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Disclaimer: This document is a concise guide for the lectures of the course Introduction to Path Integrals given in
the I Escola Avancada de Fisica Teérica, Sdo Carlos, July 2016. It is not suppose to substitute any text book and
neither the discussions of the physical content in the lectures. The purpose of these notes it to help the students to
go through the mathematical steps. There are many high quality books on the subject. We suggest, for example,
Condensed Matter Field Theory by Altland & Simons, and Quantum Field Theory of Many-Body System by Wen.



I. THE TIME EVOLUTION OPERATOR

Given a initial quantum state |1 (¢;)), we are interested in how the system state evolves as time goes on. This is
given by the time evolution operator defined from

[ (tp)) = U (ty,t:) | (t:)), where tp > t;, (1)

and with the constraint that U (tiyt;) = L Some properties are straightforward: the composition property
U (t3,t2) U (ta,t1) = U (t3,t1) (with t3 > t3 > t1), and unitarity U (ta,t1) Ut (t2,t1) = I, which comes from probability
conservation (¢|¢)) =1 for any t.

The time evolution operator can be determined from the Schrédinger equation: ih% vy = HY)y, =

ZFL%U (t,to) |’L/Jo> = fo (t,to) |’lb0> 5 for any |’L/10> ThU.S,
ih=—U = HU. (2)

It is interesting to recall that for time-independent H, then U (¢, to) = e (=10 H@ (t — t,), where © () is the Heaviside
function [1]. In this case, notice that U (t,tg) = U (t — tp) as a consequence of energy conservation. In addition, for

an infinitesimal time evolution, then U (t+dt,t) =1+ %dtf{ = eddtH ()| regardless whether the Hamiltonian is time
independent or not.

II. THE PROPAGATOR

Mathematically, the propagatorG is simply defined as a matrix element of the time evolution operator:

xi> : 3)

The first thing we have to notice is that the propagator depends on the representation, i.e., it depends on the basis
we are considering. For the case of a H describing a particle moving in some external potential and |z) denoting
the physical state in which a particle is located at position z, then |¢hG |2 represents the probability density of this
particle going from (z;,t;) — (xf,ts). Notice nothing is said about the initial state of the particle.

Defined in this way, we can compute the particle wavefunction ¢ (x,t) at time ¢ given that it is known at a previous
time to:

ihG (acf,tf,aci,ti) = <.Tf ‘U (ﬁf,fi)

w(a.t) = (o (0) = (o060 0 o)) = [ (o[0tt0)] 20) (ool (1)) o
= ih/G(m,t,xo,to)w(xo,to) dzxy, (4)

where we have used that T = [ dxg |zo) (xo|. In this way, the propagator G can also be viewed as the Green’s function
of the Schrodinger equation.

A. Detourl: The free-particle propagator via Schrédinger equation

For a free particle (I;T = ﬁﬁQ), the Schrédinger equation simply gives us U = emmn (t—t0)p” Thus, in the momentum

representation, we have <p ’U‘ p0> =0 (p—po) emmn (=t where p |po) = po |po)-

If we are interested in the position representation, we use that (x|p) = \/2175 i

N A 1 1 ((t=ta ), 2 m i
hG = < }U} > = /d d < ‘U} > = — d ﬁ(( 2m )p —(z—zo)p) = _— ﬁsﬁl’ 5
i z |U| o pdpo {zlp) (P |U| o) (wolpo) = 5— [ dpe AT (5)

m(z—x0)?
2(t—to)

. b2
velocity). Here, we have used the result ffooo eiaa®+b2) 4 — ,/%ezi_a (see Sec. IX). Notice that from translational

and time invariance of H, then G (z,t,x0,t0) = G (x — z0,t — to).

where S (z,t,z9,t0) = is the classical action of a free particle (which comes from the path of constant



B. Detour2: The propagator in the frequency space

Consider the propagator in the energy representation (with H being time-independent)
ihG g (¢2,t2, ¢1,t1) = ihGE (2, ¢1,t2 — 1) = <¢2 ’U (t2,t1)‘ ¢1> = G4, 4 e P22t (6)

where H |¢;) = E; |¢;). Defining the Fourier transform

GE (¢2,01,w) = /GE (¢, ¢1,t) eldt = %—hd)l/ e TR P2ttt gy
? 0

_5¢21¢1 _ 6¢27¢1

6¢27¢1 e H Eat+iwt

:ih(%quLiw) ‘t:oZngh(erin)_hwf(ngiOJr)'

Here, we replaced w with a complex number w = w + in and take the limit 7 — 0T in order to converge the integral:
limy_y o €78 B2+t — (. For short, we write hn =0T,
We can now use this result in order to compute the propagator in the frequency space

G(l‘,l’o,w) = %<.’L“U‘l‘o> :Z<‘T|¢> GE (¢a¢/a ¢ |$ ZM$|¢E¢¢|‘TS(>)+)
&9’

This is an interesting result. From the structure of the poles of G (x,zy,w), we can obtain the spectrum of H.
Finally, if we want to recover the Gg from G g, we have to inverse-Fourier transform

—iwt

dw  0g,.6,€ . 1 Ogs ¢16_iwt
G (92, ¢1,1) /27rhwf(E27i0+) D 5 (hw(Egz'0+)

Residues

For ¢t > 0, we choose the contour in the lower half of the complex plane because et  e!"™(“) and Im (w) < 0. In
this case, there is a pole inside the contour which is at fuv = E5 — i0" In addition, there is a global minus signal
because the contour is clockwise. For t < 0, we need to choose the upper half-plane. However, in this case, there is
no pole inside the contour. Thus, Gg = 0 for ¢ < 0. Finally,

Eo—iot
i Z2—0

. . + 1 |
GE (¢2) ¢1at) = _% X 5¢2,¢1e ( " ) S} (t) = E6¢2,¢1eﬁE2t® (t)a

which recovers the result (6).

III. PATH INTEGRAL REPRESENTATION OF A PARTICLE PROPAGATOR

For simplicity, let us consider the Hamiltonian H= ﬁﬁQ +V (x,t) describing a single particle propagating in 1D
under the influence of an external potential. As will become clear in the following derivation of the path integral
representation, it is straightforward to generalize it for a general Hermitean Hamiltonian.

The propagator is obtained from

:L'7,> )

and U can be obtained from solving the Schrodinger equation (2). An alternative approach for this usual quantum
mechanics prescription is the path integral formulation of the quantum mechanics. Instead of solving the Schrodinger
equation, we evolve the system through N intermediate time steps, each of which are of duration At = i%t", ie.,

ihG(acftf,xi,ti) = <.Tf ’U (ﬁf,fi)

Uty t:) =Ultn,tn—1)...Uta, t1)U(t1, to), (7)

where tk = to + kAt, to = ti, and tN = tf
Let us consider the case of N = 2. Thus,

ihG (2,0) = <xf ‘U(tg,tl)ﬁ(tl,to)‘xi> — /dxl <xf ‘U(tQ,tl)‘x1> <x1 ‘U(tl,to)‘xi>

= /dth (2,1) x ihG (1,0). (8)
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Figure 1: Schematic visualization of the superposition principle in quantum mechanics.

This highlights the superposition principle in Quantum Mechanics. Recalling that G (f, 1) is the amplitude probability
density of the system going from ¢ — f, then the right-hand side of (8) tells us that the system goes from the initial
configuration (z;,;) to the final one (xy,ty) via all possible intermediate configurations (z1,¢1) in between (see panel
(a) of Fig. 1). This is just like the double-slit experiment (although here we are considering infinitely many slits)
and it is a simple consequence of the wavelike character of the quantum particle. In the schematic representation of
Fig. 1, the dashed lines are representative trajectories since no such concept exists in quantum (or wave) mechanics.
When increasing the number of intermediate steps [see panel (b)], it is like we were inquiring more often the particle
current position. In the extreme limit of N — oo [see panel (c)], the particle position is inquired at all time instants
and the concept of a classical trajectory arises. The superposition principle in quantum mechanics simply states that
all these possible paths interfere with each other.
It is now our task to quantify how these paths interfere with each other. From (7), we have that

ihG(:ENtN,:Eo,to) = lim <:L'N‘ﬁ(tN,thl)...U(tg,tl)ﬁ(tl,to)‘$0>

N—o0

:Nliinoo/.../dzl...d:c]v,l <xN‘U(tN,tN,l)‘xN,1>...<z2‘U(tg,tl)‘x1><x1

where we have inserted N — 1 resolutions I = [ duy |z) (xx|. Let us take a closer look in each of these terms

<$k+1 }U(tkﬁ-l;tk)} $k> = <-Tk+1 ‘U(tk + At,tk)} $k> = <$k+1 >

(Although the last passage is valid only in the limit At — 0, it is also valid for any finite interval At as long as H
elhAt(TJrV(I tk))‘ zk>. In general, this is not a simple task

0(t1,t0)‘$0>7

e AtH ()],

is time independent.) Now, we have to compute <xk+1

because T = ﬁﬁQ and V do not commute with each other. However, a curious formula exists:

ee(X—i—Y) — eX €Y —%62[)2,{/

This is the Zassenhaus formula which is related to the more familiar Baker-Campbell-Hausdorff formula [2]. Therefore,
we have that lima;_.q e AUTHV) _ ot
time limit [3]. Thus,

e AV Basically, the non-commutativity becomes irrelevant in the short-

<-Tk+1 emAtH‘ > _ <$k+1 N YN -Tk> _ <$k+1 e#AtT‘xk>emAtV(mk,tk)
ALV (x5 ,te) _ AHT V(zn,t
= [ (e [ 52 ) (e e /@%@mﬂmﬂmmw@ﬁ((””(“k”
1 PrZTh41l PRk At k+1 "%k H t
= [ dpee T emAtH(pk,mk,tk)_ dpre™ [- (252 ) pet (Pkamkak)]’

where H (pr,xzx) =T (pr) + V (zk, tg). It is important to notice that this quantity is not an operator, but a scalar.
Collecting all the terms and defining &), = (Z’”Alim’“) we find that

ihG = hm /dek 2—

/Dmmmmﬁﬂ”mumpmﬂmam] )

i

N-1
tz Tepe — pe,xe,te))]
=0




Here, we denote by Dlg(t)] = limy_ e Hk Yday, HN ! ;p,ib the functional integral over the phase space. The

representation of the propagator in (9) is called the phase space representation of the propagator path integral.

Notice the functional | tt_f dt (& (t)p (t) — H (p,z,t)) has the appealing look of an action. But recall that & has no
relation with p since they are unrelated dummy variables.

. L . ) F N P T
Since T (pi) = ﬁpi, we can perform a Gaussian integration over the momentum variables: [ dpye F At[depr—5mPi] —

\/ 2%’1” #At23}  Therefore, we arrive at
L m(z zo\?
. . +1 — Xy
= 1 —_ - _
1hG ]\[1_I>1r(1>O 2mh " / I I dxy exp | At ; ( 5 ( A7 ) Vv (me,t@))]

/D )] exp {hS([:c )] ,xf,tf,xi,ti)} , (10)

. g ~N-1
where D [z (t)] = limy o0 ( [I,—; dzx, and

TaT)

S([x@®)],xp ty,xit;) = /ttf dt (%gﬂ _ V(ac,t)) (11)

7

is the action of the path z (t) with the constraint that = (t) = 5 and z (¢;) = ;.

The formulation in (10) is known as the coordinate representation of the path integral. It answers our question of
how each path interfere with each other. Each path contributes with a phase e*5/" where the action S is measured
in units of the Planck constant.

With the path integral formulation in (10), we can reinterpret Quantum Mechanics. Given the propagator (10),
the time evolution of any state is determined through (4). Notice that this is equivalent to usual formulation in which
one has to solve Schrodinger equation.

The path integral formulation is useful in many contexts, specially, for interacting systems where perturbation
theory can be easily formulated. Philosophically, it helps us to “visualize” the quantum fluctuations. Usually, the
classical path is the most contributing one for the propagator. In that case, we can interpret the real world as being
classical with quantum fluctuations on top of it. Evidently, this picture has its limitation since there are phenomena
in which the quantum character is dominant as in tunneling and in superconductivity.

A. Detourl: The free-particle propagator via path integral

In Sec. IT A, we have computed the free-particle propagator by solving the Schréodinger equation for time evolution
operator U. It is instructive to perform the same task in the path integral formulation.

First, we will perform this calculation in a pragmatic way without paying much attention on the physical interpre-
tation.

Consider the case N = 2 in (10). We have to compute

im 2mihAt 1 m
/dzl exp [M [(zf - ZE1)2 + (z1 — zz)QH = m 9 [m (zs

For the N = 3, then we have that

j 2mihAt 1 im [1
/dxldx? exp [% {(mf —2)% + (22 — 1) + (21 — xi)QH =4/ Wzn x5 /dxlem[5(1f_zl)2+(zl—zi)2]
. 2
_ 2mihAt % l % 26%X§(1fﬂci)2_
m 2 3

It seems there is a pattern arising. For the IV = k case, we use the induction hypothesis that

k—1 . 1 5 . /—1 ) )
/ H dxgeﬁ Zj:o (rerime0” - 2mihAt X le shiy X & (zp =) .
=1 m k

— )’
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Figure 2: Chain of coupled harmonic oscillators.

For the next iteration N = k + 1, we have to perform the integration

dzqezhat [F@r—20)* +H(@1—z)?] _ 2mihAt % k oA Xy (wp—wi)?
m k+1 ’

which confirms the induction hypothesis. Therefore,

N-1
m % 2mihAt 2 1 im 1 2
hG = i (7) —prrrr X W (@r—mi)
W= 0 Ominae) ( m ) N

L i
— lim (L) e Xy (@) — [ ™ " —t
N—oo \2mihAtN 2mik (ty — t;) ’

which recovers (5).

Notice that no information about the Schrodinger equation was used. However, the mathematical steps were much
more “painful” in comparison to the usual formulation of quantum mechanics in Sec. 1T A.

B. Detour2: The free-particle propagator via path integral - reload

We now want redo the same calculation in a different manner. Notice we are dealing with the kinetic term oc Y i7.
However, in the discrete limit, it can be viewed as a collection of N — 1 coupled harmonic oscillators in 1D (see Fig.

2), the corresponding dimensionless potential energy being U = %kV, where the “spring constant” k = ;z5, and
N-1
V= :L'g+1 — :Cg s
£=0

with 29 and zy fixed. The integration [ Hivz_ll dxj, means we are interested in all possible configurations of potential
energy. Clearly, the lowest energy configuration (which is thus related to the classical path which minimizes the action)

is that in which all particles are equally spaced, i.e., they are at their “equillibrium” position zge(l) =x0+/¢ (IN—ZQ””O)

Therefore, it is convenient to remove it out. For that, let us redefine the particle positions by uy, = z, — zge(n. In this
new variable, the potential energy becomes

N—-2 2
TN N — X
V=N (T) 2+ ; ugyr —ug) +uk_ =N (T) +u’Mu,
where
2 -1 0 --- 0
-1 2 -1 - 0
M = 0 -1 2

: -1

0 O -1 2

is a tridiagonal matrix, and u” = ( Ul ... UN-_1 )



Notice the fluctuations around the “classical” configuration are weighted by the spring constant k oc mhA~1, i.e., we
can somewhat quantify the weight of the quantum fluctuations by making an analogy with our springs. Stronger the
spring constant, more suppressed are those configurations in which a particle deviates from its equilibrium (classical)
position.

Notice moreover that M is easily diagonalized because the problem of Harmonic Oscillators with fixed ends is well
known. The Eigenvectors are simply sines with wavelengths A\, = %, with a = 1,..., N — 1, i.e., the wavevectors

are v, with vy o sin (277¢/\,). The normalization is Zé\;l sin? (2£) = LN (obtained from the sum of geometric
series). Thus, ve e = ,/% sin (%aﬁ). Applying these Eigenvectors on M, we find the corresponding Figenvalues
W = 2 — 2cos (%a).

The potential can thus be rewritten as

2 2 2
VZN(¥) +uT(VDVT)u:N(%) +zTDz=N(L) +Zwazl,

where the columns of V are the Eigenvectors v, D is a diagonal matrix in which Dy, = ws, and z = VTu. Since

the transformation from u — z is a canonical one, then HkN:_ll dxy = HkN:_ll dug, = H,iv:_ll dzi. The propagator can
now be computed

im a:f T

. . m 3 w Z
1hG = ]\}1_}00 (27T’LhAt) e 2ﬁAtN / H dzke hAT Ze L wezp

wfz

wfz

Hm( i ) et  (2TAEE 5 i (— _e%Sa
N—=oo \2TiRAL m VI, wa  N—oo \ 2mihAtDet (M) ’

where Det (M) =[], wa. (Indeed, the diagonalization of M is not crucial here, just its determinant.) The determinant
can be obtained via induction. For a matrix of size £ = 1, then Det (M;) = 2. For size £ = 2, then My = < 31 _21 >,
and the determinant is 3. For size £ = 3, then Det (M3) = 4. For a generic size ¢, it is easy to show that Det (M) =

2Det (My—_1) — Det (My—_3). Therefore, Det (M) = ¢+ 1. As our matrix has size £ = N — 1 and that AtN = (t; —¢;),
then we (again) recover the expected result (5).

IV. SEMICLASSICAL APPROACH

Having reformulated the quantum mechanics via the path integral approach, we might ask what kind of trajectories
contribute the most for the propagator. For answering this question, let us consider for instance a system in which the
action S is typically much larger than A. By typically, we mean that for most of the paths S =>> h. Also, deviations
from a typical path causes deviations in the action which are also much greater than &, i.e., §5 > h. If that is the case,
then most of these paths interfere with each other destructively because the phase varies so much that et averages
to zero. Therefore, there must be a set of paths that do not interfere destructively and dominate the sum [ D[z] over
all paths. It is then clear that S must not vary much around these paths. Thus, there must be a special path around
which §.5 vanishes (up to linear order in the deviation). In this case, it is said that the phase is stationary in this
path. This must be the path that contributes the most for the propagator.

Let us suppose we find such special stationary-phase path and call it z.;. Deviations from such path n = z — z
causes deviations on S that are specially small, i.e., S — S must be a functional that is a quadratic function of
6[z], namely, S — Se = 5 [ dtdt’ Wn (t) n(t'), where % represents the functional second derivative
computed at the stationary phase path x.. If S were a function of a single variable z, then the second derivative

would be simply 4 sz ’ . However, S is a functional, and thus, we have to deal with the calculus of variations.
T=Tcl

In order to acquire more feeling, let us consider the case in which we simply divide the path in two steps (not

necessarily of the same length) as in panel (a) of Fig. 1. In that case and considering a free particle, the propagator

is given by (8)

1/d ihG ( t1) % ihG (z1,t1,0,0) /d (5o
— 11 x,t,x (3 x xie ’
i 1 ytwy, 1,11, zh 2mht1 2mih ( t—t1) !
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Figure 3: (Left) Phase contribution of each path z;. (Middle) The integration over these phases which are Fresnel functions.
(Right) Schematic of the paths contributing for the propagator. Inside the blue shaded region, the paths which contribute the
most because the phase does not vary considerably. Outside this region, the phases vary considerably that they mostly interfere
destructively by averaging away.

Let us have a better look at the integral

o} | (e—ap)?
L : t 2 otp t1, 2 . mt 1 \2, t1(t—ty) 2
/dzle 2 (tl =t = dxlezwbt;(nt*h)(I172Tmm1+71 ) = dzlelﬂbtl(t*tl) ((Ili t I) Tt )
- ma? i mt (ot )2 cma? (21 —2g)?
L /dzleZZRtl(t—tl)(ll ) e 5in /dxlezT,

hty(t—t1)
mt :

with o = tTl,T and 0 = The integration over x; can now be done without much effort, yielding

i i, ma?
WeEXT, which is the well-known result (5). However, by simply performing the Gaussian integra-

tion we miss all the fun. Let us then have a closer look at the whole structure. Neglecting common factors, each path

(w1 —wgy)? 9

(represented by different values of x1) contribute with the phase e’ 22~ = e, Notice the phase # increases for

|z1 — el > 0 ~ \/%. The real and imaginary part of the integrand are plotted in the left panel of Fig. 3.
In order to highlight the destructive interference of paths that are faraway from x, let us investigate the integral

o0 '(mlfmc )2 L iz
/ dzie’ %% =2 lim dgcei(?)2 =20/ lim (FC (O‘Lﬂ'_l/2) + 1 F (O’L7T_1/2)) ,
— 0 L—oo Jo L—oo

where F, (z) = [ cos (5y?) dy and F, (z) = [; sin (5y?) dy are the Fresnel functions which are plotted in the middle
panel of Fig. 3. It is now clear that only the paths near the stationary one contributes. Notice the convergence of

the Fresnel functions for large arguments. Indeed, for large arguments, we have that F, (z) =~ % + Zsin (“Tzz) and

Fs(z) ~

— 2 cos (“Tzz) The deviation from the convergent value falls as o/L. [Notice it is not difficult to see why

oo

this error is of order L=!. For instance, consider the integral I = / L € aw®qg. By a simple variable changing, we
have that

I L[~ 473 L[~ 1 ( 792)/d e v
=— e y=—-—— — e y=—- —
va lyar va a2y 2y/ay

1 2 1 QL2
=0 al®)
2aL° (a2L3 ¢ )

Thus, for real positive a, the error is exponentially small. For pure imaginary «, the exponential is just a phase and
the error is of order L~!]

< 1 —2q
- —e
var Vel 2y? ’

A. Principle of least action for a single particle

Let us now be more serious find the special path x(¢t). Our mathematical problem is to find the path x that

extremizes the action
ty
S[a] :/ at (i v (@),

t;



with the constraints that z(¢;) = z; and z(t5) = xy. Let = zq + 7, with the constraint that n(t;) = n(ty) = 0.
Then, & = de1 +1) and &% = &2 + 2d1+ O (1)?). For small deviations, V (z) = V (ze1) + %—‘;‘ n+0 (n?). Plugging
these results on S, we find that

T=Tcl

Stal = [ at (k= View) + [ dt (mia ~ V'(wan) + O (77.7°)
= Sa+ mian|iZ;! — / At (mie + V' () 1 (£) + O (i, 1°) = S + 65,

where §S = — [ dt (mia + V'(za))n (t) + O (7%,1?) . As we want So = [ dt (R — V(za)) to be an extremum,
then 65 must vanish in the linear order of . This happens whenever

oV
8zc1 ’

Mle = —

which is Newton’s 2nd law. Thus, z.) is the classical path, as could have been anticipated from the physical intuition
that classical mechanics must arise from quantum mechanics in the limit &~ — 0. Although classical mechanics is said
to minimize the action (therefore the principle of the least action), we only proved that the action is an extremum,
and that is the only necessary requirement.

B. Principle of least action for a generic system

We could have proceeded differently. Consider the general action
ty
S:/ L(t,x, ) dt,
t;

where x is a generalized coordinate. Again, our task is to find the optimal (stationary phase) path. Thus, let
x(t) = za(t) + en(t). Then we apply the conventlonal wisdom of integral calculus to S with respect to e. (Because
now S is a function of the variable e. Settlng ’ = 0, we have that

0= [a e +20E
N de | _, de Ot ' e Oz | e Oi

7/dt 0L 9L _ a_,ctztf /dt oL d (oL
- Tox "oz ) ~ Mok |,_, Oz dt \ 0%

from which we recover the Euler-Lagrange equation 6‘9151 -4 ( 66:51) = 0. This can be easily generalized for any

/dt<8t8£ 0w OL 8x8£)

)

e=0

number of particles.

C. The classical path in the phase space representation

Had we chosen the phase space representation of the path integral (9), then the stationary phase path would arise
in a different manner. Which manner is that? Let S = [dt (&p — H(x,p,t)) be the function we want to extremize.
Setting = xa(t) + e1m1(t) and p = pai(t) + €212(t), then we are looking for

oH . oH
VeS|e:0 = (aelsa 862’9) =0= /dt <771% + D, 12 <:C B 5—p)>
Using the same trick of integration by parts for the 7;p term, we arrive at the equations
. H .
Dcl = _87 and Lol = =,

which are at the Hamilton-Jacobi equations. Again, we arrive at the same conclusion that the classical path extremizes
the action.
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D. Stationary phase approximation

We are now in position to determine the semiclassical approach. This approach applies for the case in which &7 — 0
(more precisely, when the system is such that the actions of all paths are S > k). Simply retaining the zeroth-order
(which is the classical contribution for the propagator) term in the propagator is not enough because we want to keep
some quantum fluctuations. We then keep the non-zero least (second) order in perturbation theory.

Mathematically, we are just interested in performing the integral [ D[] ewSl#l For such, we choose the best
integration variable which is 7 (t) = z (t) — 2« (t). Since this is a simple shift, then D [z] = D[n]. In addition, we
Taylor expand the functional S up to second order in 7,

S+ za) = S [za) + % / dedt'n(t') (%)

since the first order term [ dt ( 5o ( t))‘ n(t) = 0. We now have to define what exactly we mean by the second
=Zcl

n(t) + 0 (n%),

T=Tcl

functional derivative 1 [ dtdt'n(t’) (th(t/)) ‘ n(t). We will follow the lines of thoughts of Secs. IV A and IV B.
T=Tcl

Let us expand S = [2i? — V (x)dt up to second order in 7. We have that & = &2 + 2&qn + 7%, and that
V() = V(za) + V' (za)n + 3V" (za)n?. Thus,

S [] = Slra) + 0+ /dt (%772 - %V”(mcl)n2>
= Sleal + 3 [ don(t) (<2~ V")) 0 0

where we perform partial integration on the kinetic term: [ dtn? = m}|§jj — [ dtnij. Therefore, we have found one
meaning for the 2nd functional derivative symbol

! / drdt'n(t) (%)

Thus, in the semiclassical approach, we have that

ihG:/D[x(t)]e%S[m] %e%sml]/D[n(t)]e%%fdtna)( mZ =V () ) (1)

00 = 5 [ amo) (=~ V") o) (12)

T=Tcl

As we have seen for the N = 2 case in the free-particle action, the values of 7 that contribute are of order n ~ V.
Mathematically, the semiclassical approach is thus a clever reduction of the path integral into a Gaussian integral.
Now, our task is to compute the Gaussian integral over D [n], it simply yields

1hGsemiclassical = F(-Tfa tfa L, ti)eﬁs[zd] ;

where the prefactor F is the result of the Gaussian integration [4]. Its interpretation is very important Recalling
that |ihG|? is the probability density for finding the particle at (z 7,tr) given that it was at (z;,t;), |F ? is exactly
this quantity in the semiclassical approach. The result of in Gaussian integration is simply

_1
VH(:L' 1) 2
D M .
et < 2mih

We now have to learn how to compute this determinant. But before doing so, let us see how it appears in a generic
Lagragean. Writing S = [ dtL (¢, 2, &) and x = x4 + €n, then

d2—S:/dtd (8t@£+6ﬂc8£+5$5£) /dti< 5£+n6£)
de? Oe Ot Oe Oz Oe 0% ax 0%
/dt (ax (ni _;’_ni) + % (ni +77£))
0 02 O0xdx Oe \ '010x 012

—/dt 20°L ) 0L 9 20°L
- 5wz T M gas T i

/D [n(t)] %%fdt’rl(t)(—ma)52 V//(zd))n(t) F_

T=Tcl
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With that, we have found an alternative representation for Eq. (12) which is
1 528 1 0%L 0*L 0%L
— [ dedt'n(t’ — ty=—= [ dt 222 4 o j—
2/ n(t) (6:5(1&)630(15’)) n(t) 2/ (" a2 Mazor T ez )|,

Having found another representation for the second functional derivative of S, we can no longer delay the inevitable.
How do we precisely compute the Gaussian integral? For that, let us step back and work on the discrete representation
in Eq. (10). We then have to compute

N-1 i N 2\ 2 N—1 ;
41—
/ l};[l dxy exp ﬁAt ;:0 (5 <Tt> -V (:L'g)) / l:cl;[l dx exp [ES(xO, e ,:cN)] ,

where now S is a function of many variables. The first step, is to shift the many variables xj from their classical

(stationary phase) values xc ;. Thus, let us define n, = zx — za,k. The second step is to expand S in powers of the
deviations 7. Up to second order, we have that

(13)

T=Tc]

N-1

N-1
oS 1 %8
S~ Sa+ Yy 71— At s Y Nener
=1 695@ X=xg 2 b1 695@895@/ X=xg
N—1 (Icl,wrl*ﬂﬁcl,z) _ (Icl,lfzcl,l—l) 1
. At At , T
= c1+At; —m N =V (@a) | me+ 50" Mn
L 7
= Sa + 50" Mn,
where the linear order term vanishes identically, and
2 -1 0 --- 0 V//(zcll)
-1 2 -1 .-+ 0 V" (el.2)
M="110 -1 2 ...  |[-A¢ V' (2a,3)
At . . . ’ *
: : : o—1 o
0 0 --- —1 2 V" (ra,n-1)

Finally, we can find the propagator

16 = et () F [T ameder™on — et g ()% [
= © 1m — = © 1m .
! ¢ Nveo \2mihAt L1 me € Neo \2mihAt Det (M)

We thus finally provided a way of computing

F= Det<_m%_vﬂ($d)>] 2 lim( m )ﬂ @men)" (14)

2mih T Nooo \2mihAL Det (M)

E. Application to the quadratic Lagrangeans

Notice the stationary phase (semiclassical) approach can be used to compute exactly any quadratic Lagrangean in
x and . This is because 6;;15 =0 for n > 2.
The most general quadratic Lagragean has the form

L = a(t)i* + b(t)iz + c(t)z® + d(t)i + e(t)z,

where we neglect a possible constant term f(¢). In this case, we have that (this is not an approximation)

S =Sq+ /dt (a(t)* + b(t)mi + c(t)n*)

N-2 2
_ Ne+1 — e Ne+1 — e 2
= Sa + At Z <ae (T) + bene (T) + CéW)

£=0

1
= Sa + QUTMW,
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where the matrix M is such that their matrix elements are M; ; = QC“LA%: (2a; — bi)y, Miiy1 = M1y, = A%: (—2a; + b;),
and M; ; = 0, otherwise. Here, the discretization of the function a(t) are such that a; = a(t; + E%) [Analogously
for the other function b(t) and c(t).] The factor F' is computed as stated in (14).

An important class of Lagrangeans are of the type

1 1
L=T-V = §m:'r2 + mw?a Dy — EmszQ.

Therefore, we need only to compute

N
m 1 _1
F= 1 ( ) Det (27ihM)] "%
S \Srinag)  [Pet (2rifM)
with
2 coshu -1 0 0
-1 2 coshu -1 0
M:Aﬂt 0 —1  2coshu --- ,
: : : . -1
0 0 —1 2coshu

with 2 coshu = 2 — (wAL)”.
Let us now compute this determinant in a recursive way. For N = 2, then the matrix is a scalar and the determinant

2coshu -1
—1  2coshu

is 4cosh®u — 1 = €2* + 1 + e 2*. For a generic matrix of size £ = N — 1, it is easy to show that DetM, =
2 coshu (DetMlp_1) — Det (My_3). With this, we arrive at

is simply DetM; = 2coshu = e + e™*. For N = 3, we have My = ) , and the determinant

¢ +2)u _ ,—fu inh ((¢+ 1
_ (t—2iyu _ © e”™ sinh(({+1)u)
DetM, = ; c N e2v —1 N sinh u ’

In our case, it is simple to compute u because At — 0. Thus 2 coshu = 2 cos (wAt), i.e., u = iwAt. Finally, we find
that

2mihAL - 2mihAt mN—1sin (NwAt)

Det (M)  Noso
( m )% sinwAt mw (15)
NSoo \2mihAt sin (wt) V 2mihsinwt’

N —oc0

o bm ( m )% (2rin)N i ( m )%\/(QWihAt)N_lsinwAt

= lim

For completeness, we compute the classical action
i 1.5 2. (eq) L oo
Sa=m [ dt ixcl—i-wx qxd—aw zg |,
0

where do = —w? (2o — z(°Y), and thus zq = 2(°Y + Acoswt + Bsinwt, with 2 (0) = z; and z (t) = 2y. We then
have that

1 ¢
Sy = §mw2 / dt (x(eqp + (B* — A?) cos 2wt — 2ABsin 2wt)
0

1 B? — A2 AB
—mw? (x(eqpt + (7) sin 2wt + — (cos 2wt — 1))
2 2w w

2 (xf — x(QQ)) (961 — x(GQ))

sin wt

1
5w lz(eq)zwt + (:c?c + z2 — 2g(¢ (:cf +x; — x(EQ))) cotwt — (16)



13
F. Alternative approach to compute the prefactor F

In the semiclassical approximation we write the propagator as iAGsemiclassical = F' erS [%1}, where the prefactor F' is

given by
1
) _1
bt [~ = V') \]
27mih ’

and it contains all information about the quantum fluctuations about the classical action. We would like now to
discuss an alternative approach to compute F in order to improve our understanding of the semiclassical approach.
For simplicity, we write V" (z.1) = mw? and discuss the solution of an (effective) harmonic oscillator. To evaluate the

F =

determinant, we look for the eigenvalues \,, of the second-order differential operator D (t) = — (g—:z + w2), such that

Det (D (t)) = [1,—; An. To find these eigenvalues, we act with this operator on the fluctuations 7 (¢) and we are left
with a differential equation subject to the (open) boundary conditions 1 (0) = n (T") = 0, where T' =ty —t,. We thus
look for solutions of the form

nT
7’]( ) 4 1@ sen

such that
() v (220) = (22 -] sn (250
() -]
An
and
e () - )

The determinant follows immediately

(o) - i

We introduced a constant factor C, independent of w, and employed the identity [[ -, {1 — (m/nw)ﬂ = sin (z) /x.

T
F = (' Y
C\/sin(wT)7

where the new factor C’ absorbs the various constant terms. To fix the value of C’ we recall that for w = 0 we must
recover the free particle propagator, Eq. (5), and thus

mw
- /"%
2mih sin (WT')’

which naturally coincides with Eq. (15). For the Harmonic oscillator, the above expression is naturally exact because
the potential truncates at second order.
Let us now briefly explore some interesting features of this solution. First, we notice that (again with T' =ty —¢;)

The prefactor F is then given by

T <nr/w, A, >0 (min),
T >nr/w, A, <0 (max),
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and thus we see that the classical action is a minimum only at short times. This illustrates the fact we only require
S[zc] to show vanishing first order variations. Another interesting feature is that F' is singular at times T = n7/w.
At these times, all trajectories pass through the points +x;, n = 0 here, and these are known as focal points of the
trajectories. The propagator is actually regular and we have

o §(wp—xi), T =2mm/w
7 semiclassical = ) (-Tf + -Ti)a T =927 (m + 1) /oJ )

where m is an integer, which is a directing consequence of the periodicity of the trajectories.

V. PATH INTEGRAL REPRESENTATION OF THE PARTITION FUNCTION

The partition function is a central quantity in statistical physics. Here, we show that it also has a path integral
representation much alike the one for the time evolution of closed quantum systems. For simplicity, let us consider
the canonical equilibrium partition function of a single particle system

Z = Ze‘ﬂEi = Z <q§‘e‘ﬂﬁ‘¢> = tre PH = /dx <ac ‘e‘ﬁﬁ‘x>,
( ®

where 871 = kpT. Now, notice it can be rewritten as

Z:/dxi <xl eiém‘xf>

Glag,ai ) = h (s

= /dxzhg (xijxi)/B) )

Tp=xi,t=—1hf

where

e*ﬁf{’ :Cz> = ’LG (:Cfvt’ Lis 0) ’

is called the propagator in the imaginary time t = —ihg.

It is now clear that there is a relation between the real time evolution of a quantum system and its equilibrium
partition function.

We now investigate the corresponding imaginary time propagator. Starting from (9), we have that

. N-1
. x — X
hG(zy, xi, B) = nggo/ H dxk —eX At > <<7E+Zt 2) pe H(pe,xe))
£=0

/D[q(t)]exp{g/ dt’<gf,p H (p,x )] /D %88 (le)lp)),

£ = fz— Defining 7 = it/, we find that

_

where o = 25, tn = x5, and At =

Sp (2], o)) = —i/o_mﬁdt’ (gf,p Hp, )) :/OthT (—i%p—i—H(p,x)) :/OthT(—idcp—l—H(p,x)).

The action Sg is called the Euclidean action in the phase space. Notice T represents a real Euclidean “time.” We can
integrate over the momenta py and obtain the Euclidean action in the coordinate space. Alternatively, we can use

Eq. (10) and arrive at
m 5 i N (m [z zo\?
;,8) = lim ’ ZA m(Zesr Z e
hG (s, @i, ) NLOO(2mhAt) /Uldx’“eXp 3 té_g( ( At V(ze)
2

N-1

, m \7
- ) / o

(18)

|
)
E
DT
—
o
3
H
»N
+
=
&
)
8.
('0‘
St
n
ol
&

where the Euclidean action is Sg = [ dr (T + V). Notice the difference with respect to the conventional (Minkowski)
action in Eq. (11) Sy =8 = [dtL = [dt (T — V). So, the Euclidean action is obtained from the usual Minkowski
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action simply by changing the sign of the potential. Thus, the Euclidean action is directly related to the Hamiltonian
of the related classical theory.
It is interesting to note that in the great majority of the cases, we are interested in some mean value. In statistical
N
mechanics, this means we will be interested in some derivative of In Z. In that case, the normalization term (%) 2
becomes irrelevant.

Finally, we rewrite the equilibrium partition function as

Z= 3 ¥ [l BT = [olae BT, 19)
all periodic paths

where the paths are such that z; = x5 [or  (0) = x (hf5)]. In the last passage, we have changed the integration
variable 7 — 7’h. In this way, the Euclidean action becomes dimensionless and ki drops out from the calculation. The
difference is that the “time” 7/ has units of inverse of energy.

Notice that the path integral formalism unveils a deep connection between classical statistical mechanics and
quantum mechanics (as well as between classical and quantum statistical mechanics). Without the path integral

formalism, a watchful one could have noticed that computing the equilibrium partition function Z = tre ?# of a
quantum system is equivalent (via an analytical continuation 8 — it/h) to compute the real time evolution of this
system along all possible closed loops. However, the path integral formulation tells us that this quantum partition
function is equal to the partition function of some different (but related) classical system. This fact builds a bridge
between the areas of field theory and statistical physics which have benefited from each other over the years.

Before we start computing the partition function in the path-integral formalism, let us finally compare Z in (19)
with the partition function of a linear string of length L in some external potential V(z). For small displacements

u(z) (with 0 < x < L), the system energy for some configuration u(z) is fOL dz (04 + v(u)) + const. The first term
accounts for the elastic energy and o is the string tension. Thus, summing over all possible configurations D [u(x)],
we have that

L/c

Za = /D[u(x)] e=Baly de(t+y) — /D[u(x)] eI dnTHV) /D[U(t)] e fadlo” AUTHV),

where we have inserted two new quantities: some velocity ¢ (from which x = ¢t) and some correlation length £ (from
which we defined the density of potential energy v(u) = V(u)/€, and the density of elastic energy t = T'/£).

Comparing with (19), we have that the effective classical temperature is kBng = ﬁ;l = h and the system length
in the new imaginary-time dimension is L = chf.

Notice that (19) was derived for a system constituted by a single quantum particle. The path-integral formulation
tells us that this is equivalent to a classical system of interacting many particles. The size of this system is L which
is formally infinite in the zero-temperature limit 5 — oco. The effective classical temperature is solely due to quantum
fluctuations since T, & h. Evidently, the precise analogy is model dependent since the length £ and speed c¢ constants
may not be universal and depends on how one takes the continuum limit from the quantum to the classical formulation.
For now, we arrive at the interesting conclusion that a zero-temperature quantum system correspond to a classical
one in d + 1 dimensions. We will discuss this quantum-to-classical mapping latter on.

A. The quantum Harmonic Oscillator

Let us illustrate the connection between the real time evolution of a quantum system and its partition function
taking the 1D quantum Harmonic Oscillator, the Hamiltonian of which is H = hw (de + %), as an example.
Using the conventional methods of statistical physics, we simply have that

o~ 1 w 1 1
Z =tre PH = e~ Pro(n+3) — o~ 552 = )
Z 1 — ePhw 2 sinh %ﬂﬁw

n=0

However, this result can be obtained via the more “painful” path-integral way. Gladly, we can already start with
the real time results (15) and (16). Using that 2; = xf = xg, 2(°¥ = 0, and that ¢ = —ihj3, we have that

mw il 2 2zgzq mw 1 2 ( cosh Bhw—1
hg Xo. T = %eﬁ Emw[Qmo cot wt— 50y ] = 7675,”“‘010( sinh Bhw ) 20
(w0, %0, ) 2mihsin wt 27mh sinh Shw (20)
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The partition function is now obtained by a simple Gaussian integration over zq:

/d HG ( mhsinh fhw 1
zohG (zg, T = .
0 0:20, 8 27Thsmhﬁhw mw (cosh fhw — 1) 2sinh £ Bhw

We can now perform an analytical continuation from the Euclidean time to the Minkowski time 8 — it/A. Then

[e%S)

. 1 “

2 h — _ 2 : 7ﬁhw n+ 2 7zwt(n+§) — 2 G#tE" _ tre#tH7
sin B n=0 n=0

where E,, = hw (n + %) is the spectrum of the Harmonic Oscillator.

VI. QUANTUM-CLASSICAL MAPPING

We now want to further explore the relation between quantum statistical mechanics (or, equivalently, quantum
mechanics in the imaginary time) and classical statistical mechanics. Although this subject could fit as a subsection
of the previous section, we thought that this relation is so important that it deserves its own section.

At zero-temperature, the fluctuations on a quantum system are only due to its zero-point fluctuations, i.e., the
fluctuation are exclusively of quantum character due to the uncertainty principle. What is the corresponding classical
system? First, notice the length of the imaginary-time dimension is < § — co. Therefore, the corresponding classical
system leaves in d + 1 dimensions. Also, the classical system is an interacting one but we leave this part for later. In
addition, a classical system does not have quantum fluctuations. What is its source of fluctuations, then? It can only
be of thermal nature. Thus, the strength of the zero-point fluctuations must correspond to an effective temperature
in the classical counterpart.

What are the changes when we now consider the case of finite-temperature. In that case, the new imaginary time
dimension is no longer infinite. As it is well known from classical statical mechanics, thermal fluctuations are stronger
in lesser dimensions. Therefore, thermal fluctuations in the quantum systems correspond to a smaller classical system
in the imaginary-time dimension.

In order to make the above statements more precise and less abstract, let us illustrate them by considering the
simple model of a localized spin-1/2 particle in a longitudinal B and transversal h field

H = —hé® — B67, (21)

where the 6% = ( (1) (1) ) and 6% = ( (1) _01 ) are Pauli matrices representing the spin-1/2 particle (or a generic two-

level system). We can view this problem in the following way. The longitudinal field splits the degeneracy between
the |1) and ||) states. The transverse field induces flips between these states and hence can be regard as the strength
of the quantum fluctuation.

A. Analyzing the problem in the quantum realm

Let us diagonalize this Hamiltonian in the Schrédinger formalism. Notice H = —hyot - & = —hiot6™, where
hiot = (h,0, B) = htotf = htot (8in 02 + cos02), with hior = VA? + B? and tanf = %. Therefore, the spectrum is
E = —hiot and E = hior. The Eigenstates are the basis of 6" = sin 6% 4 cos 05°:

(- (ot ) ()~ (B)- (25, 28)(21)

The partition function is simply
Z = 2cosh ﬁhtot- (22)

The imaginary time propagators are
hG (1 1,8) = (1 e -BH\¢>—ema|<¢|/>| e e (] )
= Pt gin? —9 + e Phot ¢og? —9,
2 2

1 1
hG (1, 1, B) = ePhet cos? 59 + e~ Phior gin? 59.
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Again, we can compute Z = hG(1, 1, 8) + RG({, ), 8) = 2 cosh Shiot.
The free energy is

f= _% nZ = —% [In (cosh Bhiot) +1n2].

Therefore, the (longitudinal) magnetization is

BB _ B i B (23)

B 1
— %t = 2 tanh Bhyy x -
m=—a5/ nh Shiot X s = o

g
Thus, at the zero temperature limit (5 — oo),

B

. 24
htot ( )

mr—o —

(Notice that the h is responsible for diminishing m, i.e., it parameterizes the strength of the quantum fluctuations.)
The magnetic susceptibility is also computed:

1
X= ==m = — tanh gh. (25)
IB g h

Then, at zero temperature,
1
XT:0 = E (26)

We now compute the connected correlation function G (t) = (6% (0)6* (t)) — (6% (0)) (6% (t)). The temporal mean
value of o is the magnetization itself

1 i 7y i 7y 2 1 i i 1
(67 (t)) = Ztr{eﬁH’f&ze—ﬁH’fe—ﬂH} = Ztr{ﬁze_ﬁHte_BHeﬁHt} = Etr {67 PH) = m.

The two-body correlation, however, is time-dependent:

1 i Fy i Fy i
(6% (0)6% (1)) = v {7 e Mare it}

The above trace we will be computed in the basis of . Thus,

nz LHEA
O'ZeﬁHtO'Z

&Ze%m[fze*%me*ﬁﬁ‘ /‘> — o(Ft+8)heor </\ /t>,
_ _Cosee(%t+ﬂ)hto: </\ &ze%f[t‘ /\>+Sin9€(%t+[3)htot </

= — CoS Qeﬁhmt </( |6_Z| /(> 4 Sin@e(Q%Hﬁ)h“’t </\ |a_z| />,

= cos? fePPor 4+ sin? fe(2ht+8)heor

(~

6‘26%}”‘ /> ,

and

(v

LAt Az

a.ze%Hta.ze—%Hte—BH‘/> — o (FtHB)heor </ GPetHts

= cosfe (F1HB)heor <\/

/)
| Y 4 simpe= (ko { o

. (i
= cos® fe Phor 4 sin? e (2ﬁt+5)h‘°‘.

ny L Az L H
5%e® O'Zeth

7Y,

Therefore,

2
(67 (0)6% (1)) = 7 [0052 0 cosh Bhiot, + sin? 6 cosh (—275_1 + B) htot} ,

cosh (—27‘h‘1 + ﬁ) hiot _( B 2 N h \? cosh (—27‘h‘1 + ﬁ) hiot
cosh Bhot B Rtot Rtot cosh Bhot ’

= cos? 0 +sin’0
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with 7 = —it. Therefore,

B\’ 1 h \? cosh (=27h~1 + B) h
G(t) = ( ) . ( ) cosh (—27 B) hiot (27)
htot cosh” Bhiot Rtot cosh Bhiot
In the limit of T"— 0,
ho\2 (=272 48) heot
G(T) - <htot) eﬂhtot
h\’ h h
= —7/&x th — — ) 28
(htot) ¢  with & 2hiot  2v/h2 + B2 (28)
For B =0,
f /e _ g2
fT:ﬁ, and G(r,B=0)=¢e 7/ = . (29)

We now compute the same quantities in the classical path-integral formulation.

B. Analyzing the problem in the classical realm

Our first task is to derive the path integral for the Hamiltonian partition function. Choosing the partition function
to be represented in the §* basis, i.e., 6% |1) = [1) and 67 |}) = —|}), we then have that

7 = treiﬁH: Z <a‘eiﬁﬁ‘0>,

o=t4
_B A _8 _8
- 5 ol o e B oo,
O1yenny ON
. . C e s _Bf B he® B 5%
where 0¢g = oy, and we will take the N — oo limit. In this limit, we have that e ¥# = eX"7"¢B~¥ 7" We now have

to deal with

o Nhe” B

<0k71

where we have inserted I =) _. |0®) (¢®|. We now want to conveniently evaluate ) . ewho” (ok—1|0") (o |og) . Since
=)= =)=0"])=—]+)=1/V2, it is easy to see that

) = l > e (oialo?) <aw|ok>] ek,

OF =—p

Ze%ha (O-1l0") (0" |ow) = B} (e%h +Uk—10'k€7%h) .
p

However, for convenience, we wish to express it as exp {—f (0k—1,0%)}. Then, we try the Ansatz
f(ok-1,0k) = aop—10% + bog_1 + coy + d.
This yields to the following system of equations:

2exp{—(a+b+c+d)} = exp{Bh/N}+exp{—ph/N},
2exp{—(—a—b+c+d)} = exp{Bh/N} —exp{—Bh/N},
2exp{—(—a+b—c+d)} = exp{Bh/N} —exp{—5h/N},
2exp{—(a—b—c+d)} = exp{Bh/N}+exp{—5h/N},

which solution is trivially obtained:

_ 1 BhN . o 1L (1 . 2Bk
a21n<cothN), b=c=0, d= 2ln<251nh N>'
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Figure 4: Schematics of a single path in the imaginary-time direction of length 8 with periodic boundary conditions. Equiva-

lently, this path corresponds to a single configuration of the classical Ising chain.

Moreover, notice that oxor—1 =1 — (o) — ok,1)2 /2, then we rewrite

Bh

1 h
f(ok—1,01) =a+d— g (ok —0p—1)>=—In (cosh W) + 1 In (coth %) (o) — k1)

Finally, we now can path integral representation of the partition function as

Z = lim cosh@ ! Z e 5r
N—oco N ’

(30)

O71yenny ON

with

N

1 h
— ; {—Bak + - 1 In (coth %) (o — ok1)2}
N
N Bh

Z Bak — Jopoy_ 1} + (coth W)

k=1
with J = %ln (coth %) and B = %B. We have arrived at an important conclusion. The quantum Hamiltonian

(21) thus maps to a classical Hamiltonian (30). This is the classical Hamiltonian of a classical ferromagnetic Ising
chain with periodic boundary conditions og = on (see Fig. 4). In this classical system, we have that 3.Ja = J and
BaBa = B. We would like to call the attention to the fact that J.; depends on h. For h — 0, notice that 5. J. — oo.
This favors configurations that are mostly ferromagnetic, i.e., configurations in which the spins are mostly aligned.
This corresponds to paths in the imaginary-time direction without spin flips. This is in accordance with the fact that

quantum fluctuations are induced by h&™.
The partition function is

Z = lim cosh@ ! Z e~ 5"
N—oo N ’

01,--,0N

The one-dimensional Ising chain is well-known. Using the transfer matrix technique, we compute

28h
N

N —o00

N
7 - lm <5 sinh —) 2 Z {|:€J0102+B(01+02)/2:| |:€Jo'2<73+é(02+03)/2:| o

01,--,0N

N
. 2 2
= ngnoo <§smh ]ff ) tr {T1Ty...Tn},
where
eJ+B  o—J ' Bh N N
T=T, = A ,:Z:A}gnoo(coshﬁ) tr{'ﬂ‘ },
yielding

1 26h - —
Z = lim (5 sinh i) (tf + V), with t, = e’ (coshB + V/sinh? B + 6*4'7) ,

N—o0

|:6JUNO'1+B(O'N+G'1)/2:| } ,
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being the eigenvalues of T. Note that Z will be dominated by the largest ¢ in the limit N — oo. In this limit,

2
ti:,/év—ﬁ {1i—htﬁﬁ+0(%) } Then

, 1 . 28h
Z = Jim (5 Smh7>

N

() (05 (%))

_ (eﬂhcot + e_Bhtot) = 2 cosh Bhiot,

wfz

which recovers (22). From this, the thermodynamical observables follows straightforwardly.
However, it is useful to consider the § — oo limit from the start. In this case, we take € = % finite. Only in the
end of the calculation we take ¢ — 0. In this case, the free-particle per particle becomes

1
f= v (-InZ) = —Inty + const.

We now can compute the magnetization

0 Fo sinh B B sinh eB (31)
oH \/sinh2 B+e 47 \/sinh2 €B + tanh? ch
Now taking the limit € — 0,
B h
meoy ——— = T (32)
(eB)? + (eh)?  "'tot
recovering the quantum result (24) in the limit 7' — 0. In the same way,
0 € 1 1
= —m = lim X X = ecotheh. 33
X= on moso  h—0coth®eh 1 1 21%/2 " sinh® B (33)
|: + (sinh eB cotheh) :|
Taking the limit € — 0,
1 1
X ex o=, (34)

which recovers the quantum result (26) at T = 0.
The correlation function can be computed through

1 : : 1
(i0itr) = tr {T"'6,T"6;, TN """} = i {6:T"6;1+, TN "} .

The matrix ¢ is diagonal and equals the 6* Pauli matrix. We, however, wish to write it in the basis that diagonalizes
T: V-ITV = D, where V is the matrix of the eigenvectors of T:

1 . T A r 1 a b 0 a b tN-m 0
<Ui0i+r> == Etr{JiVD VTO—iJrTVDN VT} = Etr{< b a) < 6r ti ) (b a) ( JrO tN—T >}7

with

<a b >V16ZV. Since V = (al a2>,¢aa?a§ and b = —2ajas.

b —a as ap

[Note ( @ > is the eigenvector with the greatest eigenvalue (¢4).] Then,

az
1 (atﬁr bt" > <atf—T bt ) _ 1 ( a*tl + oY ab (N — ) >

i) = 7\ bl —atr )\l ) T 7 a1 - ) R a2

1 1
= [a? (5 + ) + 02 (7 + etV — v [0® (6 + 1) + 07 (1 "ty + ity )]
+ _ 1

T N—r N
t t_ t_
%a2+b2<—) +O<—> +(9<—) ,
ty ty ty
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in the limit N > r and N — oo.
The connected correlation function is

G (r) = (0i0itr) — (0i) (Titr) -

Therefore, we need to compute (o;) (which equals m):

1 . » 1 1 b tN 0
(o) = Ztr{'ﬂ‘ Yo, T }:Ztr{aiTN}:Ztr{(z —a) ( (J)r t]_v)}’

a N _ 4N
= W (Y —tY) = a.
Finally,
G(r) —a® +b? (t—)r—aQZerr/E withgzé.
t_;,_ ’ In (t"r/t—)
For B = 0, the correlation length becomes
1 1
§(B=0) = - T = ,
(e @) 1 (1 e20) (1 o2y )
N 1 1 1oy

e

T In((14e27) (14 e-27)) - 2In(1+e27) 2 (35)

for J > 1.
Since m = (o;), it implies that
sinh H

Vsinh? H + e—4J

Therefore, using the normalization of the eigenvectors (a2 + a3 = 1), we can find that a? = (1 + m) /2. The constant

b = (—2a105)° = 402 (1 — a2) = 4 (ﬂ) <_m> lem?e
2 2 sinh® H + e—4J

a=1m =

Note that b — 0 when J — oo, which is equivalent to ¢h — 0 (remember that J = In (cotheh) /2). However, when
B — 0, then b — 1. Taking the ¢ — 0 limit first,
eln(eh)2 h2

b= ——————— —
(eB)® + eln(e)* " iy

)

which allow us to conclude that b does not depend on €. Now we can compute b in the limit B — 0,

b= 1 Ao ¢ Temem L (36)
;T " 2

Then,

h2

G(T) N ( > )e—thT — 6—26}7,7"

htot

which is the same as in the quantum version (29) if we identify
B T

This confirm the proper order of taking the limits: first take N — oo and then ¢ — 0 as the last step. Finally, this is
an important result because it tells us how to relate the imaginary-time length 7 (of the quantum formulation) with
the real space r (of the classical formulation).
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C. Generalization to higher dimensions

We now want to explicitly show that the transverse field Ising model maps to a classical Ising model in d 4 1
dimensions at 7' = 0. The quantum Hamiltonian is

H== Japb6i65— Y (hatl + Bab?).
«a, «

The corresponding partition function is

Z <01,...,JN 7ﬁH’O’1,...O'N>:Z<{O'a}
Ol 0N {oa}

dme 3 3 (ool [ e (e [ o).

{oa,0} {oa,Nn}

VA

e

1))

Then, we have to deal with the time slice

<

Y it B (D Jentioi e Y, Bad)

e*%H‘ {Ua,k}> = <{0a7k1}
= ({1} e 2ea e

As in the single-spin case, the non-commuting §* term yields to
<{0'a,k—1} ‘e% 2o et {Ua,k}> = ¥ (2, 3 In(coth S ) kownit 3 In(3 sinh 35))

Thus, collecting all the terms, we arrive at the Euclidean action

ZJ Waakagk—ZB O'ak—ZJ Oa,k0a,k—1,

a7,k

(o))

(o) F (S ot s o),

where ja,, = %Jam Ba = %Ba, and j(; = % In (coth %) This action corresponds to classical Ising model in

d + 1 dimensions where the coupling between the spins in the spatial dimension are jow and the couplings between
the spins along the imaginary-time dimension is J/,, which are uniform along that direction (see Fig. 5).

VII. TUNNELING AND INSTANTONS

In this section, we would like to illustrate a well-known phenomenon in the path-integral representation: the
quantum tunneling. We will not be able to solve the problem in full glory because of some functionals that are
cumbersome to compute. However, it does not mean we cannot analyze the structure of the tunneling phenomena in
the path-integral formalism. As we will show, we will be able to understand an important structure called instanton.

Consider for instance the case of a single particle in a double-well potential at zero-temperature, i.e., in its ground
state (blue solid curve in Fig. 6). For simplicity, let us consider that this potential is symmetric, i.e., V(z) = =V (z).
We are interested in computing the (transition amplitudes) propagators G(+a, +a, t), meaning the particle is originally
at the left (or right) well o = Fa at to = 0 and at the right (or left) well 7 = +a at time ¢y = t. The particle goes
from the left to the right well via quantum tunneling. Notice that a single tunneling is not the only possibility. There
are many possibles tunnelings back and forth between the wells.

The propagator is a good quantity to study here because, for long times, it will probe the tunneling phenomena via
the two lowest-energy Eigenstates of the problem (which are the symmetric and anti-symmetric combinations of the
orbitals localized in each minima). Thus, from the structure of the propagator, namely G o e~ %P0t £ ge =7 (Fo+AE)E
we will be able to extract the energy difference between these states, and therefore, the tunneling rate at long times.

As we have learned from the path integral formulation, the particle goes from one well to the other via all possible
paths. In the semiclassical approximation, we have also learned that the classical path (i.e., the one determined by
classical mechanics) is the one that contributes the most. But for the quantum tunneling phenomena, notice there
is no such classical path. Well, there is no such classical path in the real time. Recall that in the imaginary time
formalism, the particle is under the influence of the inverted potential —V(z) (red dashed curve in Fig. 6). In this
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Figure 5: Schematics of a 1D quantum Ising chain mapped to a 2D classical Ising system. The vertical direction is the
imaginary-time direction. Edges with different colors and thickness represent Ising couplings of different magnitudes. Likewise,
arrows represent transverse fields.

- 2 T T 1 .
3 <
O 1 = 05 .
N ]
| <
[d=}

< 0 < =< ° 0
% /// \\\ // \\ a
< / ™ e \ g
= N VA Z-085 -
5 / \ 2
& . 7
=, . e |

25 X 0 2 1o 5 0 5 10

z/a (r—"70)/0r

Figure 6: (Left) A symmetric double-well potential. The minima are at = ta, and the barrier height is Vo. The red dashed
curve represents the inverted potential. (Right) The corresponding instanton solution.

case, a zero-energy particle initially located at g = —a could propagate “downhill” until x = 0 and then “climb” it
until y = +a. Therefore, it is natural (i.e., more intuitive [5]) to tackle this problem in the imaginary-time formalism.
We then change gears and focus on the Euclidean propagators

hp
hG (+a, hB, ta,0) = /D [2(7)] e %57 with Sp = / dr (%mﬁf + V(:I:)) ,
0

where z is a function of the imaginary time 7. The classical stationary phase (or saddle point) path is given by
mde = V'(zq). For the total energy E = 0 case, there are two type of solutions: (a) the trivial solutions x, = Fa
meaning the particle stays at rest, and the interesting solutions (b) in which the particle leaves its equilibrium position
2o = Fa, pass through the “potential” minimum at x = 0, and finally reaches its new equilibrium position zy = +a.

The trivial solutions (a) gives us the physics zero-point fluctuation in a single well similar to that of Eq. (20). Setting
2o = 0 in Eq. (20), taking the Shw > 1 limit, and Wick rotating § — it/h, we find that ihG(a,a,t) — Fe~#Selzal =

1 _i . . . . .
s o0 Mg fhe | /M@—50t Notice this is a way of obtaining the Harmonic Oscillator ground-
2mwh sinh Shw Th Th

state energy since ihG — |¢(0)[> e~ 7 Eot = | /%6_%‘“’5 in the long-time limit. Evidently, the frequency w is obtained
by V" (+a) = 82 = mw?.
The interesting solutions (b) is the new deal. They are called instanton solutions. In order to have a better feeling
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of what they are, let us try to compute these solutions. The corresponding action is
. 1 a
S};‘fctl = /dT( mSCC1+V(SCCI)> = /dTm:tgl :/ dze/2mV (zq),
—a

#* — V(xz) = 0. (Recall the particle actually moves in the inverted

where we have used that the total energy Fp = 3 2

potential. Likewise, we could simply recall that the total energy is f%miQ + V(z).) Notice therefore that, for a

generic V(z), we cannot perform this integration. For that reason, let us then restrict ourselves to the potential

V(z) = Vo((x/a)® — 1) In this case, we can solve the classical path via the energy method: 5 dw =
z=zc1/a
= 7 —79. Evidently, we need to set the initial condition that at 7 = —o0

2V(z)
/' m T /a dz _ / m 142z
2Vo f 1 - SV() 1n (1—,2) z=—140+

the particle is at # = —a + 0T, otherwise the classical particle does not leave the equilibrium position z°¢ = —a.
Solving the algebra, we find that

. 1/7— 2

1nst(

and we have chosen 7y such that z}%*(79) = 0. The interesting feature is that for only a brief time interval (of order
or) the “classical” particle is not in one of its equilibrium position +a, i.e., the particle goes from one equilibrium
position to the other in a instant. Thus, the name instanton. [In the jargon, it is said that instantons are localized

) with o, playing the role of

solutions in the imaginary time; for |7 — 79| > o, then a? — (ziC‘fSt)Q ~ exp(— ’T;TU
the instanton size, i.e., the instanton exists for a short instant of length o..] The corresponding classical action is
}195;1 = v2mWa f dz (1 -z ) = %\/ 2ma?Vy. Finally, although these expressions are particular for the potential

Vo((x/ a) —1)%, we will assume that other symmetric non pathological double-well potentials have similar instanton-

like solutions, i.e., x¢ is at +a except for a brief instant of order o, mT‘f and the corresponding action is
S 2[7] sctl x Voor.
Evidently, there is the anti-instanton solution x‘crl’St (1) = —z1%%(7) which brings the particle from the right to the

left minimum. Notice that Sg‘sctl = S}Enﬁctl

We can now compute the smgle instanton propagator in the semiclassical approach
hginst — e—hilsg’ﬁcﬁlF

where F' is [see (14)]

) m ¥ [@rin)N ! ) m \¥ [@)N!
F = lim (*) —2— — lim ( )
N—oo \27ihAt Det (M) N—oo \2ThAT Det (M)
where
> 10 0 v )
-1 2 -1 --- 0 V// (xlcrllSQt)
M="10 -1 2 - ' |+Ar V" (2d%) ,
AT
- | K _
0 0 - -1 2 V" (x%1)

and V"(z) = 821 — 1(1 — (z/a)?)]. We will not compute this determinant here. Simply, we will assume the value of
F' is known. Notice that the anti-instanton propagator is equal to the instanton propagator.

Are we done for computing the tunneling propagator? Certainly not. First, recall that 7y is a almost a free
parameter. By changing the position 7g of the instanton, the total action will not change appreciably (because we
are considering the case o, < Af). Thus, all paths containing a single instanton shifted will interfere constructively.
How do we sum over all these possible paths? The propagator via a single instanton is thus computed by summing
over all possible instants 71 in which the instanton exists as shown in the left panel of Fig. 7:

h—o,
g™ —N/ dnhG(a,hB,a,7 + 0,) x hG(a, 71 + 0, —a,m1) x hG(—a, 1, —a,0

hB— 0'7- .
N./\// —mwefé(hﬁfnfa*)“’ x e PTISEGF x 1/—67_7—1“) ~ hﬂ” FN x e TISEG « —mweféﬁhw,
wh mh
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Figure 7: (Left) One instanton configuration. (Right) One instanton-anti-instanton configuration.

where N is a normalization constant that normalizes the integral over dm (and thus, absorbs the dimension of time).
We will not worry about it.

How about a path containing a instanton and an anti-instanton? According to the right panel of Fig. 7, we have
that

A ha
Gg@ NNQ/ dTl/ dryy | g d(hB=m)w ¢ o=hT'SE | [T o=d (e o o=hTISEN R o [T g
wh mh
(hﬂ) _op—lginst mw _1 I
= FN X e Bl x [ ——e” 28 “,
2 7rh 7h

where we have to restrict 7o > 77 since the instanton must come before the anti-instanton. Moreover, we are assuming
that the two instantons do not interfere with each other in order to change the actual value of the action. We can
justify this assumption by recalling that A8 > o,. Thus, there are very few configuration in which these instantons
are near each other. This is called the instanton gas approximation.

It is easy to see that

ngtw — 15 (/m_;FN) x e HSES [T md0he _ L (rgf)" o= [T -4
™ n:

n! wh wh ’
where the factor (hf !) dT1 f he dry .. fTMi _d7, and we have absorbed all these prefactor into F=.,/ TEEN.
We are now set to compute the propagators:
hG(a,hB,a,0) = hG® + hG® 1 .. = 37 ng™ = [ Fe3ome §7 L (hpF)" e kEN,
mh n!
n even n even
= | = 38m cogh (hBFe_%Sgitl) )
wh
hG(a,hB,—a,0) = Z g™ = 1/ 38h sinh (hﬁFe IS‘IES&) )

n even

Notice the form
hG (a, £a, ) = const x (e*ﬁ(%ﬁw*%AE) + e*ﬁ(%thr%AE)) ’
with
AFE = ﬁﬁef%‘gg,ﬁgl. (38)

Let us understand this result by recalling that, in the long-time regime, only the two quasi-degenerate lowest energy
levels contribute for the propagator, i.e.,

hG = <a ‘e-ﬂﬁ‘ + a> = (a|S) (S| £ a) e PFs 4 (a|A) (A| £ a) e~ PFa

=1ps (a) Y5 (a) e PP + 44 (a) PY (a) e PF4 = const x (e FFs £ e FEA)
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where the symmetric and anti-symmetric wavefunctions are
1
T) R — r—a)XY(x+a)).
Vs, (2) \/5(1/)( ) £ (z+a))

Thus, the energy difference found in (38) is indeed the energy splitting between the degenerate states in each well
when they are brought together.

The fact we would like to point out is that AE is non-perturbative in i (or more precisely, in /S®54). This
means that the instanton calculation can capture non-perturbative effects and can be compared to the WKB method.
However, the instanton gas approximation is a much better controlled method than WKB.

VIII. DISSIPATIVE SYSTEMS AND THE CALDEIRA-LEGGETT MODEL

In classical mechanics, dissipation is often described through a velocity dependent damping term in the equation
of motion. Such phenomenological approach is no longer possible in quantum mechanics and a minimal microscopic
understanding of the situation is necessary in order to arrive at an effective quantum mechanical model which includes
dissipation. Following the seminal work of Caldeira and Leggett [6], the idea is to include dissipation by coupling the
system of interest to its environment. In this section, we apply the path integral formalism to briefly investigate the
quantum mechanical tunneling when the system is coupled to an external bath.

The Caldeira-Leggett Hamiltonian possesses three terms

Hep = Hg + Hp + Hsp, (39)
where
~ ﬁQ
He=—+V (g4 40

is the system Hamiltonian. It models a particle of mass m moving in a potential V. Actually, the system degree
of freedom does not have to be associated with a real particle and may be quite abstract. In fact, a substantial
part of the calculations does not depend on the detailed form of Hg. The key assumption of the model is that the
environment is represented by a bath of N quantum harmonic oscillators

N 52
2 Pu Mo 9 .2
Hp = O; (Qma + 5 waaca) . (41)

For simplicity, we consider that the system-bath coupling is linear in the bath coordinates and thus
N N

ﬁSB =—q Z Cala + @2 Z Co (42)
a=1

27
2mowy,

a=1

where ¢, is the coupling between the system and the a-th oscillator. The second term in Hgp is known as the counter-
term and it is added to Hgp to guarantee that the minimum of the Hcp with respect to the system coordinate q it
is still given by the minimum of the bare potential V.

A. Classical limit

To get a better understanding of the model, we begin by exploring its classical solution. The equations of motion
for the bath degrees of freedom are given by

Co

Mmia = 7wixa + —q,
Ma
for a = 1,...,N. These equations are precisely the equations of motion of a set of driven Harmonic oscillator, Eq.
(54), with each driven force given by f (t) = (¢a/mq) q. Their solution is then given by, Eq. (55),
Pa (0) . Ca / b
t) = 0 t —_— t d t— .
Tq (1) Za (0) cos (wat) + P sin (wat) + oo o s sin [we (t—5)]q(s)
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Therefore, as we couple the system to its environment, it transfers energy to the bath in the form of a driven force.
Conversely, from the system point of view, such energy transfer will be translated as a dissipative term in its equation
of motion. To confirm this picture, we write down the equation of motion for the system

. v\ i e
mg = ——— Calo — .
q g aZa qa:1 Maw?

a=1

If we now substitute the solution z,, (t) for the bath degrees of freedom, we arrive at an effective equation for the
system

N N
. oV 2 ¢ . 2
mq = a—q+;m/()dssln[wa(t5)]q(s)qaz_lmawg‘
N
Pa (0) .
« « 0 ot ot) ] -
+ ;c [z (0) cos (wat) + mawasm(w )]
After an integration by parts, we obtain
t
. . ov
mitm [ dsy(t=9)d(s)+ G = F10). (43)
0

where the external force f (t) is given by

F(t) = zNj Ca [(ma (0) — mzozu 2) cos (wat) + i;“—(())sin (wat)| ,

a=1 @

and the damping kernel

N
c

t) = — Q t).

v (t) 3:1 e cos (wqat)

Eq. (43) already tells us that the damping term is proportional to the velocity ¢ (). In general, however, the damping
kernel has memory, i.e.y (¢) is non-local, or correlated, in time.

A remarkable feature of the effective description for the system alone is that all quantities characterizing the
environment may be expressed in terms of the spectral density of the bath

N 2

J@) =23 = §(w—wa). (44)

a=1 MalWa

Therefore, for practical calculations, it is not necessary to specify all oscillator parameters my, w, and ¢, and it
suffices to specify only the spectral density J (w). For instance, the damping kernel can be rewritten as

v(t) = %/OOO d%%cos(wt).

A commonly employed spectral function J (w) is the so-called Ohmic damping

w, w <
@ ={m sy (15)

where (2 is a high-energy cutoff. For this particular choice, the damping kernel takes the form
2 > dw 2
7 (t) mn/o —cos (wt) = —nd (1),

where we took the limit  — oco. Thus, the choice Ohmic damping renders v (¢) memory-free and we recover familiar
damping proportional to velocity in the effective equation of motion for the system

oV
mi+ng+ — = 46
d+ni+ 5 @, (46)

which is nothing but the usual Langevin equation for the Brownian motion. This also helps to clarify the usage of
the term Ohmic damping for a linear in frequency spectral function, Eq. (45). In a LRC circuit, an Ohmic resistor
also induces a memoryless damping in the equation of motion for the charge @ on the capacitor.
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B. Quantum tunneling and dissipation

We wish to investigate the survival probability of a particle confined to a local minima at ¢ = a and coupled to an
external environment

ZhG at, a0) /D %SS[Q] /D[l‘a (t)]e%(SB[zQH-SsB[Q,zQ])’

where ¢ (0) = ¢ (t) = a, Ss [q] is the system action, Sp is the bath action and Sgp is the system-bath coupling action.
Although not crucial, it is convenient to study this problem in the imaginary-time formalism, as in the previous
section. We then change gears and focus on the Euclidean propagators

where 7 € [0, iif] and 8 = 1/kpT. Taking the boundary condition of the fields z, (7) also to be periodic on this
imaginary time interval, we may conveniently expand all coordinates in Fourier series

g1 = 3 ylwn) e,
KB _
Y (wn) = % / y(r) e~ dr,

hs
/ e "nTdr = hfdy, 0
0

where y (7) = x4 (1), ¢(7). wn = 2wn/Bh are a set of discrete Fourier frequencies (generally known as bosonic
Matsubara frequencies). Because the coordinates z,and ¢ are real, we immediately get y (—w,) = y* (wy,). In Fourier
space, each of the three terms of the action reads

Bh
Ss = Bh Zq* Wn,) 721‘](“71)"'/ dTV(Q);
0

Sp = (Bh) Zma w +w )xa(wn):xTMx,

2
Ssp = —(Bh) Zq Wn) CaZh (Wn —I—Zq Wn) (ﬁh)ca —XTJ—I—SSB,

2maw2

where we defined X(q,) = Za (Wn), M(an),(a,n) = (BR) Ma (W2 4+ w2) Sa,arnmrs Jan) = — (BR) caq (wn), and SGE =

R)e?
Sa @ (wn) g (wn) 3025
Our next step is to integrate the bath degrees of freedom to generate an effective action Sesr to the system

1G(a, 1B, a,0) = / D g (wn)] e~ #5514 / D [ (wp)] e~ F (6 Ml 3555).

The integrals over the bath variables are Gaussian, and we may easily perform them to get

1900, 5,0) = [ Dl et | G (g
b ) b n Det (M) b
——
F

— F/D[q (wn)] e~ wSesslal (47)
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Figure 8: Caldeira-Leggett model phases as a function of the coupling to the bath.

where the effective action Sery for the system is given by
Seff = Sg — —JM 1yt + SSB)

— sz— (Bh) Z 24(] )q(wn)+(ﬂh) C2q*(wn)Q(wn),

Ss+ = (Bh) >

n,a

= Ss + (Bh) Zq wn) K (wn) q (wn) , (48)
where the Kernel function K (wy,) is defined as

K(w,) = =2
w2 + w2)
As in the classical solution, all information about the bath is contained in its spectral function J (w), Eq. (44).
Therefore, by integrating out the bath degrees of freedom, the action for the system gains an induced contribution.
If we now write Scsy in the imaginary time we have

Sepr = /Oﬁh dr (%qﬂ + V(q)) + /055 drdm K (1 — 1) q (1) q ('),

which means that by interacting with the bath the quantum mechanical particle gains a self-interaction retarded in
time. Moreover, the quantum Hamiltonian Hg in d dimensions maps to a classical Hamiltonian d + 1 dimensions,
with the extra dimension being the imaginary time. This is another instance of the quantum-classical mapping.

For a spectral function which shows no gap as w — 0 the particle self-interaction will be long-ranged, or non-local,
in time. To explore this long-ranged self-interaction we consider again ohmic dissipation, Eq. (45), and we get

wa U n
K(wn) =2 [ ot = T,
(o) = 2 [ do s = o

which we now Fourier transform to obtain

K (r) = ™ 1 TLBh nﬁhi
-~ 2Bhsin® (n7/(Bh)) 27 T2

Such non-local self-interaction of the particle has a dramatic effect on the quantum character of the particle.
Consider for instance the situation where we have a double minima, as in Fig. 8. For n — 0 we recover the usual
tunneling picture discussed in the previous section and the particle tunnels back and forth among the two minima
(instantons do not interact). As the coupling to the bath n increases, the particle “remembers” more and more its
current position. Thus, above a critical value of coupling, dubbed the critical couplingn., it no longer tunnels and
instead becomes localized in one of the minima. Physically we may rationalize this result as follows: tunneling is a
quantum mechanical effect and as the system transfers more and more energy to the bath, the phase coherence of the
particle is lost and the tunneling rate is suppressed. In the instanton language, we can say that the instantons now
interact. As a last remark we stress that the precise nature of the phase transition at 7. depends on the specific form
of the Hg and can be investigated in great detail by means of the quantum-classical mapping.
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(a) M <0 c d (b) M >0

Figure 9: Integration contour in the complex plane.

IX. GAUSSIAN INTEGRALS

Gaussian integrals are usual mathematical objects in the path integral formulation of quantum mechanics. In
general, we will be interested in integrals of type

N
/ ]._.[ dzje 2 Mminmn,
i=1

For the case of one single variable with real M, then we quote the well-known result

o]
_ 2 ™
/ dze Mz = M y

— 00
for M > 0.
For an arbitrary number of variables with M,, , = M, ,, € R, then we rewrite Zman,nZEmSCn = xTMx =

xTVDVTx = —yTDy, where Dryn = Am6m,m is a diagonal matrix where A, being the Eigenvalues of M, and V is
a matrix whose columns v,, are the corresponding Eigenvectors, i.e., Mv,, = A\, V. Since VVT' = VIV = I, then
[1dz; =[] dy;. The integral then becomes

/deje_XTMx - /deje‘ v ] (%) = \/De:]:M) = \/Det (;flM)’

J

as long as M is positive definite, i.e., A, > 0 for all m.
Let us now consider the imaginary case

N
/Hd:cjeﬂzmvnM’"’"I’"I".
i=1

Starting with the single variable case with M € R, the integration is done via residues with the 6 = 7 tilted contour
sketched in Fig. 9. Thus,

. 2
/ e"Mz2"q, = 0,
a—b—c—d—a
with

2 it R 2 ™
_; z=xe . s ;o

/ M4 FTE T lim €' / eM™ Ay = ', [ ——
d—c —R

R—o0 7M’
i M 22 z2=xe®° R i M 2
e "M*dz "= lim e "M dx.
a—b R—oo J_R

The quarter circular integrals are vanishing. The first one reads

. 2
/ e Mz dz
b—c

4 . 2 . . .
/ e—zMR (cos 20+ sin 29)ZR619d9
0

z=Re'? ..
= lim
R—o0

:0’
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for M < 0 because sin20 > 0 in the integration range. Likewise, the integral in the path d — a is also vanishing.

Thus,
o . 2 iz m
d —iMaz® _ eld z _ -
/, L ore \/ \/ M T \im

If M > 0, then we would have chosen the § = —7 tilted path instead. In this way,

dge—iMe® — o—if [T _ [T —iz _ [T
/_OO ve VARV M

which is the same result as for M < 0.
For the case of a multiple variable imaginary Gaussian integrals, then we proceed analogously to the real case.

/deje_ixTMx - /deje_izj NS

1

(%) - s

Notice it can be rewritten as e'("~—m+)% |Det (ﬁ’lM)‘ . In this way, the phase of the integration is determined
by the difference between the total number of negative n_ and positive n, Eigenvalues of M.
It is also very useful to consider the Gaussian integrals with source terms:

—xTMx+JT-x
/ H dxzje ,

—1/2

where J is a real vector.
This integration is easily accomplished with the previous results. For the one-variable case, we simply complete

J )2 Therefore, for M > 0, we have that

squares: Ma? — Jo = M (z — 537
o0
T .2
dpe~ M= +Tw — [~ oihr
. M

For the multiple-variables case, we proceed similarly. Notice that x’Mx —J7 -x = y'Dy — J7Vy = y"Dy — LT .y,
with y = VTx, and L = V7J. With these results and for a positive definite M, we have that

/HdzjefxTMerJT' /de] =D Ny —Liy; H\/je% (A J

1LT]I» L
Det ( _1M Det ( —1M

1JTM 1J

4]\/1

where [ = MM ™! = VDV'M~!, = =M~! = VD'V7, since VT = V1.
This result is straightforwardly generalized for the purely imaginary case:

T T, 1 i 7Ta—1
das Mx—J37x) _ eiI M
/H i¢ Det (im~1M)
Finally, it is also interesting to compute

o0 _ 2
[ are M4y

for n > 0. Notice this can be rewritten as

n\ __ M an > —Mzx? +Jz _ " 22 . 1 . an 1.2
(") = V r }1—>0 aJn ¢ dr = }1—>mo aJn (ew) ©(2M)*® X Jimy ozn (e )
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Figure 10: e¥7® for f (z) = In (z) — z and two different values of N. The function f (x) has a maximum at zo = 1.

Defining k;, = lim; ¢ % (eézz), we have that k1 = lim,_,¢ (xe%JCQ) = 0. Likewise, it vanishes for all odd n because

the integrand is an odd function. For n = 2, we have that ks = lim,_,g (1 + xQ) €3 = 1. Forn = 4, we have that

ks = limg_q (3 + 622 + ,7:4) e3®’ = 3. Forn = 6, we have that <x6> =3+ 12 = 15. In general, k, = (n — 1)!l. Then
(z") = (n— 1)1 2M) 7%,

for n even, and (z™) = 0, otherwise.
In the multiple-variable case, the n-point correlation is

ffooo [1 dxw (xaleQ .. .zane’xTMx)
ffooo Hk dZCk (e—xTMx) ’

where n is even and all o’s indices are different from each other. This mean value is

(Tay Tag « - Tayy ) =

o0

lim ——2 / im —
Det (nM—1) J—0 0Joy ---0Ja, J_o p J—=00Jq, ... .

(ToyTay -+ Tay, ) =

It is useful to analyze the small n cases. For n = 2, we have that (z4,24,) = limy_o 570 6;, ( iJTM*I‘]) =

e
( Mallaz) . For n = 4, we have that (xa, ... Ta,) = (Tay Tas) (TasTay) + {(Tar Tas) (TasTa,) + <$a1$a4> (TayTag ). For

an arbitrary value of even n, we simply have that

<:L'a1$a2 e :Can> = Z <$p(a1)$p(a2)> N <:L'p(an71)1'p(an)> 5
P({ci})

which is the sum of all possible pairings. This is known as the Wick theorem for real variables.
A. Large-N methods
Suppose we want to evaluate the following integral

b
W, = / NI@),

in the limit where the number N > 1 for a generic function f (x). If the function f (x) displays a maximum at xg,
the integrand is sharply peaked around zg and the integral is dominated for values of x around zg, see Fig. 10.
We then proceed by expanding f (x) around its maximum z( up to second order

£ (@) = F (@) = 5 1" o)l (2 — o),
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and the integral Wi may then be rewritten as
too " 2
W, ~ eNf(wo)/ o AN o) | (2 —0)”
— 00

Because the chief contribution to e™V/(*) comes for z in the neighborhood of xg, we can safely send the limits of
integration to infinity, such that we are left with a Gaussian integral which we readily evaluate to get

2T
Wy~ eNf@o) =2 N> 1. 49
: N7 (z0) (49)

We can easily extend this method to several variables, where we now consider

D
Wp = /deieNf(f),
i=1

with & = (21,22,...,2p). If we apply the same steps as above, assuming again that the function f (&) shows a
maximum at ¥ = ¥y, we then obtain
, 2or\"” 1
Wp M@ (2 ) N >1 50
pre N ) Det(—H)’ > (50)
where
0% f

)

ij =
Gxiaxj F=7,
is the Hessian matrix evaluated at the maximum . Another interesting feature of this method is that in the case
where f (&) shows several maxima, we may simply approximate the whole integral as the sum of the individual
contribution of each maximum as calculated above.
Consider now the situation where the exponent is complex (a phase), again for N > 1

D
WD = /deie—iNf(f).

i=1

If we now employ our generalization of Gaussian integrals for a purely imaginary exponent we then immediately
obtain, see also Fig. 3,

or\P 1
Wp m e WNFfE), [ (22} —— N>1 51
b= iN) Det(H)’ > (51)

with the Hessian matrix defined as above. Although this result resembles very much the one for a real exponent,
there is a crucial distinction: &y no longer needs to be a maximum of f (Zy). Actually, all that is now required is
that Vf (2)|z_z, =0, ie. ¥ is simply an extreme of f (Z). Therefore, it is no surprise that the large-N method for
complex exponents is sometimes referred to as saddle point or stationary phase approximation.

We close our discussion of this method by establishing the celebrated Stirling’s approximation:

n! =nlon —n + O (Inn) . (52)

We begin by rewriting the factorial of n in terms of the Gamma function

o0
n! :/ e dx,
0

— / en(lnz—z/n)dx’

0
— enlnnn/ en(hlyfy)dy7
0
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where in the last line we performed a change of variables y = x/n. We now consider n >> 1 (the integrand is depicted
in Fig. 10) and from Eq. (49) we then obtain

n! ~ nerltin—n 2_7r’
n
and thus
1 1
Inn! =~ nlnn —n 4+ §1nn + §1n2ﬂ'. (53)

X. DRIVEN HARMONIC OSCILLATOR

We briefly the solution of the classical driven harmonic oscillator

mi = —mw?x + f (), (54)
in the presence of a generic force f (t). We know that the general solution for this problem can be written as
x (t) = zp (t) + Acos (wt) + Bsin (wt) ,

where x,, (¢) is the particular solution which depends on the specific form of the force f (¢). To construct a particular
solution for any given force, we write f (¢) as

f<t>=/0°°f<s>6<t—s>ds,

where we assume that f (¢) started to act at the time ¢ = 0. The key point is that Eq. (54) is linear, and thus we may
solve it for a single delta function and then construct z, (t) by integrating over all possible delta functions weighted
by f (t). For a single delta function, Eq. (54) is given by

mi, +mwir, = 6(t) f(t),
with
o (t) = 0, t<0
S\ Acos (wt) + Bsin (wt), >0

because the force only acts at ¢ = 0 and we assume that the oscillator was at rest for ¢ < 0. Because x; (t) must be
continuous at t = 0, since it obeys a second order differential equation, (54), we then have that A = 0. To fix B, we
perform the usual trick when dealing with delta functions: we integrate around ¢ = 0

+e

+e +e

mi, () — mis (€) + mw?zs (0)2e = f(0),
mis (0+) = f (0) )

where in the second line we considered that ;s (0) is continuous at ¢ = 0 and in the third line we took the limit ¢ — 0,
considering that &5 (07) = 0 because the oscillator was at rest for ¢ < 0. This equation immediately gives us that
B = f(0) /mw and we then have

0, t<0
zs (t) = { (f(0) /mw)sin (wt), t>0

and thus the particular solution, z, (t) = f(f xs (8) ds, is given by

o) = [ ==y ) as (55)

mw

where G (t — s) = sin|w (t — s)] /mw is the classical Green’s function, or propagator, for the harmonic oscillator.
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For completeness, we compute the classical action for this system
! Lo 1455,
Sa=m [ dt gda — gwWiTa +f®)xa),
0
with the boundary conditions x; = z¢1 (0) and x5 = 1 (£). As for the free harmonic oscillator we rewrite it as

m . 1 [t
Sa = = zadalg + = f(t) zadt,
2 2 /4,
where we now have the extra term due to the driving force. All that is left for us to do is to fix the constants A and
B in terms of the boundary conditions. After a lengthly algebra we then get [7]

S = QS%ZM?) |:(:C?c + 27) cos (wt) — 2z 57 + %xf /0 ds sin [ws] f (s)
) t ] 2 t u ) )
+ mzz/o ds sinfw (t — )] f (s) — p— /0 du/o dsf (u) f (s)sin [w (t — u)] sin [ws]

[1] In many occasions, the Heaviside function will not appear because it is implicit that ¢ > to.

[2] See, for instance, the Wikipedia entry for the Baker-Campbell-Hausdorff formula.

[3] In fact, there is not need of using any of these fancy formulas. In the At — 0 limit, we have from (2) that U = I +
#Atﬁ + O (At)Q. Using this expansion up to 1st order in At and then re-exponentiating, we arrive at the same result that
U—emlTem?,

[4] Notice we are considering that there is only one stationary-phase path zq. It there were more than one such path, then we
have to take them into account. Provided that they are not degenerate (meaning, typically, |zc,; — @a,;| >~ V/h), then the
semiclassical result is simply the sum of many Gaussian integrals around each special path z , i.e., Zk FetSlEeLr],

[5] Let us be honest here, if there are classical paths, we can conveniently use the semiclassical approximation.

[6] A. O. Caldeira and A. J. Leggett, Phys. Rev. Lett. 46, 211 (1981).

[7] See, for instance, this derivation.


https://en.wikipedia.org/wiki/Baker%E2%80%93Campbell%E2%80%93Hausdorff_formula
http://www.oberlin.edu/physics/dstyer/FeynmanHibbs/Prob3-11.pdf
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