
SFI5711 - Solid State Physis (2020)

List of exerises #1

1. Bravais lattie and quasirystals

(a) Show that a 2D Bravais lattie an have only rotational Cn symmetry axis with n = 1, 2, 3, 4, and 6.
(b) (Optional) What is the impliation to 5-fold symmetry in 3D (or higer D)?

() In 1984, D. Shehtman and o-workers found that ertain Al-Mn alloys display a x-ray di�ration pattern with

iosahedral symmetry [Phys. Rev. Lett 53, 1951 (1984)℄: this was the disover of quasirystals (Nobel Prize in

Chemistry 2011). The puzzle is that iosahedral symmetry patterns are invariant under 5-fold rotations. Searh the

literature and explain in your words how this observation an be understood and modeled. Cite your referenes. (Be

onise, and there is no need in going into tehnialities and details.)
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Figure 1: The Kagome lat-

tie.

2. Kagome lattie

(a) The Kagome lattie (see Fig. 1) is widely studied in the ontext of frustrated

magnetism. Desribe it as a Bravais lattie with an appropriate basis. Give the primitive

and basis vetors and the volume (in this ase, area) of the unit ell.

(b) Draw the Wigner-Seitz unit ell of the Kagome lattie and alulate its area.

Compare to the result found in the previous item.

3. Debye-Waller fator

The potential desribing the sattering of light o� the lattie atoms is usually modeled

by

∑

j U(r − Rj), where Rj are the positions of the atoms on the lattie. At �nite

temperatures T , eah atom atually osillates around their equilibrium positions by a

displaement δj . In this ase, we have

∑

j U(r − Rj − δj). These displaements are

random and, in a simpli�ed model, all omponents follow the same Gaussian probability

distribution funtion
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 , with α = x, y, z,

and σ is a onstant whih should be a funtion of T . Show that the x-ray sattering ross setion at a transfered

momentum equal to the reiproal vetor G is redued by the so-alled Debye-Waller fator exp
(

− 1
3G

2
〈

R2
〉)

, where

〈

R2
〉

is the average square displaement of an atom.

4. DNA struture (adapted from Paul Crowell)

The DNA has a helial struture, whih in priniple an be probed by x-ray sattering. For this problem, onsider

that a helix is a one-dimensional rystal (in the z-diretion) in whih eah unit ell ontains one winding of the helix.

(a) Consider �rst that the helix is uniform, suh that the eletroni harge is distributed evenly along the helix,

paramatrized by

x = R cos

(

2π

λ
z

)

and y = R sin

(

2π

λ
z

)

,

where R and λ are the radius and the pith of the helix, respetively. Calulate the Fourier oe�ient ρ(k) of the
eletroni harge density ρ (r) given above. Using this result, sketh the orresponding x-ray di�ration pattern in

reiproal spae (reall that the x-ray intensity at the wave-vetor k is proportional to |ρ (k)|2).
(b) Consider now that the helix is non-uniform, with the density onentrated at atoms evenly distributed along

the helix and separated by the distane a. Repeat the alulations from the previous item and disuss what happens

as the ratio λ/a is hanged. To simplify the alulations, model the eletroni harge density of the non-uniform helix

as the density of the uniform helix [given in item (a)℄ times a sum of delta funtions

∑

n δ (z − na), with n ∈ Z.

5. (Optional) Struture fator (from Ashroft & Mermin)

It is often onvenient to represent a fae-entered ubi Bravais lattie as a simple ubi, with a ubi primitive ell

of side a and a four-point basis dj .

(a) Show that the struture fator SG =
∑n

j=1 e
iG·dj

is either the same onstant or 0 at all points of the simple

ubi reiproal lattie.

http://prl.aps.org/abstract/PRL/v53/i20/p1951_1#URL.name
http://www.nobelprize.org/nobel_prizes/chemistry/laureates/2011/press.html#URL.name
http://www.nobelprize.org/nobel_prizes/chemistry/laureates/2011/press.html#URL.name
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(b) Show that when points with zero struture fator are removed, the remaining points of the reiproal lattie

make up a body-entered ubi lattie with onventional ell of side 4π/a. Why is this expeted?

6. Counting states

(10 points) Consider a one-partile quantum mehanial system with a Hilbert spae spanned by three orthonormal

states |n〉, with n = 1, 2, 3. Three non-interating partiles oupy these states. Determine how many distint physial

states there are if these partiles are: (a) three idential fermions, (b) three idential bosons, () two idential fermions

and one boson, (d) two idential bosons and one fermion, (e) three distint fermions, and (f ) three distint bosons.

7. (Optional) Exhange interation - the Hydrogen moleule

The purpose of this problem is to understand the mehanism that gives stability to the Hydrogen moleule and the

ovalent bond. (Use �rst quantization.)

(a) Write the omplete Hamiltonian H of the Hydrogen moleule.

(b) In the limit the two protons are R ≫ a0 faraway from eah other with a0 being the Bohr radius, write

H = H0 +H1 with H0 and H1 being the nonperturbed Hamiltonian and its perturbation, respetively. Justify your

hoie of H0 and H1.

() Now, use the limit in whih the protons are muh heavier than the eletrons. What is the physial meaning

of this limit? Moreover, onsider the protons being lassial partiles (thus, R beomes a parameter in the problem)

and treat the eletrons as indistinguishable spin-1/2 quantum partiles. Write the simpli�ed H0 and H1.

(d) Write down the ground-state wavefuntions of H0 (do not forget the spin and the normalization). What is

the degeneray of the ground state? Disuss the permutation properties of the ground-state wavefuntions. Make a

sketh of these wavefuntions in the plane r1 × r2, where ri is the distane of the i-th eletron to the �rst proton

(whih you an onviniently set as the orign).

(e) In �rst order of perturbation theory, ompute the orretion to the ground-state energy ∆E due to H1, and

analyze how the degeneray is lifted. (Do not ompute the integrals. Just analyze how they an lift the degeneray.)

(f ) Whih is the new ground state? Disuss its symmetry properties and the role of the parameter R. (As the

integrals in (e) were not omputed, you annot deide for whih one. Thus, disuss all the possible outomes.

Alternatively, you an give a physial insight in order to guess if the integral is positive or negative)

(f.α) Compute the integrals. (All of them, but one, an be omputed analytially. The �nal one is important.

Either you an perform it numerially or quote in the literature. Cite the orresponding referene.)

(g) What is the ondition that ∆E must satisfy in order to guarantee the stability of the Hydrogen moleule?

(h) Notie that the degeneray of the ground state is lifted in a way that the new spetrum an be represented

by the e�etive hamiltonian Heff = const + JS1 · S2, where Si is the spin operator of the i-th eletron. Give the

expression for the exhange oupling J . (Do not ompute any integral.)

(i) Notie that JS1 · S2 is a magneti type interation (two dipoles interating). However, the Hamiltonian H is

purely eletri. Disuss whih physial priniple (or priniples) is (are) involved in order to give an e�etive magneti

interation from �purely� eletri interations.

8. Free fermions

Consider a system of noninterating N spin-1/2 partiles whih are free to move in a smooth one-dimentional ring

of length L. The one-partile wavefuntions are

〈x, σ|ψ〉 = ψn,σ(x),

with σ =↑, ↓ representing the spin, and n a quantum number to be de�ned. Assume that N/2 is an odd integer.

(a) Write down the one-partile states wavefuntions ψσ,n(x) whih obey the boundary ondition given above.

What is the meaning of the quantum number n?
(b) Use the fermioni �eld operators a†σ(x) and aσ(x) in position spae (whih reate/annihilate a fermion in with

spin σ at position x) to write the Hamiltonian of this free fermion system in the Fok spae. Do the same now for

the operators in momentum spae.

() Compute the antiommutators

{

ãσ(p), ã
†
τ (q)

}

and {ãσ(p), ãτ (q)}.
(d) Construt the many-partile ground state |G〉 for this system in the Fok spae. Compute the Fermi energy

EF , namely the energy of the topmost oupied state. How many single-partile states are present in |G〉?
(e) Show that the wavefuntion of the ground state is an N ×N Slater determinant. In addition, show this deter-

minant an be fatorized to the produt of two

N
2 × N

2 determinants. (Hint : Notie that 〈xi,σ|ψn,τ 〉 = δσ,τψn,τ (xi,σ),
where xi,σ is the position of the i-th partile with spin σ.)
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(f ) Show that

Ψ
(

x1,↑, x1,↓, . . . , xN
2
,↑, xN

2
,↓

)

= L−N
2 e−i( 2π

L )(N−2

4 )NXCM

N
2
∏

i<j=1

(zi,↑ − zj,↑) (zi,↓ − zj,↓) ,

where zi,σ = ei
2π
L

xi,σ
and XCM is the position of the enter of mass of the system. (Hint : Reall the Vandermonde

matrix.)

9. Two oupled bosons

Consider a system of two distint bosoni partiles (type A and B) in whih only one mode of eah is present:

H = ǫAa
†a+ ǫBb

†b+ V a†b + V ∗b†a.

(a) Show that c ≡ ua− vb and d ≡ v∗a+ u∗b, with |u|2 + |v|2 = 1 are bosoni operators.

(b) Show that when ǫA = ǫB and V = V ∗
, the hoie u = v = 1/

√
2 deouples the system of bosoni partiles C

and D.

() Determine u and v that diagonalizes the system in the general ase. Find the Eigenenergies and Eigenvetors

of the system.

10. Two fermions

Consider a system of two spin-1/2 idential fermioni partiles that an oupy three di�erent states of energies Ei,

i = 1, 2, 3. The matrix elements allowing the transitions between these states are Mij .

(a) Write down the system Hamiltonian in terms of the riation and annihilation operators.

(b) Determine the equation that gives the Eigenenergies of the sytem.

() Diagonalize the system for the partiular ase Ei = E and Mij = M , and the spins of the partiles are the

same.

11. Grand-anonial ensamble

The Grand partition funtion is given by the trae

ZG = tr e−β(H−µN), where H =
∑

i

ǫia
†
iai and N =

∑

i

a†iai,

and the onstants β and µ are the inverse of temperature and the hemial potential, respetively. In the following

ompute the required quantities for both ases of idential bosoni and fermioni partiles.

(a) Compute ZG. (Hint : Use the trae in the Fok spae: trO =
∑

ni...n∞

〈n1 . . . n∞ |O|n1 . . . n∞〉, and reall that

in the Grand-anonial ensamble the number of partiles is not �xed.)

(b) Compute the average oupation number 〈ni〉, suh that N =
∑

i 〈ni〉. (Hint : Reall the thermodynami

Grand-potential Ω(T, V, µ) = β−1 lnZG, and that N = −
(

∂Ω
∂µ

)

T,V
.)

() Show that the frational deviation from the mean oupation number

〈

(ni − 〈ni〉)2
〉

〈ni〉2
= eβ(ǫi−µ) =

1

〈ni〉
+ ζ,

with the ζ = ±1 for bosons and fermions, respetively.

12. Simple Hubbard model

Consider a simple moleule made of 2 sites and 2 eletrons desibed by

H = −t
∑

σ

(

c†1,σc2,σ + c†2,σc1,σ

)

+ U (n1,↑n1,↓ + n2,↑n2,↓) ,

with σ =↑ or ↓, ci,σ (c†i,σ) being the anihillation (reation) operator of eletrons at site i with spin projetion σ at the

z-axis, ni,σ = c†i,σci,σ, and t > 0 and U > 0 being onstants.

(a) Write the spin operators S1 and S2 in terms of the operators ci,σ and c†i,σ.

(b) Give a physial interpretation (orign) of eah term in the Hamiltonian H .

() Write the matrix H in the basis {i, σ; j, τ}, where i,j denotes the sites the eletrons oupy and σ,τ denotes

their spin projetion.

(d) Diagonalize the matrix H . What is the ground state?

(e) Interpret and disuss your results in the limits U ≫ t and U ≪ t.


