
Problem set 1 - Many-body theory SFI7534

1. Harmoni osillator. For the simple Harmoni osillator H = ~ω
(

a†a+ 1

2

)

,

(a) show that the orrelation funtion

1

2
〈{x(t), x(0)}〉 =

~ cosωt

2mω
(1 + 2 〈n〉) ,

where 〈· · ·〉 is the anonial thermal average.

(b) What are the physial meaning of these 2 term on the right hand side?

() In the high-temperature limit, does your result agree with the equipartition theorem? What is the high-

temperature limit?

(Hint : Reall that eXY e−X = Y + [X,Y ] + 1

2!
[X, [X,Y ]] + . . ., and that

〈

a†a
〉

= 1/(eβ~ω − 1).)

2. Field operator. The mth Eigenstate of a free partile in a 1D box of size L is 〈x|m〉 =
√

2

L sin (mπx/L). Let

c†m and cm be the orresponding reation and annihilation operators of spinless fermions. Adopting the states

in the Fok spae as |n1, n2, . . .〉, with nm denoting the oupation in the mth Eigenstate, answer the following:

(a) Compute c6c
†
4c

†
6c4c2 |1, 1, 1, 1, 1, 0, 0, . . .〉.

(b) What operator must be applied to |1, 1, 1, 1, 1, 0, 0, . . .〉 in order to obtain |1, 1, 0, 1, 0, 0, 1, 0, 0, . . .〉?

() Compute

{

ψ(x), c†m
}

, where ψ(x) is a fermioni �eld operator.

3. Coherent states. Consider the bosoni state in the Fok spae

|φ〉 =

∞
∑

n=0

cn |n〉 ,

where |n〉 =
(b†)n√

n!
|0〉, with b† being the reation operator related to the single-boson state |ψb〉 in the Hilbert

spae.

(a) What are the oe�ients cn suh that |φ〉 = eEb† |0〉 with E ∈ C?

(b) Show that |φ〉 is an Eigenstate of the annihilation operator b with Eigenvalue E, b |φ〉 = E |φ〉.

() Show that this basis is not orthonormal 〈φ|ϕ〉 = eE
∗F

, where b |ϕ〉 = F |ϕ〉, and that it is overomplete

I =
1

π

ˆ

d (ℜE) d (ℑE) e−E∗E |φ〉 〈φ| .

(d) Compute the average number 〈n〉 =
〈

φ
∣

∣b†b
∣

∣φ
〉

/ 〈φ|φ〉.

4. Partile density operator. Let ρ̃(q) =
´

eiq·rρ(r)dr be the Fourier transform of the partile density operator

ρ(r). For a system of N partiles, answer the following:

(a) Write ρ̃(q) in �rst quantization.

(b) Write ρ̃(q) in seond quantization for bosoni and fermioni operators in momentum Eigenstates.

() Let A =
´

dqρ̃(−q)ρ̃(q). Show that, in seond quantization, A is a onstant when ated in the one-partile

Hilbert spae.

5. Simple interating system. Let

H0 =

N
∑

i=1

1

2m
p2 + U(ri)

be the Hamiltonian of a N free (spinless bosoni or fermioni) partiles.



2

(a) Write H0 is seond quantization in term of the �eld operators ψ(r) and ψ†(r).

(b) In the Heisenberg representation, �nd the movement equation for those �elds evolving aording to H0.

(Does it resembles the Shrödinger's equation?)

() Consider now the e�ets of interations, i.e., H = H0 +H
int

where

H
int

=
1

2

∑

i6=j

V (|ri − rj |).

Write H
int

in seond quantization and �nd the new movement equation for the �eld operators for the ases

of bosoni and fermioni partiles.

(d) Disuss the ase of puntual ontat interations for fermioni partiles, i.e., V (|ri − rj |) = gδ(ri − rj).
Does your answer hange when onsidering fermions with spins? Explain.

6. Current density. The urrent density operator J(r) is de�ned from the ontinuity equation ∂tρ(r) = −∇·J(r),
where ρ(r) = ψ†(r)ψ(r) is the orresponding density operator and ∂tρ(r) = i~−1 [H, ρ(r)]. Show that, for the

system Hamiltonian in problem 5, the urrent operator is

J(r) = −
i~

2m

[

ψ†(r) (∇ψ(r)) −
(

∇ψ†(r)
)

ψ(r)
]

.

7. 1D bosoni system. Consider the Hamiltonian

H =
N
∑

i=1

J1

(

b†ibi+1 + h.c.
)

+ J2

(

b†ib
†
i+1 + h.c.

)

,

where b†i reates a boson on site i of a ring of N sites and lattie onstant a.

(a) Give physial meaning for all the terms in H .

(b) Diagonalize H .

(Hint : De�ning bj = N−1/2
∑

q e
iqajbq, write H in the momentum spae and perform a transformation

bq = uqcq + vqc
†
−q hoosing the oe�ients uq and vq suh that cq is also a bosoni operator.)

() What does happen when J1 = J2?


