
Lista 3 - Quânti
a B (2013)

1. Counting states

Consider a one-parti
le quantum me
hani
al system with a Hilbert spa
e spanned by three orthonormal states |n〉,
with n = 1, 2, 3. Three non-intera
ting parti
les o


upy these states. Determine how many distin
t physi
al states

there are if these parti
les are: (a) three identi
al fermions, (b) three identi
al bosons, (
) two identi
al fermions and

one boson, (d) two identi
al bosons and one fermion, (e) three distin
t fermions, and (f ) three distin
t bosons.

2. Ex
hange intera
tion

Consider a one-dimensional system of two spin-1/2 fermions. The two fermions move in the �eld of an anharmoni


double-well os
illator and intera
t with ea
h other through a repulsive pair intera
tion V (|x|). The Hamiltonian for

this two-parti
le system is

H =
1

2m

(

p21 + p22
)

+ U(x1) + U(x2) + V (|x1 − x2|),

where the double-well potential is U(x) = U0

a4

(

x2 − a2
)2
. As for the pair potential V (x), we will only need to assume

that it is repulsive and that it de
reases su�
iently fast so that all the integrals involved are 
onvergent. Finally, let

〈x|R〉 = ψR(x) be the harmoni
-os
illator ground-state wavefun
tion 
entered around x = a and 〈x|L〉 = ψL(x) be
the 
orresponding wave fun
tion 
entered around x = =a:

ψR =

(

1

πσ2

)1/4

e−
(x−a)2

2σ2
and ψL =

(

1

πσ2

)1/4

e−
(x+a)2

2σ2 , with σ2 =
~a√
8mU0

.

(a) Give a justi�
ation for ψR,L. When are they expe
ted to be a good approximation of the true ground-state

wavefun
tions? Compute the overlap ℓ = 〈L|R〉.
(b) Find the expressions for the matrix elements of the one-parti
le Hamiltonian H(1) = 1

2mp
2 + U(x) in the spa
e

spanned by the two single parti
le kets |R〉 and |L〉:

H
(1)
eff =

( 〈

R
∣

∣H(1)
∣

∣R
〉 〈

R
∣

∣H(1)
∣

∣L
〉

〈

L
∣

∣H(1)
∣

∣R
〉 〈

L
∣

∣H(1)
∣

∣L
〉

)

.

Now, diagonalize H
(1)
eff and �nd its two Eigenstates |±〉 and 
orresponding energies E±.

(
) What is the maximum number of linearly independent, properly anti-symmetrized two-parti
le states (in
luding

spin)? Constru
t the two-parti
le basis using the single parti
le states |+, ↑〉 , |+, ↓〉, |−, ↑〉, and |−, ↓〉.
(d) Cal
ulate the matrix elements of the intera
tion term (V ) of the two-parti
le Hamiltonian in the unsymmetrized

(orbital) basis |R,R〉, |R,L〉, |L,R〉, and |L,L〉. Now, �nd an expression for the appropriately de�ned Dire
t (Coulomb)

and Ex
hange integrals.

(e) Use these expressions (and the overlap ℓ) to 
ompute the energy levels, their quantum numbers and their

degenera
ies for this two-parti
le system. Find an expression for the Ex
hange 
onstant J . (Hint : Express your result

in terms of Heff = const + JS1 · S2, with Si being the spin operators.)

3. Free fermions

Consider a system of nonintera
ting N spin-1/2 parti
les whi
h are free to move in a one-dimentional ring of length

L. The one-parti
le wavefun
tions are

〈x, σ|ψ〉 = ψn,σ(x),

with σ =↑, ↓ representing the spin, and n a quantum number to be de�ned. Assume that N/2 is an odd integer.

(a) Write down the one-parti
le states wavefun
tions ψσ,n(x) whi
h obey the boundary 
ondition given above.

What is the meaning of the quantum number n?
(b) Use the fermioni
 �eld operators a†n,σ(x) and an,σ(x) in position spa
e to write the Hamiltonian of this free

fermion system in the Fo
k spa
e. Do the same now for the operators in momentum spa
e.

(
) Compute the anti
ommutators

{

ãσ(p), ã
†
τ (p)

}

and {ãσ(p), ãτ (p)}.
(d) Constru
t the many-parti
le ground state |G〉 for this system in the Fo
k spa
e. Compute the Fermi energy

EF , namely the energy of the topmost o

upied state. How many single-parti
le states are present in |G〉?
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(e) Show that the wavefun
tion of the ground state is an N × N Slater determinant. In addition, show this

determinant 
an be fa
torized to the produ
t of two

N
2 ×N

2 determinants. (Hint : Noti
e that 〈xi,σ |ψn,τ 〉 = δσ,τψn,τ (xi),
where xi,σ is the position of the i-th parti
le with spin σ.)
(f ) Show that

Ψ
(

x1,↑, x1,↓, . . . , xN
2 ,↑, xN

2 ,↓

)

=

N
2
∏

i<j=1

(zi,↑ − zj,↑) (zi,↓ − zj,↓) , where zi,σ = ei
2π
L

xi,σ .

(Hint : Re
all the Vandermonde matrix.)

4. Two 
oupled bosons

Consider a system of two distin
t bosoni
 parti
le (type A and B) in whi
h only one mode is present:

H = ǫAa
†a+ ǫBb

†b+ V a†b + V ∗b†a.

(a) Show that c ≡ ua− vb and d ≡ v∗a+ u∗b, with |u|2 + |v|2 = 1 are bosoni
 operators.

(b) Show that when ǫA = ǫB and V = V ∗
, the 
hoi
e u = v = 1/

√
2 de
ouples the system of bosoni
 parti
les C

and D.

(
) Determine u and v that diagonalizes the system in the general 
ase. Find the Eigenenergies and Eigenve
tors

of the system.

5. Two 
oupled fermions

Consider a system of two spin-1/2 identi
al fermioni
 parti
les that 
an o

upy three di�erent states of energies Ei,

i = 1, 2, 3. The matrix elements allowing the transitions between these states are Mij .

(a) Write down the system Hamiltonian in terms of the 
riation and annihilation operators.

(b) Determine the equation that gives the Eigenenergies of the sytem.

(
) Diagonalize the system for the parti
ular 
ase Ei = E and Mij = M , and the spins of the parti
les are the

same.

6. Grand-
anoni
al ensamble

The Grand partition fun
tion is given by the tra
e

ZG = tr e−β(H−µN), where H =
∑

i

ǫia
†
iai and N =

∑

i

a†iai,

and the 
onstants β and µ are the inverse of temperature and the 
hemi
al potential, respe
tively. In the following


ompute the required quantities for both 
ases of identi
al bosoni
 and fermioni
 parti
les.

(a) Compute ZG. (Hint : Use the tra
e in the Fo
k spa
e: trO = 〈n1 . . . n∞ |O|n1 . . . n∞〉, and re
all that in the

Grand-
anoni
al ensamble the number of parti
les if not �xed.)

(b) Compute the average o

upation number 〈ni〉, su
h that N =
∑

i 〈ni〉. (Hint : Re
all the thermodynami


Grand-potential Ω(T, V, µ) = β−1 lnZG, and that N = −
(

∂Ω
∂µ

)

T,V
.)

(
) Show that the fra
tional deviation from the mean o

upation number

〈

(ni − 〈ni〉)2
〉

〈ni〉2
= eβ(ǫi−µ) =

1

〈ni〉
+ ζ,

with the ζ = ±1 for bosons and fermions, respe
tively.

7. Holes in a magneti
 moment 
losed shell as an antiparti
le (Merzba
her, 
hap. 22)

Let a†j,m be a 
riation operator of fermioni
 parti
le with angular momentum j and proje
tion in the z-dire
tion m.

(a) Constru
t the 
losed-shell state: a state in whi
h all one-parti
le states m = −j to = +j are o

upied.
(b) Prove that the this state has zero total angular momentum.

(
) If a fermion with a 
ertain magneti
 quantum number m = k is missing from this 
losed-shell state of parti
les,

show that, for angular momentum purposes, this hole state 
an be treated as the state of a single parti
le with

quantum number −k, and e�e
tive 
reation operator (−1)
j−k

aj,k.

8. (Optional) More on ex
hange (Merzba
her, 
hap. 22)
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Consider the unperturbed states of n spin-1/2 parti
les, a†n,σn
. . . a†k,σk

. . . a†1,σ1
|0〉, ea
h o

upying one of the n

equivalent, degenerate orthogonal orbitals labeled by the quantum number k, with σk = ±1/2 denoting the spin

quantum number asso
iate with the orbital k. Show that in the spa
e of the 2n unperturbed states a spin-independent

two-body intera
tion may, in �rst-order perturbation theory, be repla
ed by the e�e
tive ex
hange (Heisenberg)

Hamiltonian

Heff = − 1

~2

∑

k,ℓ

〈k, ℓ |V | ℓ, k〉Sk · Sℓ + const, where Sk =
~

2

∑

σk,τk

a†k,σk
ak,τk 〈σk |σ| τk〉

is the lo
alized spin operator, and σ = (σx, σy , σz) are the Pauli matri
es.


