/a=38
E _2- ——L/a=10
S 1077k | e L/a=12 3
g F |+ L/a=16 E
S 103 L 4
5 107°¢ E
> E
e 1071 g 3
10_5 [ N L

Rainer Sommer Natal 2013 [ <Ey <2y B



Gradient Flow and SF-coupling

statistical precision

autocorrelations scale as expected: i, oc a2

0.025 |

0.02 F

—
S

0015 &

Tint / Tmeas
—

0.01f

. 1
ire g %

ol B 1
PN BT ST ST ATEN AT AN TS VAT ST ARSI SR |
5 10 15 20 25 30 35 40
L/a

(a/L)? - Tine/10 MDU

0.005 F

0.5}

Statistical precision is good and theoretically understood.
There will be no surprises on the way to the continuum limit.

Rainer Sommer Natal 2013
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Gradient Flow and SF-coupling

systematic precision

keeping old SF-coupling gsr(L) fixed (defines L), compute

a2
gsp=u, m=0

Quse.a/L) = [NY(e,a/L) - (B T/2))]

t=c2L2?/8
7 : :
,-m(u;c) i
] [ ‘
6F I
=05 -] [ 3
%: [ [ ¢
] 5F s ] B
1 L [3
] fe ©
1 L L | |
=04 0.3 0.35 0.4 0.45 0.5
3 ¢
1 02— .
bl F|x R(u;0.3,a/L) 3
] EloR(u;0.4,a/L) 3
c=03 A 01 éoR(u;O.S.a/L) I 7
i o™ 4 : ,:%f*‘"_ -
450 5--F ] o 3:_%__
L L ood
4 [ L L L L L | E L L L L L 3
0 0.005 0.01 0.015 0.02 0.025 0 0.005 0.01 0.015 0.02 0.025
(a/L) (a/L)

> small cutoff effects — ready for applications — ...
— precise A-parameter
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The Gradient Flow

Quarks [ ]

Flow equation for the quarks x = x(z,t)
-
8tX = AX? 815% = YA7
A:DHD/J" -Dp‘:a‘u,—'_BH’

with initial conditions

Xlt:() =1, 7|t:0 = Ev

This is very similar to “Gaussian smearing”, “Wuppertal smearing” [s. cusken, u. Léw, k. H. Mitter,

Rs. A. Patel, K. Schiling, 1989 | €xcept that it is continuous and A depends on ¢ through B, (z, t)
and is the 4-d cov. Laplacian.

It might be useful to consider (approximate) continuity and B,,(z, t) also for Gaussian
smearing.
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The Gradient Flow

Quarks [

]

NS
For a perturbative analysis add terms which can be removed by a gauge
transformation

-
atX = [A - 6VBV]X7 aty = Y[A + aDBl/]a
A=D,D,,  D,=08,+B,,
Lowest order in the coupling (remember B, = B, 190+ .. .)

A = 0,0,

solved again by the heat kernel

x@t) = [ aPyKie = p)u) + Ola)
—z2/4t

Ki(z) = —

(4mt)P/2
A smooth, smeared, field.

But not a local field.
Rainer Sommer

Natal 2013
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The Gradient Flow

Quarks [

]

The “quark” propagator at leading order, at finite ¢

_ de (o) ef(t+5)p2
(X, z)x(s,y)) = / 2m)P e Mo+if

+0(g3)
The one-loop self-energy graphs have a divergence which is cancelled by
wavefunction renormalization

X = 2;1/2XR, X = YRZ;”Q .
3Cr 4 4

Z, =1+ O(g%),

X 1671'269 +0(g%)

NZ -1
CF_ N )

Rainer Sommer

Natal 2013
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The Gradient Flow

Condensate

At ¢, s > 0 the quark propagator is now non-singular for
(t,z) — (s,9)

In particular
SR = Z, 5y

No additive renormalization!
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The Gradient Flow

Formulation in 4+1 dimensions

Correlation functions of the ¢-dependent fields can be written in terms of a 4+1
dimensional /Oca/ fleld theory [Zinn-Juslin, 1986; Zinn-Justin & Zwanziger, 1988], in dim'reg.

Action

Stot = S4a + Sc.a + Srp.a + Sk.a ap =1

Saa = —2/ dt/dDw tr{L.(t,z)(0:By — DvGyp — 0D, B,) (¢, ) },
0

Spa = / dt / AP {A(t,2)(0 — A + a0d, Bo)x(t, x)
0

+X(,2) (9 — A — a0d, By)A(t, )}

» L., A\, X:Lagrange multipliere fields
Variation wrt L,,, A, : flow equations for the fields B, x, X

Sia: determines the initial conditions at ¢ = 0 to be the quantum fields of the 4d
theory

the exact equivalence is seen by considering the Wick contractions
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The Gradient Flow

Formulation in 4+1 dimensions

This local formulation helps to identify possible additional (to the 4-d theory)
counterterms.

The only one is (note: [A] = 5/2)

[ 4% {30.0)() + B@)A0,2)}
corresponding to the field renormalizations
X =Z"*xr, A= 2" \r
The propagators contain 6-functions
0(s—1t)

therefore Feynman diagrams have loops only for ¢ = 0 and trees going to ¢ > 0. This
means there are no divergencies for the fields at positive ¢ (apart from the above?)

atree

An all-order perturbative proof of the renormalization properties has been given by
Luscher and Weisz (pure gauge theory).

Rainer Sommer Natal 2013
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The Gradient Flow

Wick contractions

The Grassmann integrals over the fermion fields X ... v yield (relatively) straight
forwardly the Wick contractions

(@) (y)det(...) = [gasomann Y@V (1)

Y(x)P(y) = S(z,y), (D + Mo)S(x,y) = d(z —y),
)‘(ta x)j‘(sa y) = 07

x(t2)A(s,y) = 0(t — s) K (4, 23 5, y)

{0t — A+ a0 B, }K (t,z;8,y) =0 if ¢t > s,
llm K(taxy S y) = (5(1‘ - y)7
—s

Rainer Sommer Natal 2013
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The Gradient Flow

Chiral symmetry: Ward identities

Using the Wick contractions, not (as usual) field transformations, Lischer shows that
(generalized) Ward identities hold, e.g.

({Ou AT () — (o + Mo, )P (2) + P (@)} 61 (t1,21) .- fn (tn, 7))
=0 if (2,0) # (wi,t:)
with

P () = A (0, )55 () + P, (2) 75750, 2)

Rainer Sommer



The Gradient Flow

LEC’s

Leading Low Energy Constants of the chiral effective theory

We have the matrix elements

(7 (P)iBY (x)|0) = %
<ﬂ_rs (p)|Aﬁ% (X)|O> = %efﬂ)x

They are obtained from correlation functions by e.g.

G th ‘m"$°{1+0 AEmo)}

mx

[t pi o) =
The two lowest order LEC’s are given by
F—hmF = lim F,Gr
mR—) mR—>

(remember PCAC: 2mr G~ = m2 Fy)

Rainer Sommer Natal 2013
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The Gradient Flow

Hadrons and fields at positive ¢, LEC’s

Include correlation functions at positve ¢
Properties such as

C;’C;’t—m.,r

[ irt@rtio) = 014 (e 25}

mx

together with the generalized WI’s allow to show

‘II'F U U
ST / d'z (P () P (0))

Y= lim F,.G.= lim Zr,iGr

mpR—0 mp—0

F= lim Fy— lim =Rt

mpR—0 mpR—0 Gﬂ— ot

,t

> ¥ without contact terms, a2 subtraction

Rainer Sommer Natal 2013
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The Gradient Flow

Hadrons and fields at positive ¢, LEC’s

Include correlation functions at positive ¢
Properties such as

C;’C;’t—m.,r

[ irt@rtio) = 014 (e 25}

mx

together with the generalized WI’s allow to show

‘II'F U U
ST / d'z (P () P (0))

Y= lim F,.G.= lim Zr,iGr

mpR—0 mp—0

F= lim Fy— lim =Rt

mpR—0 mpR—0 Gﬂ— ot

,t

> ¥ without contact terms, a2 subtraction
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The Gradient Flow

Various remarks

>

\4

On the history

* Smearing has been around for a while starting with APE smearing,
Wuppertal smearing,... stout smearing

* There was always the suspicion that the smeared observables (smeared to
physical smearing radii) have no continuum limit

o A first statement that there is a continuum limit of smeared Wilson loops if
the smearing parameters are properly adjusted was in a paper by
Narayanan & Neuberger, 2006.

* Now we have a full understanding that the flow-observables are finite

* Old and not very well known papers (1986, 1988) have been influential in the
all-order proof

It is remarkable that after so many years of QCD and lattice QCD we
have a whole new class of finte observables.

New elements in the tool kit, mainly for LGT?
The flow equations are not unique, eg. for the quarks: —D,,D,, — DIt

There is an oportunity for a new generation to develop new methods with
the (and enlarge the) tool kit (see Fritzsch & Ramos)
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> The Standard Model is (many feel: too) alive
> We need to push it to its limits in energy and precision

» Somewhat provocative but true: If we want a non-perturbative result, we need it
renormalized non-perturbatively.

> The perturbative series is divergent, asymptotic (well understood! | recommend 't
Hooft Erice lectures).
When one uses it a(u) better is small.

> For scale dependent renormalizations, «(u) mgr(u), Zu(p)
step scaling with finite volume schemes
can be used to go to very large i and connect to
Renormalization Group Invariants

> On the other hand, RI-sMOM is more genaral (automatic) is mostly used and
dominant discretization errors can be removed perturbatively

Can the question of NP gauge fixing be better understood?

Rainer Sommer Natal 2013 <

il
v
a

i
v

it



> The Standard Model is (many feel: too) alive
> We need to push it to its limits in energy and precision

» Somewhat provocative but true: If we want a non-perturbative result, we need it
renormalized non-perturbatively.

> The perturbative series is divergent, asymptotic (well understood! | recommend 't
Hooft Erice lectures).
When one uses it a(u) better is small.

> For scale dependent renormalizations, «(u) mgr(u), Zu(p)
step scaling with finite volume schemes
can be used to go to very large i and connect to
Renormalization Group Invariants

> On the other hand, RI-sMOM is more genaral (automatic) is mostly used and
dominant discretization errors can be removed perturbatively

Can the question of NP gauge fixing be better understood?
> There is a New Horizon
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> The Standard Model is (many feel: too) alive
> We need to push it to its limits in energy and precision

» Somewhat provocative but true: If we want a non-perturbative result, we need it
renormalized non-perturbatively.

> The perturbative series is divergent, asymptotic (well understood! | recommend 't
Hooft Erice lectures).
When one uses it a(u) better is small.

> For scale dependent renormalizations, «(u) mgr(u), Zu(p)
step scaling with finite volume schemes
can be used to go to very large i and connect to
Renormalization Group Invariants

> On the other hand, RI-sMOM is more genaral (automatic) is mostly used and
dominant discretization errors can be removed perturbatively

Can the question of NP gauge fixing be better understood?
> There is a New Horizon
The Gradient flow
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» A New Horizon: the Gradient flow

e it is remarkable that after so many years of QCD and lattice QCD we have a
whole new class of finte observables.

e little explored

¢ waiting for additional ideas

¢ New elements in the tool kit (mainly for LGT?)
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