Runge-Kutta method

Let a system of functions z(t) be the solutions of the system of coupled differential equations

d
dtﬂ?g =dg=fg (331, . ,xN,t) = f3 ({xv},t) .
We wish to numerically integrate those equations, thus we take t — ¢, = kAt as a discrete parameter and, therefore,

r5(t) = 2p k-

I. SECOND ORDER

We use the Taylor series so that
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Now we compare this expansion with the following expression
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In order to compare (1) with (2), we need to expand
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Then, Eq. (2) becomes
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from which we conclude that
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Notice there are more than one solution.



As an example, consider the case in which & = f, (z,v,t) = v, and 0 = f,(x,v,t). Thus, up to second order, we
have that
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for all solutions of (3). This is just the equation of movement for a particle with a constant acceleration. The update
for the velocity is
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For instance, in the case which f,(z,v,t) = f,(t), and using the solution A, ;1 = A, 2 = %, and By = 1, then

At At
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which simply is the Trapezoidal rule for numerical integration.

II. THIRD ORDER

Let us consider the expansion in third order. Then,
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We now need to expand these function:
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Then,
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Comparing the expansions, then
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As in the 2nd order case, there is more than one real solution. Maybe a simpler one is that in which Ag > = 0. In this
case
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III. FOURTH ORDER

Until now, we have seen there is no difference weather the number of components are N = 1 or N > 1. We

can therefore use N = 1 and lighten the notation. We however choose to keep the more cumbersome and complete
notation.

In forth order, the Taylor expansion is
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Now we need to expand
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Unlike the cases of 2nd and 3rd order, the solution in 4th order is unique and equals
1
2A571 = 2Ag’4 = Ag’g = A[j’3 = g and Bg = Bg = 234 = 2.
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IV. DOUBLE PENDULUM

Let us apply the 4th order approximation to the case of a double pendulum.

We need the equations of motion. The positions are ry = ¢1#1. Then, iy = Elélél and 1] = ¥/ (élél — 9%?1) Thus,
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and then
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Now, let us define some dimensionless quantities: 7 = wot, where w? = £. Then b = §t29 =
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where the time derivative is with respect to the dimensionless time 7 = wqt.
Now we need to apply the method:
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At
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