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Outline of the talk

n Decoherence and the classical limit of 
the quantum world

n Multiparticle systems and decoherence
n Quantum metrology and decoherence
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Quantum physics and localization

n “Let Ψ1 and Ψ2 be two solutions of 
the same Schrödinger equation. Then 
Ψ = Ψ1+Ψ2 also represents a solution 
of the Schrödinger equation, with 
equal claim to describe a possible real 
state. When the system is a 
macrosystem, and whenΨ1 and Ψ2 
are `narrow’ with respect to the 
macro-coordinates, then in by far the 
greater number of cases, this is no 
longer true for Ψ. Narrowness in 
regard to macro-coordinates is a 
requirement which is not only 
independent of the principles of 
quantum mechanics, but, moreover, 
incompatible with them.”  

Letter from Einstein to 
Born, January 1, 1954
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Why interference cannot be 
seen?

n Decoherence: entanglement with the 
environment - same process by which 
quantum computers become classical 
computers!

n Dynamics of decoherence: related to 
elusive boundary between quantum and 
classical world
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Decoherence dynamics

Exponential decay: tdec ≈ tcav / n
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Dynamics of entanglement

n Multiparticle system, initially entangled, 
with individual couplings of particles to 
independent environments: each particle 
undergoes decay, dephasing, diffusion. 

n How is local dynamics related to nonlocal 
loss of entanglement?

n How does loss of entanglement scale 
with number of particles?



1935
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Scrhödinger on 
Entanglement

“This is the reason that knowledge of the 
individual systems can decline to the 
scantiest, even zero, while that of the 
combined system remains continually 
maximal. Best possible knowledge of a whole 
does not include best possible knowledge of 
its parts – and that is what keeps coming 
back to haunt us.”

Naturwissenschaften 23, 807 (1935)



Emaranhamento átomo-fóton

Blinov et al, C. Nature 428, 153 (2004)
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Emaranhamento 
multifotônico



EMARANHAMENTO COMO UM 
RECURSO

• Emaranhamento é útil para 
comunicação, computação 
quântica e metrologia quântica!
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Entangled and separable 
states

n Separable states:
– Pure states:

– Mixed states (R. F. Werner, PRA, 1989):

n Entangled state: non-separable

Bell states - Maximally 
entangled states: complete 
ignorance on each qubit

ρA,B =
1
2
1 0
0 1

⎛
⎝⎜

⎞
⎠⎟
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Measures of entanglement 
for pure states

reduced density 
matrix of A or B

Separable state (two qubits):

Maximally entangled state:

Von Neumann entropy

Linear entropy

S(ρr ) = 0



Mixed states: Separability 
criterium

n If ρ is separable, then the partially transposed 
matrix is positive (Asher Peres, PRL, 1996):

n For 2X2 and 2X3 systems, ρ is separable iff it 
remains a density operator under the operation 
of partial transposition (Horodecki family 1996) 
- that is, it has a partial positive transpose 
(PPT)
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Negativity as a measure 
of entanglement

Vidal and Werner, PRA, 2002

Negative eigenvalues of partially 
transposed matrix

K. Zyczkowski, P. Horodecki, A. Sampera, 
and M. Lewenstein, PRA, 1998

N (⇥AB) � 2
�

i

|�i�|
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Negativity as a measure 
of entanglement

    =1 for a Bell state

Vidal and Werner, PRA, 2002

Negative eigenvalues of partially 
transposed matrix

K. Zyczkowski, P. Horodecki, A. Sampera, 
and M. Lewenstein, PRA, 1998

N (⇥AB) � 2
�

i

|�i�|
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Negativity as a measure 
of entanglement

    =1 for a Bell state

Vidal and Werner, PRA, 2002

Negative eigenvalues of partially 
transposed matrix

Dimensions higher than 6:     =0 does not imply separability!

K. Zyczkowski, P. Horodecki, A. Sampera, 
and M. Lewenstein, PRA, 1998

N (⇥AB) � 2
�

i

|�i�|
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A paradigmatic example: 
Atomic decay
•Qubit states:

•“Amplitude channel”:

Usual master equation for 
decay of two-level atom, 
upon tracing on environment 
(Markovian approximation)Weisskopf and Wigner (1930)!

Our strategy: follow 
evolution as a 
function of p, not t

Apply evolution to two qubits, take trace with respect to 
environment degrees of freedom, find evolution of two-
qubit reduced density matrix, calculate entanglement
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of entanglement
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“Sudden death” 
of entanglement

C(p = 0) = 2|�⇥|

“Entanglement Sudden Death”(Yu and Eberly)



Decay of entanglement for 
N qubits, other 
environments?

ED
i �i = (1� p)�i + (p)1/2

EPD
i �i = (1 � p)�i + p

�
|0⌅⇤0|�i|0⌅⇤0| + |1⌅⇤1|�i|1⌅⇤1|

⇥

+ Thermal

n Independent individual environments:
Depolarization

Dephasing
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Does entanglement become more 
robust with increasing N?
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Is ESD relevant for many particles?
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Is ESD relevant for many particles?



Entanglement and quantum metrology

Standard limit: δθ ≈
1
n
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Entanglement and quantum metrology

Standard limit:

Heisenberg 
limit:Possible method to increase precision for the same average number of 

photons: Use NOON states [J. P. Dowling, PRA 57, 4736 (1998)]

ψ N( ) = N ,0 + 0,N( ) / 2 → ψ N ,θ( ) = N ,0 + eiNθ 0,N( ) / 2,   n = N( )

δθ ≈
1
n

        α αeiδθ
2
= exp − α 1− eiδθ( ) 2( )

≈ exp − n δθ( )2⎡⎣ ⎤⎦ ⇒δθ ≈ 1 / n

ψ N( ) ψ N ,δθ( ) 2
= cos2 Nδθ / 2( )⇒δθ ≈ 1 / N

(Ignoring repetitions of 
the experiment)

Precision is better, for the same amount of resources (average number 
of photons)!

Heisenberg limit



Example: Frequency measurements in ion traps

 

1
2N /2

g + e( )⊗⊗ g + e( )
N

  
→

1
2N /2

g + eiTδω e( )⊗⊗ g + eiTδω e( )
N
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Independent atoms:

                 for orthogonality. Yields frequency uncertainty             , 
T time for single measurement
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p
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Example: Frequency measurements in ion traps

                    for orthogonality. Yields frequency uncertainty 1/NT, T 
time for single measurement

 

1
2

ggg
N

  + eee
N

 

⎛

⎝
⎜

⎞

⎠
⎟ →

1
2

ggg
N

  + eiNtδω eee
N

 

⎛

⎝
⎜

⎞

⎠
⎟

 

1
2N /2

g + e( )⊗⊗ g + e( )
N

  
→

1
2N /2

g + eiTδω e( )⊗⊗ g + eiTδω e( )
N

  

Independent atoms:

                 for orthogonality. Yields frequency uncertainty             , 
T time for single measurement

Correlated atoms:

1/(
p
NT )(�⇤)T = ⇥

(�⇤)T = ⇥/N
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Steps in parameter estimation

1.  Prepare probe in suitable initial state
2.  Send probe through process to be investigated
3.  Choose suitable measurement
4. Associate each experimental result j with 
estimation

δX ≡ 〈 Xest ( j) − X[ ]2 〉 j
X=Xreal

 →  Merit quantifier

Xest = Xreal ,  d Xest / dX = 1 →  Unbiased estimator



Classical parameter estimation

H. Cramér                 C. R. Rao                         R. A. Fisher    

Cramér-Rao bound for unbiased estimators:

δX ≥ 1 / νF(Xreal ),   F X( ) ≡ pj
j
∑ X( )

d  ln pj X( )⎡⎣ ⎤⎦
dx

⎛

⎝
⎜

⎞

⎠
⎟
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Classical parameter estimation

H. Cramér                 C. R. Rao                         R. A. Fisher    

Cramér-Rao bound for unbiased estimators:

δX ≥ 1 / νF(Xreal ),   F X( ) ≡ pj
j
∑ X( )

d  ln pj X( )⎡⎣ ⎤⎦
dx

⎛

⎝
⎜

⎞

⎠
⎟

2

 

                                                                   ν →  Number of repetitions of the experiment
pj X( )→   probability of getting an experimental result j

Fisher 
information

Fisher’s theorem: Inequality can be saturated (i.e., it is possible to make it 
an equality) when             , by choosing an appropriate estimator       .       Xest⌫ ! 1
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δX ≡ 〈 Xest ( j) − Xreal[ ]2 〉 j  →  Merit quantifier for unbiased estimators
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Quantum Fisher information for pure states

Initial state of the probe:            
Final X-dependent state:                                     ,         unitary operator.  

| (0)�
|�(X)� = Û(X)|�(0)�

Û(x)

FQ(X) = 4⇤(�Ĥ)2⌅0 , ⇤(�Ĥ)2⌅0 ⇥ ⇤�(0)|
h
Ĥ(X)� ⇤Ĥ(X)⌅0

i2
|�(0)⌅

Ĥ(X) ⌘ idÛ
†(X)
dX Û(X)

Then (Helstrom 1976):

where
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Quantum Fisher information for pure states

Initial state of the probe:            
Final X-dependent state:                                     ,         unitary operator.  

| (0)�
|�(X)� = Û(X)|�(0)�

Û(x)

FQ(X) = 4⇤(�Ĥ)2⌅0 , ⇤(�Ĥ)2⌅0 ⇥ ⇤�(0)|
h
Ĥ(X)� ⇤Ĥ(X)⌅0

i2
|�(0)⌅

Ĥ(X) ⌘ idÛ
†(X)
dX Û(X)

Then (Helstrom 1976):

where

If                               ,      independent of X, then ˆU(X) = exp(i ˆOX)

Ô Ĥ = Ô

)
Generalized uncertainty relation: 
Should maximize the variance to 
get better precision!

δx ≥ 1 / 2 ν ΔĤ 2



Example of Generalized Uncertainty Relations: 
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[For more details, see Braunstein, Caves, and Milburn, Annals of Physics 
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Example of Generalized Uncertainty Relations (2): 
Revisiting optical interferometry

Standard limit: coherent states

(Ignoring repetitions of 
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2
p
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FQ(X) = 4�(�n̂)2⇥0 h(�n̂)2i0
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Parameter estimation with decoherence

Loss of a single photon transforms NOON state into a separable state!

η

′η

|�(N)⇤ = |N, 0⇤+ |0, N⇤⌅
2

⇥ |N � 1, 0⇤ or |0, N � 1⇤
No simple analytical expression for Fisher information! 
For small N, more robust states can be numerically calculated
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Parameter estimation with losses: 
Extended space approach

S

E
 
ρ̂(x) = Π̂


∑ (X)ρ̂0Π̂ 

† (X),ρ̂0 = ψ ψ

 

| Ψ(x)〉 = Π̂

∑ (X) |ψ 〉S | l〉E = ÛS ,E (X) |ψ 〉S | 0〉E ,

where Π̂(X) = E  ÛS ,E (X) | 0〉E

Given so that define in S+E

  
FQ ≡ max

Ê j
(S )⊗1̂

F Êj
(S ) ⊗ 1̂( ) ≤ max Ê j

(S ,E ) F Êj
(S ,E )( ) ≡CQ

Then
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(S ,E )( ) ≡CQ

Then

  
CQ ρ̂0 , Π̂ X( ){ }( ) = 4 〈Ĥ1(X)〉0 − 〈Ĥ2 (X)〉0
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∑ (X) |ψ 〉S | l〉E = ÛS ,E (X) |ψ 〉S | 0〉E ,

where Π̂(X) = E  ÛS ,E (X) | 0〉E
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F Êj
(S ) ⊗ 1̂( ) ≤ max Ê j
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(S ,E )( ) ≡CQ

Then

  
CQ ρ̂0 , Π̂ X( ){ }( ) = 4 〈Ĥ1(X)〉0 − 〈Ĥ2 (X)〉0
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Quantum limits for lossy optical interferometry

With l osses 
(upper arm):

dρ̂(t)
dt

= −iω n̂, ρ̂(t)[ ] + γ âρ̂(t)â† −
1
2
n̂ρ̂(t) − ρ̂(t)n̂( )⎡

⎣⎢
⎤
⎦⎥
,   n̂ = â†â

η

n̂ →  Average number of photons in the upper arm

Equivalent description in terms of the Kraus operators:

�̂(t) =
X

`

�`(t)�̂(0)�
†
`(t)

Upon deriving this equation with respect to t, one should find the master 
equation - there are many possible choices of Kraus operators that lead to 
the above master equation. 



Quantum limits for lossy optical interferometry

2 νδθ ≥ 1+ 1+ 1−η
η

N
⎡

⎣
⎢

⎤

⎦
⎥ / N ,   η = e−γ t

States with well-defined total photon number:

η = 1→  no absorption
η = 0 →  complete absorption

⌫ ! Number of repetitions
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Quantum limits for lossy optical interferometry

2 νδθ ≥ 1+ 1+ 1−η
η

N
⎡

⎣
⎢

⎤

⎦
⎥ / N ,   η = e−γ t

 

η→ 1 or N  η
1−η

⇒ νδθ ≥ 1 / N →   Heisenberg limit

N  η
1−η

⇒δθ ≥
1−η

2 νηN
 

States with well-defined total photon number:

For N sufficiently large,           behavior is always reached!

η = 1→  no absorption
η = 0 →  complete absorption

⌫ ! Number of repetitions



How good is this bound?
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Comparison between numerical
maximum value of FQ  and upper
bound CQ  as a function of η, for 
N = 10 (blue), N = 20 (red), N = 30
(green), and N = 40 (black).

Behavior of the minimum for all 
values of η, as a function of N



Conclusions

Entanglement: from a puzzling quantum-mechanical effect 
to a useful tool: quantum communications, quantum 
computation, quantum metrology
Open problems: characterization of multiparticle 
entanglement, physical interpretation of entanglement 
measures, effect of decoherence on multi-particle 
entanglement
Twin-photon beams: useful for studying decoherence and 
disentanglement → local X global behavior of entangled 
states
Quantum metrology: intense activity today
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Investigating the dynamics 
of entanglement
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Parameter estimation with losses - experiments

ψ = x2 20 + x1 11 − x0 02

NOON

ψ SQL

What happens 
when N increases?

η = 1→  no losses
η = 0 →  complete loss

States leading to minimum uncertainty 
in the presence of noise:

Coefficients are determined 
numerically for each value of   . 
Losses simulated by a beam 
splitter in the upper arm. States 
prepared by two beam splitters.

⌘



Possible model for photon loss: beam splitter
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If Ψ in = an n

n=0

∞

∑⎛⎝⎜
⎞
⎠⎟ a
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Possible model for photon loss: beam splitter

Set                     , derive (A) with respect to t, find previous master equation - 
beam splitter is one of the possible realizations of the reservoir.
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Lossy optical interferometry and Kraus operators
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ηn̂/2âeiθn̂

eiθ(n̂+)ηn̂/2â
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ηn̂/2âeiθn̂

eiθ(n̂+)ηn̂/2â
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η=e−γ t

Beam splitter placed before dispersive element

Beam splitter placed after dispersive 
 element

↵ = 0 :
↵ = �1 :

Beam splitter placed before dispersion
Beam splitter placed after dispersion

θ =ωt

 Choose    that miminizes       !    CQ
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