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The talk is based on

> old work [ s

» N; =2 running
[NucI.Phys. B713 (2005) 378, Michele Della Morte, Roberto Frezzotti, Jochen Heitger, Juri Rolf, RS, Ulli
Wolff ]
[NucI.Phys. B729 (2005) 117, Michele Della Morte, Roland Hoffmann, Francesco Knechtli, Juri Rolf, RS,
Ines Wetzorke, Ulli Wolff]

> Scale setting

[Strange quark mass and the Lambda parameter in two flavor QCD,

Fritzsch, Leder, Knechtli, Marinkovic, Schaefer, S, Virotta, 2012 ]

> Recent development

[Fritzsch & Ramos, arXiv:1301.4388 ]
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Fascinating strong interactions

> jets at large energies

» hadrons at small energies

» nuclei at even smaller energies o
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Fascinating strong interactions THEORY

> jets at large energies QCD

» hadrons at small energies QCD

» nuclei at even smaller energies o' QCD
0

Believed to be described by a most beautiful theory: Q C D
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QCD

N

1 _
EQCD - _2g_?tr{F/H/F;LV} + wa{D + mOf}wf
f=1

> N¢+ 1 =7 (bare) parameters
> at low energy essentially 4 parameters

» in the following: u, d quarks mass-degenerate
s-quark quenched

3 parameters
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Strong force

A way to define the strong force is

(N=Svi), r=x—yl 2 °
Perturbation theory (Feynman graphs)
4 1
F(r) = §47rr2g2 +0(g*) coulombic
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Strong force

A way to define the strong force is

(N=Svi), r=x—yl 2 °
Perturbation theory (Feynman graphs)
4 1
F(r) = §47rr2g2 +0(g*) coulombic
i}
; g F(r)
2
i 2 3 i 5 6
rin "’ [ro ~ 0.5 fm]
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Strong coupling

Perturbation theory (Feynman graphs)

4 1

_ 2 4
F(r) = 32:28 +0(g") coulombic
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Strong coupling

Perturbation theory (Feynman graphs)

4 1 , 4
= 34228 +0(g") coulombic

F(r)
A way to define the strong coupling is

52
8aalr) _ 3
argq(p) = qj‘lﬂ Ez”zF(”)a p=1/r

It is r-dependent: “it runs”
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Running and Renormalization Group Invariants

RGE: pg& = B(2) g(n)* = 4ra(n)
B(&) 2° -2 {bo+ g%+ bogt + ...}
bo = Grp (11— 3Np)

A-parameter (g = g(u)) = Renormalization Group Invariant
= intrinsic scale of QCD

2 =2 .é
N = pu(bog®) /et 2E exp{_ / Ael55 * me —b?gl}
J0

> there is a similar formula relating m;(u) and M;: RGI quark masses

» A, M; have a trivial dependence on the “scheme”

scheme <> definition of g, m

» they are the fundamental parameters of QCD
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Uses of a (or A)

» A is a fundamental constant of Nature, just like
Qom = 1/137.0359997 for atomic physics

> «(p) at high scale is needed for the search of new particles at the
LHC.

E.g. the Higgs.

> |t is an important constraint for possible theories at higher energy
scales.
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“Experimental” determinations of «

0.5

adQ)
4 2a Deep Inelastic Scattering
04 oe €€ Annihilation
o® Heavy Quarkonia

July 2009
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02}

01t

=QCD «as(Mz)=0.1184 + 0.0007

10 Q[Gev] 100
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“Experimental” determinations of agg

0.5

adQ)

041

03

02}

01t

July 2009

a4 Deep Inelastic Scattering
oe €€ Annihilation
o® Heavy Quarkonia

=QCD «as(Mz)=0.1184 + 0.0007

10 Q[Gev] 100

[ HPQCD o ]
L R, I
[ DIS ABKM = ]
[ Jets res. . ]
[ EW fits cor ]
L R, o]
[ Bethke w.a. o ]
ol b b b

0.08 0.09 0.1 0.11 0.12 0.13
as(Mz)

There is a considerable spread. Errors seem often too agressive.
Theory uncertainties are usually dominating.
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Determination of A from lattice QCD
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Lattice determination of cvq

©] graph from [Leder & Knechtli, 2011 |

12 O .
o ,5«ch A IS
= = = 3-loop Ny =2 o=
1t — 4-loop Ny =2 1
+ Ny =0, continuum
= = =3loop Ny =0 @ %
g — 4-loop Ny =0 4
0%+ Nt = 0, continuum limit

[Necco & S., 2001 ]
Nt = 2, small lattice spacing
1 [Leder & Knechtli, 2011 ]

0 0.1 02 03 04 05 06 07 08 09 1
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Lambda parameter from c

N,=0 N,=2,07
1
o 2-loop o 2-loop
095|| © 3-loop 1 095f| = 3-loop
o 4-loop o 4-loop s
0.9 ALPHA 4 0.9 ALPHA e
085 R 0.85) N
_ o8 {> i 1 _ o8
2075 % 4 2 0.75] °
<o <o L]
= | = .
07 S B T 07 .
0.65F % [ ] . 0.65 e
b3
06 LE 0.6 o
0.55F 4 055
0 o.
0 005 01 015 02 025 03 035 04 0 01 02 03 04 05 06 07
aq aq

A realistic estimate of the uncertainty is impossible.
(Other members of the group come to a different conclusion

[Jansen, Karbstein, Nagy, Wagner, 2011 ])
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The basic problem

1 1
L - Z o~
A > 02GeV > Y oGy 7 °
box size confinement scale, m, spacing
4
L/a> 50
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The basic problem

1 1
L - Z o~
A > 02GeV > Y oGy 7 °
box size confinement scale, m, spacing
4
L/a> 50
Arpma
SOlUtIOﬂ — left with [Lﬂscher‘ Weisz, WolfF]
L/a>1

Finite size effect as a physical observable; finite size scaling!
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The step scaling function

It is a discrete S function:
o(g%(L)) = g*(2L)

determines the

non-perturbative running: T
e’ :

u = g2(Lmax) : . E

! . E

o(uk1) = wk e

Il <«
|
N
—~~
™
x
'\
=
o
“
N—r
|
5
E

U
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The step scaling function: o(u) = g?(2L) with u = g(L)

On the lattice: Z(R,u,1/4)
additional dependence on the resolu-
tion a/L
go fixed, L/a fixed: g%=u

g (L) = g’(eL) =1, o ”

> (u, a/L) = ° °

Z(2,u,1/6)

continuum limit: g2=u

>(u,a/L) = o(u) + O(a/L) . .

(g9? (892

everywhere: m = 0 (PCAC mass defined in (L/a)* lattice)
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Continuum limit (N; = 4)

35 ¢ Gy . 1 » Constant fit:
O (u,a/L) = o(u)
i for L/a=16,8
%2-5' > Global fit:
s, ° ] O (u,a/L) = o(u)+pu* (a/L)>?
for L/a=6,8
rsh > — p = 0.007(85)
| K | > L/a =8 data:
0 o002 (a/%i;g 006 008 o(u) = £®(u,1/8)
[ Arpa (S., Tekin & Wolff, 2010); update: M. Marinkovic, 2013 ]
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Non-perturbative running of «

0((,u) L
0.4 SF scheme, N,=2
- -3-loop
ol vl v
100 10! 10?2 M/A 108
[ Razrs 2005 |
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Non-perturbative running of «

a(u)

1.2 -

SF scheme, N,=0 i

0.8 - ]
Foilg e 2/3-1oop B 4
& (1) e - 1
0.4 |- SF scheme, N=2 04 ° —
- -3-loop - g
: :25OMeV

0 ol vl il 0 dov vl v vl el

100 10! 102, /5 10° 10° 10! 102 /A 108
[ Azzs | 2005 ] [ Aseia | 2001
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Non-perturbative running of «

a(u) T T ||||||| T |||||||I T T |||||||
T ! i § 1
T | 1.2 — -
o - L SF scheme, N,=0 |
0.8 =
Foilg e 2/3-1oop B 4
& (1) e - 1
0.4 - SF scheme, N=2 04| ° —
- -3-loop - g

: :25OMeV

0 sl vl il 0 dovvd vl el

100 10! 102, /5 10° 10° 10! 102 /A 108
[ Azzs | 2005 ] [ Aseia | 2001
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Non-perturbative running of «

a(u) T T ||||||| T |||||||| T T |||||||
T ! i § 1
| rEj O 1.2 =
o - L SF scheme, N,=0 |
0.8 =
Foilg e 2/3-1oop B 4
& (1) e - 1
0.4 - SF scheme, N=2 04| ° —
- -3-loop - g

: :25OMeV

0 sl vl il 0 dovvd vl el

100 10! 102, /5 10° 10° 10! 102 /A 108
[ Azzs | 2005 ] [ Aseia | 2001
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Non-perturbative running of «

a(u) T T ||||||| T |||||||| T T |||||||
T ! i § 1
| rEj O 1.2 =
o - L SF scheme, N,=0 |
c . 0.8 =
Foilg e 2/3-1oop B 4
& (1) e - 1
0.4 - SF scheme, N=2 04| ° —
- -3-loop - g

: :25OMeV

0 sl vl il 0 dovvd vl el

100 10! 102, /5 10° 10° 10! 102 /A 108
[ Azzs | 2005 ] [ Aseia | 2001
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The master formula of the strategy

A2 1 L )
MS max (2) MS
= X X Lilgg x —5%
FK FK Lmax L éF)‘
MK — pvy)
(2)
aFK Lmax/a /\m
b non-perturbative SSF's 5 3-Ip T%él)p (exact)
g (LmaX) massless Ny = 2 theory g (Lk) /\SF
W
on = 0 mp MZ 0
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Setting the scale

A2 1 L
MS max (2)
= LN
FK FK Lmax x Lk ok MS

» Fk has been missing
> Fxmg = (K(p = 0)[57075u(0)

> needs K-meson — “large” volume: L > 2fm, 4/m,
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Setting the scale

N2 1 L
MS max (2)
= LN
K I KLmax x Lk ok MS

v

Fk has been missing

Fxmk = (K(p = 0)[57075u(0)

v

needs K-meson — “large” volume: L > 2fm, 4/m,
> issues

> extracting ground state “plateau”

» autocorrelations (sufficient statistics)
and error analysis

» extrapolation to physical quark masses

» renormalization ...
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Plateaux 643128 lattice m,

10 20 af™ 30 40 50 60

» PCAC quark ,52 207 N
mass

2
10 20 30 40 50 60 70 80 90 100 110
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Error analysis, Fi, 643128 lattice m, = 270 MeV

» Done as proposed in
Critical slowing down and error analysis in lattice QCD simulations
[Schaefer, S, Virotta, 2011 ]

» Autocorrelation
function 0.25¢

0.2r

Pixc(t)

-0.05

o wrw! 50 100 150 200
t

» The tail contributes about 60% of the error.
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Extrapolation to physical light quark masses

Strategies

_ mi _
1)R= £ = constant
K

2) Ms = constant

Mstrange

I A”m;mgu = const
R = const

MPhys Mignt
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Extrapolation to physical light quark masses

0.08— ,
& B=52
0075F 0 B=53 P
o B=55 _-
007 = _ &
I B, U
0.0651 | -7 1
1 _ . _.° }5 -
0.06F : - = ==
£ fzk/ N S
S 1 _ -8
00851 e 1
0.05 ,/Jih’ 1
o.045f | ’__—l_‘fm::——
| i
oo4f | _ _ w7 1
e A ] )
0y, 0.05 0.1 0.15 — _Mx
v 1= g2k

» systematic expansion including
M, M log(M), a%, not M x a? [there are some checks]

> agreement also with simple linear extrpolation (no M log(M))
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Fi K Lma,x

combine Lyax/a
0.35 T

= L1/a with

aFK

0.34

strategy 1 T
— — - strategy 2

n n L
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Similar for the RGI mass of the strange quark

0.7 o strategyl
,I( x  strategy?2
INC - linear
0.65
&
>
~
= 0.6
0.55
0 0.05 0.1 0.15 0 1 2 3 4
b (afx)? x10°
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ReSU ItS for the Stra nge q Uark mass (no complete review of results)

Ny mg(2GeV)  Experiment Theory

0 97(4) mg + scale  LGT, Zum
2 103(4) mg + scale  LGT, Aum
3 96(3) mg + scale  LGT, BMW

» Firm results

» Before lattice gauge theory, (still in the 90's ) values between
100MeV and 200MeV were given
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N; dependence of Agjrg and comparison to phenomenology

Ns[MeV]
Ng: 0 2 3 4 5

Experiment Theory

My, K — 12,13 SF [ & | 238(19)  310(20)

My, M, SF [pacs-cs ] 362(23)(25) 239(10)
(6)(-22)

DIS, HERA PT, PDF-fits [ABM11 ] 234(14) 160(11)

DIS, HERA PT, PDF-fits [MSTW09 ] 285(23)  198(16)

“world av. "[2011] PT 212(12)

ete™ — had (LEP) 4-loop PT 275(57)

» Non-trivial, non-perturbative N¢-dependence.
» Small errors are cited, but overall consistency is not that great.

» More precision and rigor (PT only at high energy) will be very
useful.
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Towards even better precision: Gradient Flow and SF

> Gradient flow [Liischer, 2010; Liischer & Weisz, 2011 |

new observables

» UV finite (proven to all orders of PT)

» excellent numerical precision

» renormalized coupling in finite volume with pbc [emw, 2012 ]
> Flow in finite volume, SF [Fritzsch & Ramos, arxiv:1301.4388 |

> lowest order PT to define a new coupling

» numerical investigation shows excellent precision
> General idea

x = (x0,x), t= flow time
Au(x) = quantum gauge fields : Z = /D[AM(X)]

B.(x,t) = smoothed gauge fields , B.(x,0) = A.(x)

M%(:ﬂ = D, G,.(x, t) + gauge fixing

__ 6Sym[B]
~ 5B,

correlation functions of B-fields at arbitrary points are finite
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Gradient Flow

Bulet) = B (x,t) = D, Gyp(x.t) + DudyBu(x, 1) ()

0 T
~ _(SS(;/TMH[B] eliminate by a t-dependent gauge traf
in PT: Au(x) = goA#(X)
Bu(x,t) = Bui(x,t)go+ Bua(x t)gg + ...
Gl/M — [al/Bp,,l - apLBIJ,].] 80 + O(gg) ) Du = au + O(gO)
— BMJ(X, l') = 8V8VBH’1(X, t)
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Gradient Flow

> in PT: A, (x) = goAu(x)

B‘,‘(X7 t) = Bu,l(x7 t)go+ B,u,,Z(Xv t)g§+
Gup = [0uBun — 4Bl g0+ O(g5), D =8y + O(go)
— Buyl(x, t) = 8V8VBH,1(X7 t)

» heat equation

Bui(x,t) = /dDPe[PX bu(p, t)

. 2
by =—p’by = bu(p,t) = bu(p,0)e """

Bui(xt) = /dDth(X—Y);\;L(y), Ki(z) = (4rt)~D/2e=2 /(40

» smoothing over a radius of /8t

» gaussian damping of large momenta
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Gradient Flow

> in PT: A, (x) = goAu(x)

B‘,‘(X7 t) = Bu,l(x7 t)go+ B,u,,Z(Xv t)g§+
Gup = [0uBun — 4Bl g0+ O(g5), D =8y + O(go)
— Buyl(x, t) = 8V8VBH,1(X7 t)

» heat equation

Bui(x,t) = /dDPe[PX bu(p, t)
bu=—pby — bu(p,t) = bu(p,0)e**
- 2
Bui(x,t) = /dDy Ki(x —y) Auly), Ki(z)= (47T1.“)_D/2e_Z /(4t)

» smoothing over a radius of /8t
gaussian damping of large momenta

» all correlation functions of B, are finite (t > 0) [Liischer & Weisz, 2011 ]
in particular (E(t)), E(t)= 7%trGﬂ,p Guv
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Gradient Flow

For (E), E = —3trG., G

EO = <tI‘[aMBV’18MBV71 - 8MB,,’181,BN,1]>

~ /e_P22t[p26W — PupPv] Duu(p) finite (also with cutoff reg'n)!
p
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Gradient Flow and SF-coupling

use the flow in finite volume (SF): T x L3 world with Dirichlet BC in time, T = L
define

(E(t)) = —3(trGu Gu(x, t))xo=1/2 = H Bris() (1 + c1Bus + - )

—2 _ —-1,2
gar(l) = NTEEWD)

This is a family of schemes characterized by ¢ (dimensionless)
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Gradient Flow and SF-coupling

use the flow in finite volume (SF): T x L3 world with Dirichlet BC in time, T = L
define

(E(t)) = —3(trGu Gu(x, t))xo=1/2 = H Bris() (1 + c1Bus + - )
ghr(l) = NTUE(E()

t=c2[2/8

This is a family of schemes characterized by ¢ (dimensionless)

40p2 2 202,12

(N —c“me(n“+ 5 ng)

N(e) = 128 Ze 4
n,ng

3
o sy (T/2)+(n*+5 m)ca (T/2)

1
2,1 o
n?+7ng

> the lattice version is known (and needed)
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Gradient Flow and SF-coupling

statistical precision: variance

relative variance =

should be finite as a — 0, L/a — oo

Numerically, Fritzsch & Ramos:

R R oy
—Lja=6 b3
< Lja=8 ’

107!

T

1072

10~

rel. variance of F

1074

1 1 Ll 1 1 AAAAA
0.02 005 01 02 0406
C
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Gradient Flow and SF-coupling

statistical precision

autocorrelations scale as expected: 7, o< a2

0.025 T Bl
2 ]
0.02f ]
1.5 = ]
] S 3
H = 0.015F ¥ ]
< = Y bl
g 1 L 001F E
2l B ]
=2 B ]
S 0005F &l ; E
0.5 & = o B ]
0 L L L L L L L 1
5 10 15 20 25 30 35 40
¢ Lja

Statistical precision is good and theoretically understood.
There will be no surprises on the way to the continuum limit.
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Gradient Flow and SF-coupling

systematic precision

keeping old SF-coupling gsr(L) fixed (defines L), compute

géF:u, m=0

Quic,a/l) = [/v-l(c, a/L) - 2(E(t, T/2)>]

t=c212/8
1k 4
6F i [ ]
=05 L 3 ]
7k EEN ;! ]
jobt (R ?
G.s—H’{” ] fe * ]
e
=04 03 03 04 045 05
6 34 c
55 #}*}’ 3
c=03
5 ] 1. E
B
e - et
45F - ] IR A
St ok ﬁ ]
Y0005 001 0015 002 0.025 00005 001 0015 002 0025
(a/L)? (a/L)?

» small cutoff effects — ready for applications — ...
— precise A-parameter
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Summary

The fundamental parameters of QCD

A, M

» refer to the asymptotic high energy behavior of QCD
and therefore Nature
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Summary

The fundamental parameters of QCD
/\7 Mi
» refer to the asymptotic high energy behavior of QCD

and therefore Nature

> nevertheless they can be connected non-perturbatively
through lattice simulations to hadron masses (and properties)
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Summary

The fundamental parameters of QCD

A, M

» refer to the asymptotic high energy behavior of QCD
and therefore Nature

> nevertheless they can be connected non-perturbatively
through lattice simulations to hadron masses (and properties)

» firm and precise results can be obtained
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Summary

The fundamental parameters of QCD

A, M;

» refer to the asymptotic high energy behavior of QCD
and therefore Nature

> nevertheless they can be connected non-perturbatively
through lattice simulations to hadron masses (and properties)

» firm and precise results can be obtained

» the precision will be improved even further in the near future
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