
Runge-Kutta method

Let a system of functions xβ(t) be the solutions of the system of coupled differential equations

d
dtxβ = ẋβ = fβ (x1, . . . , xN , t) ≡ fβ ({xγ}, t) .

We wish to numerically integrate those equations, thus we take t→ tk = k∆t as a discrete parameter and, therefore,
xβ(t) = xβ,k.

I. SECOND ORDER

We use the Taylor series so that

xβ,k+1 = xβ,k + dxβ,k
dt ∆t+ 1

2!
d2xβ,k
dt2 (∆t)2 + . . .

= xβ,k + fβ,k∆t+ 1
2!

dfβ,k
dt (∆t)2 +O

(
f

(2)
β,k (∆t)3

)
.

Since d
dt = ∂

∂t +
∑
β
∂xβ

∂t
∂
∂xβ

= ∂
∂t +

∑
β fβ

∂
∂xβ

, then

xβ,k+1 = xβ,k + fβ,k∆t+ 1
2

(
∂tfβ,k +

∑
γ

fγ,k∂γfβ,k

)
(∆t)2 +O

(
f

(2)
β,k (∆t)3

)
. (1)

Now we compare this expansion with the following expression

xβ,k+1 = xβ,k + ∆t (Aβ,1Fβ,k,1 +Aβ,2Fβ,k,2) +O
(
f

(2)
β,k (∆t)3

)
, (2)

with

Fβ,k,1 = fβ,k = fβ (x1,k, . . . , xN,k, tk) and Fβ,k,2 = fβ

({
xγ,k + ∆t

B2
fγ,k

}
, tk + ∆t

B2

)
.

In order to compare (1) with (2), we need to expand

Fβ,k,2 = fβ

({
xγ,k + ∆t

B2
fγ,k

}
, tk + ∆t

B2

)
= fβ ({xγ,k} , tk) +

∑
γ

∂γfβ,k

(
∆t
B2

fγ,k

)
+ ∂tfβ,k

(
∆t
B2

)
+O

(
f

(2)
β (∆t)2

)
= fβ ({xγ,k} , tk) + ∆t

B2

(∑
γ

fγ,k∂γ + ∂t

)
fβ,k +O

(
f

(2)
β (∆t)2

)
= fβ ({xγ,k} , tk) + ∆t

B2

d
dtfβ,k +O

(
f

(2)
β (∆t)2

)
.

Then, Eq. (2) becomes

xβ,k+1 = xβ,k + ∆t (Aβ,1 +Aβ,2) fβ,k + Aβ,2
B2

(
d
dtfβ,k

)
(∆t)2 +O

(
f

(2)
β,k (∆t)3

)
,

from which we conclude that

Aβ,1 +Aβ,2 = 1 and Aβ,2
B2

= 1
2 . (3)

Notice there are more than one solution.
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As an example, consider the case in which ẋ = fx (x, v, t) = v, and v̇ = fv(x, v, t). Thus, up to second order, we
have that

xk+1 = xk + ∆t
(
Ax,1vk +Ax,2

(
vk + ∆t

B2
fv,k

))
= xk + ∆t (Ax,1 +Ax,2) vk + (∆t)2 Ax,2

B2
fv,k

= xk + ∆tvk + (∆t)2

2 fv,k,

for all solutions of (3). This is just the equation of movement for a particle with a constant acceleration. The update
for the velocity is

vk+1 = vk + ∆t
[
Av,1fv,k +Av,2fv

(
xk + ∆t

B2
vk, vk + ∆t

B2
fv,k, tk + ∆t

B2

)]
.

For instance, in the case which fv(x, v, t) = fv(t), and using the solution Av,1 = Av,2 = 1
2 , and B2 = 1, then

vk+1 − vk = ∆t
2 [fv,k + fv (tk + ∆t)] = ∆t

2 [fv,k + fv,k+1] ,

which simply is the Trapezoidal rule for numerical integration.

II. THIRD ORDER

Let us consider the expansion in third order. Then,

xβ,k+1 =xβ,k + fβ,k∆t+ (∆t)2

2

(
∂tfβ,k +

∑
γ

fγ,k∂γfβ,k

)
+

(∆t)3

3!

∂2
ttfβ,k +

∑
γ

∂tfγ,k∂γfβ,k + 2
∑
γ

fγ,k∂
2
tγfβ,k +

∑
δ,γ

fδ,k∂δfγ,k∂γfβ,k +
∑
δ,γ

fδ,kfγ,k∂
2
δγfβ,k


+O

(
f

(3)
β,k (∆t)4

)
.

We now assume that

xβ,k+1 = xβ,k + ∆t (Aβ,1Fβ,k,1 +Aβ,2Fβ,k,2 +Aβ,3Fβ,k,3) +O
(
f

(3)
β,k (∆t)4

)
,

with

Fβ,k,1 = fβ,k, Fβ,k,2 = fβ

({
xγ + ∆t

B2
Fγ,k,1, tk + ∆t

B2

})
, and Fβ,k,3 = fβ

({
xγ + ∆t

B3
Fγ,k,2, tk + ∆t

B3

})
.

We now need to expand these function:

Fβ,k,2 = fβ,k + ∆t
B2

(
∂tfβ,k +

∑
γ

fγ,k∂γfβ,k

)
+ (∆t)2

2!B2
2

∂2
ttfβ,k + 2

∑
γ

fγ,k∂
2
tγfβ,k +

∑
δ,γ

fδ,kfγ,k∂
2
δ,kfβ,k

+ . . .

Fβ,k,3 =fβ
({

xγ + ∆t
B3

(
fβ,k + ∆t

B2
(?) + . . .

)
, tk + ∆t

B3

})

=fβ,k + ∆t
B3

(
∂tfβ,k +

∑
γ

fγ,k∂γfβ,k

)
+ (∆t)2

2!B2
3

∂2
ttfβ,k + 2

∑
γ

fγ,k∂
2
tγfβ,k +

∑
δ,γ

fδ,kfγ,k∂
2
δ,kfβ,k


+ (∆t)2

B2B3

(∑
γ

(
∂tfγ,k +

∑
δ

fδ,k∂δfγ,k

)
∂γfβ,k

)
+O (∆t)4

.
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Then,

xβ,k+1 =xβ,k + ∆t (Aβ,1 +Aβ,2 +Aβ,3) fβ,k

+ (∆t)2
(
Aβ,2
B2

+ Aβ,3
B3

)(
∂tfβ,k +

∑
γ

fγ,k∂γfβ,k

)

+ (∆t)3
(
Aβ,2
2B2

2
+ Aβ,3

2B2
3

)∂2
ttfβ,k + 2

∑
γ

fγ,k∂
2
tγfβ,k +

∑
δ,γ

fδ,kfγ,k∂
2
δ,kfβ,k


+ (∆t)3 Aβ,3

B2B3

∑
γ

∂tfγ,k∂γfβ,k +
∑
δ,γ

fδ,k∂δfγ,k∂γfβ,k

+O
(
f

(3)
β,k (∆t)4

)
.

Comparing the expansions, then

(Aβ,1 +Aβ,2 +Aβ,3) = 1,
(
Aβ,2
B2

+ Aβ,3
B3

)
= 1

2! , and
Aβ,3
B2B3

= 1
3! =

(
Aβ,2
2B2

2
+ Aβ,3

2B2
3

)
.

As in the 2nd order case, there is more than one real solution. Maybe a simpler one is that in which Aβ,2 = 0. In this
case

Aβ,1 = 1
4 , Aβ,2 = 0, Aβ,3 = 3

4 , B2 = 3, and B3 = 3
2 .

III. FOURTH ORDER

Until now, we have seen there is no difference weather the number of components are N = 1 or N > 1. We
can therefore use N = 1 and lighten the notation. We however choose to keep the more cumbersome and complete
notation.

In forth order, the Taylor expansion is

xβ,k+1 =xβ,k + fβ,k∆t+ (∆t)2

2

(
∂tfβ,k +

∑
γ

fγ,k∂γfβ,k

)
+

(∆t)3

3!

∂2
ttfβ,k +

∑
γ

∂tfγ,k∂γfβ,k + 2
∑
γ

fγ,k∂
2
tγfβ,k +

∑
δ,γ

fδ,k∂δfγ,k∂γfβ,k +
∑
δ,γ

fδ,kfγ,k∂
2
δγfβ,k

+

(∆t)4

4!

∂3
tttfβ,k +

∑
γ

∂2
ttfγ,k∂γfβ,k + 3

∑
γ

∂tfγ,k∂
2
tγfβ,k + 3

∑
γ

fγ,k∂
3
ttγfβ,k +

∑
δ,γ

∂tfδ,k∂δfγ,k∂γfβ,k

+ 2
∑
δ,γ

fδ,k∂
2
tδfγ,k∂γfβ,k + 3

∑
δ,γ

fδ,k∂δfγ,k∂
2
tγfβ,k + 3

∑
δ,γ

fγ,k∂tfδ,k∂
2
δγfβ,k

+ 3
∑
δ,γ

fδ,kfγ,k∂
3
tδγfβ,k +

∑
η,δ,γ

fη,k∂ηfδ,k∂δfγ,k∂γfβ,k +
∑
η,δ,γ

fη,kfδ,k∂
2
ηδfγ,k∂γfβ,k

+3
∑
η,δ,γ

fη,kfδ,k∂δfγ,k∂
2
ηγfβ,k +

∑
η,δ,γ

fη,kfδ,kfγ,k∂
3
η,δγfβ,k


+O

(
f

(4)
β,k (∆t)5

)
.

Now, we assume that

xβ,k+1 = xβ,k + ∆t (Aβ,1Fβ,k,1 + · · ·+Aβ,4Fβ,k,4) +O
(
f

(4)
β,k (∆t)5

)
,

with

Fβ,k,1 = fβ,k, Fβ,k,2 = fβ

({
xγ,k + ∆t

B2
Fγ,k,1

}
, tk + ∆t

B2

)
, . . . , Fβ,k,4 = fβ

({
xγ,k + ∆t

B4
Fγ,k,3

}
, tk + ∆t

B4

)
.
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Now we need to expand

Fβ,k,2 =fβ,k + ∆t
B2

(
∂tfβ,k +

∑
γ

Fγ,k,1∂γfβ,k

)
+ (∆t)2

2!B2
2

∂2
ttfβ,k + 2

∑
γ

Fγ,k,1∂
2
tγfβ,k +

∑
γ,δ

Fγ,k,1Fδ,k,1∂
2
γδfβ,k


+ (∆t)3

3!B3
2

∂3
tttfβ,k + 3

∑
γ

Fγ,k,1∂
3
ttγfβ,k + 3

∑
γ,δ

Fγ,k,1Fδ,k,1∂
3
tγδfβ,k +

∑
η,γ,δ

Fγ,k,1Fη,k,1Fδ,k,1∂
3
ηγδfβ,k


=fβ,k + ∆t

B2

(
∂tfβ,k +

∑
γ

fγ,k∂γfβ,k

)
+ (∆t)2

2!B2
2

∂2
ttfβ,k + 2

∑
γ

fγ,k∂
2
tγfβ,k +

∑
γ,δ

fγ,kfδ,k∂
2
γδfβ,k


+ (∆t)3

3!B3
2

∂3
tttfβ,k + 3

∑
γ

fγ,k∂
3
ttγfβ,k + 3

∑
γ,δ

fγ,kfδ,k∂
3
tγδfβ,k +

∑
η,γ,δ

fγ,kfη,kfδ,k∂
3
ηγδfβ,k

+O (∆t)4
.

Fβ,k,3 =fβ,k + ∆t
B3

(
∂tfβ,k +

∑
γ

Fγ,k,2∂γfβ,k

)
+ (∆t)2

2!B2
3

∂2
ttfβ,k + 2

∑
γ

Fγ,k,2∂
2
tγfβ,k +

∑
γ,δ

Fγ,k,2Fδ,k,2∂
2
γδfβ,k


+ (∆t)3

3!B3
3

∂3
tttfβ,k + 3

∑
γ

Fγ,k,2∂
3
ttγfβ,k + 3

∑
γ,δ

Fγ,k,2Fδ,k,2∂
3
tγδfβ,k +

∑
η,γ,δ

Fγ,k,2Fη,k,2Fδ,k,2∂
3
ηγδfβ,k


=fβ,k + ∆t

B3

(
∂tfβ,k +

∑
γ

fγ,k∂γfβ,k

)
+ (∆t)2

2!B2
3

∂2
ttfβ,k + 2

∑
γ

fγ,k∂
2
tγfβ,k +

∑
γ,δ

fγ,kfδ,k∂
2
γδfβ,k


+ (∆t)3

3!B3
3

∂3
tttfβ,k + 3

∑
γ

fγ,k∂
3
ttγfβ,k + 3

∑
γ,δ

fγ,kfδ,k∂
3
tγδfβ,k +

∑
η,γ,δ

fγ,kfη,kfδ,k∂
3
ηγδfβ,k


+ (∆t)2

B2B3

∑
γ

∂tfγ,k∂γfβ,k +
∑
γ,δ

fδ,k∂δfγ,k∂γfβ,k


+ (∆t)3

2!B2
2B3

∑
γ

∂2
ttfγ,k∂γfβ,k + 2

∑
δ,γ

fδ,k∂
2
tδfγ,k∂γfβ,k +

∑
η,δ,γ

fη,kfδ,k∂
2
ηδfγ,k∂γfβ,k


+ (∆t)3

B2B2
3

∑
γ

(
∂tfγ,k +

∑
δ

fδ,k∂δfγ,k

)
∂2
tγfβ,k +

∑
γ,δ

(
∂tfγ,k +

∑
η

fη,k∂ηfγ,k

)
fδ,k∂

2
γδfβ,k

+O (∆t)4
.
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Fβ,k,4 =fβ,k + ∆t
B4

(
∂tfβ,k +

∑
γ

Fγ,k,3∂γfβ,k

)
+ (∆t)2

2!B2
4

∂2
ttfβ,k + 2

∑
γ

Fγ,k,3∂
2
tγfβ,k +

∑
γ,δ

Fγ,k,3Fδ,k,3∂
2
γδfβ,k


+ (∆t)3

3!B3
4

∂3
tttfβ,k + 3

∑
γ

Fγ,k,3∂
3
ttγfβ,k + 3

∑
γ,δ

Fγ,k,3Fδ,k,3∂
3
tγδfβ,k +

∑
η,γ,δ

Fγ,k,3Fη,k,3Fδ,k,3∂
3
ηγδfβ,k


=fβ,k + ∆t

B4

(
∂tfβ,k +

∑
γ

fγ,k∂γfβ,k

)
+ (∆t)2

2!B2
4

∂2
ttfβ,k + 2

∑
γ

fγ,k∂
2
tγfβ,k +

∑
γ,δ

fγ,kfδ,k∂
2
γδfβ,k


+ (∆t)3

3!B3
4

∂3
tttfβ,k + 3

∑
γ

fγ,k∂
3
ttγfβ,k + 3

∑
γ,δ

fγ,kfδ,k∂
3
tγδfβ,k +

∑
η,γ,δ

fγ,kfη,kfδ,k∂
3
ηγδfβ,k


+ (∆t)2

B3B4

∑
γ

∂tfγ,k∂γfβ,k +
∑
γ,δ

fδ,k∂δfγ,k∂γfβ,k


+ (∆t)3

2!B2
3B4

∑
γ

∂2
ttfγ,k∂γfβ,k + 2

∑
δ,γ

fδ,k∂
2
tδfγ,k∂γfβ,k +

∑
η,δ,γ

fη,kfδ,k∂
2
ηδfγ,k∂γfβ,k


+ (∆t)3

B2B3B4

∑
δ,γ

∂tfδ,k∂δfγ,k∂γfβ,k +
∑
η,δ,γ

fδ,k∂δfη,k∂ηfγ,k∂γfβ,k


+ (∆t)3

B3B2
4

∑
γ

(
∂tfγ,k +

∑
δ

fδ,k∂δfγ,k

)
∂2
tγfβ,k +

∑
γ,δ

(
∂tfγ,k +

∑
η

fη,k∂ηfγ,k

)
fδ,k∂

2
γδfβ,k

+O (∆t)4
.

Therefore,

xβ,k+1 =xβ,k + ∆t (Aβ,1 + · · ·+Aβ,4) fβ,k + (∆t)2
(
Aβ,2
B2

+ Aβ,3
B3

+ Aβ,4
B4

)(
∂tfβ,k +

∑
γ

fγ,k∂γfβ,k

)

+ (∆t)3

2!

(
Aβ,2
B2

2
+ Aβ,3

B2
3

+ Aβ,4
B2

4

)∂2
ttfβ,k + 2

∑
γ

fγ,k∂
2
tγfβ,k +

∑
γ,δ

fγ,kfδ,k∂
2
γδfβ,k


+ (∆t)4

3!

(
Aβ,2
B3

2
+ Aβ,3

B3
3

+ Aβ,4
B3

4

)∂3
tttfβ,k + 3

∑
γ

fγ,k∂
3
ttγfβ,k + 3

∑
γ,δ

fγ,kfδ,k∂
3
tγδfβ,k

+
∑
η,γ,δ

fγ,kfη,kfδ,k∂
3
ηγδfβ,k

+ (∆t)3
(
Aβ,3
B2B3

+ Aβ,4
B3B4

)∑
γ

∂tfγ,k∂γfβ,k +
∑
γ,δ

fδ,k∂δfγ,k∂γfβ,k


+ (∆t)4

2!

(
Aβ,3
B2

2B3
+ Aβ,4
B2

3B4

)∑
γ

∂2
ttfγ,k∂γfβ,k + 2

∑
δ,γ

fδ,k∂
2
tδfγ,k∂γfβ,k +

∑
η,δ,γ

fη,kfδ,k∂
2
ηδfγ,k∂γfβ,k


+ (∆t)4

(
Aβ,3
B2B2

3
+ Aβ,4
B3B2

4

)∑
γ

∂tfγ,k∂
2
tγfβ,k +

∑
δ,γ

fδ,k∂δfγ,k∂
2
tγfβ,k +

∑
γ,δ

fδ,k∂tfγ,k∂
2
γδfβ,k

+
∑
η,δ,γ

fη,kfδ,k∂ηfγ,k∂
2
γδfβ,k

+ (∆t)4
Aβ,4

B2B3B4

∑
δ,γ

∂tfδ,k∂δfγ,k∂γfβ,k +
∑
η,δ,γ

fδ,k∂δfη,k∂ηfγ,k∂γfβ,k


+O

(
f

(4)
β,k (∆t)5

)
,

and comparing the Taylor series, we then have that

Aβ,1 + · · ·+Aβ,4 = 1, Aβ,2
B2

+ Aβ,3
B3

+ Aβ,4
B4

= 1
2 ,

Aβ,2
B2

2
+ Aβ,3

B2
3

+ Aβ,4
B2

4
= 1

3 ,
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Aβ,3
B2B3

+ Aβ,4
B3B4

= 1
3! ,

Aβ,2
B3

2
+ Aβ,3

B3
3

+ Aβ,4
B3

4
= 1

4 ,
Aβ,3
B2

2B3
+ Aβ,4
B2

3B4
= 2!

4! ,

Aβ,3
B2B2

3
+ Aβ,4
B3B2

4
= 3

4! and Aβ,4
B2B3B4

= 1
4! .

Unlike the cases of 2nd and 3rd order, the solution in 4th order is unique and equals

2Aβ,1 = 2Aβ,4 = Aβ,2 = Aβ,3 = 1
3 and B2 = B3 = 2B4 = 2.

In other words,

xβ,k+1 = xβ,k + ∆t
6 (Fβ,k,1 + 2Fβ,k,2 + 2Fβ,k,3 + Fβ,k,4) ,

where

Fβ,k,1 = fβ,k, Fβ,k,2 = fβ

({
xγ,k + ∆t

2 fγ,k

}
, tk + ∆t

2

)
,

Fβ,k,3 = fβ

({
xγ,k + ∆t

2 Fγ,k,2

}
, tk + ∆t

2

)
and Fβ,k,4 = fβ ({xγ,k + ∆tFγ,k,3} , tk + ∆t) .

IV. DOUBLE PENDULUM

Let us apply the 4th order approximation to the case of a double pendulum.
We need the equations of motion. The positions are r1 = `1r̂1. Then, ṙ1 = `1θ̇1θ̂1 and r̈1 = `1

(
θ̈1θ̂1 − θ̇2

1 r̂1

)
. Thus,

m1`1

(
θ̈1θ̂1 − θ̇2

1 r̂1

)
= −T1r̂1 + T2r̂2 −m1gŷ,

m2

[
`1

(
θ̈1θ̂1 − θ̇2

1 r̂1

)
+ `2

(
θ̈2θ̂2 − θ̇2

2 r̂2

)]
= −T2r̂2 −m2gŷ.

From the later one multiplying by θ̂2·, then

`1
(
θ̈1 cos ∆θ + θ̇2

1 sin ∆θ
)

+ `2θ̈2 = −g sin θ2, (4)

with ∆θ = θ2 − θ1. Likewise, summing the former and the latter

(m1 +m2) `1

(
θ̈1θ̂1 − θ̇2

1 r̂1

)
+m2`2

(
θ̈2θ̂2 − θ̇2

2 r̂2

)
= −T1r̂1 − (m1 +m2) gŷ,

and multiplying by θ̂1·, then

(m1 +m2) `1θ̈1 +m2`2
(
θ̈2 cos ∆θ − θ̇2

2 sin ∆θ
)

= − (m1 +m2) g sin θ1,

`1θ̈1 + m2

m1 +m2
`2
(
θ̈2 cos ∆θ − θ̇2

2 sin ∆θ
)

= −g sin θ1. (5)

Now, we just need to manipulate Eqs. (4) and (5) in order to isolate for θ̈1,2. Thus,

`1θ̈1

(
cos2 ∆θ − m1 +m2

m2

)
+ `1θ̇

2
1 sin ∆θ cos ∆θ + `2θ̇

2
2 sin ∆θ = m1 +m2

m2
g sin θ1 − g sin θ2 cos ∆θ,

`1θ̇
2
1 sin ∆θ + `2θ̈2

(
1− m2

m1 +m2
cos2 ∆θ

)
+ m2

m1 +m2
`2θ̇

2
2 sin ∆θ cos ∆θ = −g sin θ2 + g sin θ1 cos ∆θ,
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and then

θ̈1 =
sin ∆θ

(
θ̇2

1 cos ∆θ + `2
`1
θ̇2

2

)
+ g

`1

(
sin θ2 cos ∆θ − m1+m2

m2
sin θ1

)
m1+m2
m2

(
1− m2

m1+m2
cos2 ∆θ

) ,

θ̈2 =
− sin ∆θ

(
θ̇2

1 + m2
m1+m2

`2
`1
θ̇2

2 cos ∆θ
)

+ g
`1

(sin θ1 cos ∆θ − sin θ2)
`2
`1

(
1− m2

m1+m2
cos2 ∆θ

) .

Now, let us define some dimensionless quantities: τ = ω0t, where ω2
0 = g

`1
. Then θ̈ = d2

dt2 θ = ω2
0

d2

dτ2 θ → g
`1
θ̈ and

θ̇2 → g
`1
θ̇2. With respect to mass, let µ = m2

m1+m2
. With respect to length, then let λ = `2

`1
. Then,

θ̇1 = ω1 = f1 (θ1, θ2, ω1, ω2) ,
θ̇2 = ω2 = f2 (θ1, θ2, ω1, ω2) ,

ω̇1 =
µ sin (θ2 − θ1)

(
ω2

1 cos (θ2 − θ1) + λω2
2
)

+ µ sin θ2 cos (θ2 − θ1)− sin θ1

1− µ cos2 (θ2 − θ1) = f3 (θ1, θ2, ω1, ω2) ,

ω̇2 =
− sin (θ2 − θ1)

(
ω2

1 + µλω2
2 cos (θ2 − θ1)

)
+ sin θ1 cos (θ2 − θ1)− sin θ2

λ (1− µ cos2 (θ2 − θ1)) = f4 (θ1, θ2, ω1, ω2) .

In this case, the energy

E = m1ṙ
2
1

2 + m2ṙ
2
2

2 +m1gy1 +m2gy2

= (m1 +m2) `2
1θ̇

2
1 +m2`

2
2θ̇

2
2

2 +m2`1`2θ̇1θ̇2 cos ∆θ − g [(m1 +m2) `1 cos θ1 +m2`2 cos θ2] ,

becomes

ε = E

(m1 +m2) g`1
= θ̇2

1 + µλ2θ̇2
2

2 + µλθ̇1θ̇2 cos ∆θ − (cos θ1 + µλ cos θ2) ,

where the time derivative is with respect to the dimensionless time τ = ω0t.
Now we need to apply the method:

θ1,k+1 = θ1,k + ∆t
6 (F1,k,1 + 2F1,k,2 + 2F1,k,3 + F1,k,4) ,

θ2,k+1 = θ2,k + ∆t
6 (F2,k,1 + 2F2,k,2 + 2F2,k,3 + F2,k,4) ,

ω1,k+1 = θ1,k + ∆t
6 (F3,k,1 + 2F3,k,2 + 2F3,k,3 + F3,k,4) ,

ω2,k+1 = θ2,k + ∆t
6 (F4,k,1 + 2F4,k,2 + 2F4,k,3 + F4,k,4) ,
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where

F1,k,1 = f1,k = ω1,k,

F2,k,1 = f2,k = ω2,k,

F3,k,1 = f3,k =
µ sin ∆θk

(
ω2

1,k cos ∆θk + λω2
2

)
+ µ sin θ2,k cos ∆θk − sin θ1,k

1− µ cos2 ∆θk
= f3 (θ1,k, θ2,k, ω1,k, ω2,k) ,

F4,k,1 = f4,k =
− sin ∆θk

(
ω2

1,k + µλω2
2,k cos ∆θk

)
+ sin θ1,k cos ∆θk − sin θ2,k

λ (1− µ cos2 ∆θk) = f4 (θ1,k, θ2,k, ω1,k, ω2,k) ,

F1,k,2 = f1

({
xγ,k + ∆t

2 Fγ,k,1

}
, tk + ∆t

2

)
= ω1,k + ∆t

2 F3,k,1,

F2,k,2 = f2

({
xγ,k + ∆t

2 Fγ,k,1

}
, tk + ∆t

2

)
= ω2,k + ∆t

2 F4,k,1,

F3,k,2 = f3

(
θ1,k + ∆t

2 F1,k,1, θ2,k + ∆t
2 F2,k,1, ω1,k + ∆t

2 F3,k,1, ω2,k + ∆t
2 F4,k,1

)
,

F4,k,2 = f4

(
θ1,k + ∆t

2 F1,k,1, θ2,k + ∆t
2 F2,k,1, ω1,k + ∆t

2 F3,k,1, ω2,k + ∆t
2 F4,k,1

)
,

F1,k,3 = f1

({
xγ,k + ∆t

2 Fγ,k,2

}
, tk + ∆t

2

)
= ω1,k + ∆t

2 F3,k,2,

F2,k,3 = f2

({
xγ,k + ∆t

2 Fγ,k,2

}
, tk + ∆t

2

)
= ω2,k + ∆t

2 F4,k,2,

F3,k,3 = f3

(
θ1,k + ∆t

2 F1,k,2, θ2,k + ∆t
2 F2,k,2, ω1,k + ∆t

2 F3,k,2, ω2,k + ∆t
2 F4,k,2

)
,

F4,k,3 = f4

(
θ1,k + ∆t

2 F1,k,2, θ2,k + ∆t
2 F2,k,2, ω1,k + ∆t

2 F3,k,2, ω2,k + ∆t
2 F4,k,2

)
,

F1,k,4 = f1 ({xγ,k + ∆tFγ,k,2} , tk + ∆t) = ω1,k + ∆tF3,k,3,

F2,k,4 = f2

(
{xγ,k + ∆tFγ,k,2} , tk + ∆t

2

)
= ω2,k + ∆tF4,k,3,

F3,k,4 = f3 (θ1,k + ∆tF1,k,3, θ2,k + ∆tF2,k,3, ω1,k + ∆tF3,k,3, ω2,k + ∆tF4,k,3) ,
F4,k,4 = f4 (θ1,k + ∆tF1,k,3, θ2,k + ∆tF2,k,3, ω1,k + ∆tF3,k,3, ω2,k + ∆tF4,k,3) .
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