Mecanica Quantica II - FFI 0122
Lista 1

Data de Entrega: 1 de Setembro de 2015, terca-feira

1. Todos os exercicios do capitulo VI (Complemento Fy;) do livro do Cohen-
Tannoudji. Ver cépia anexa.
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1. Consider a system of angular momentum j = 1, whose state space is spanned
by the basis { | + 1),]0), | — 1) } of three eigenvectors common to J? (eigen-
value 2h%) and J, (respective eigenvalues + fi, 0 and — h). The state of the system
1s:

ly>=a|+1>+B|0>+7y][—1)
where a, f, y are three given complex parameters.

a. Calculate the mean value ¢ J ) of the angular momentum in terms of a, f8
and y.

b. Give the expression for the three mean values (J2), {(J}) and (I
in terms of the same quantities.

2.  Consider an arbitrary physical system whose four-dimensional state space 1s
spanned by a basis of four eigenvectors | j, m, > common to J2and J, (j=0orl;
— j < m, < + j), of eigenvalues j(j + 1)h* and m_h, such that:

Jolirm,> = 0/j(j + 1) = mm, £ 1)|jm, + 1)
J+ ]a.’>=J—|]’_j>=0
a. Express in terms of the kets | j, m, ), the eigenstates common to J? and

J., to be denoted by |j, m, ).
b. Consider a system in the normalized state:

[y >=alj=1Lm=1>+p|j=1m =0)
+y|j=1,mz=—l>+5|j=0,mz=0>

(i) What is the probability of finding 2h* and h if J* and J, are
measured simultaneously ?

(if) Calculate the mean value of J, when the system is in the state |y >,
and the probabilities of the various possible results of a measurement bearing
only on this observable.

(iii) Same questions for the observable J* and for J,.

(iv) J? is now measured; what are the possible results, their proba-
bilities, and their mean value?

3. Let L =R x P be the angular momentum of a system whose state is &,.

Prove the commutation relations :

[Li’ Rj] = ih €ijk Ry
[L"’Pj] = ih g Py
[L,P?] =[L.R*] =[LsR.P] =0
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where L, R;, P; denote arbitrar
system, and ¢, is defined by :

=0
€k =]
-1

Rotation of a polyatomic molecule

if two (or three) of the indices i, j,
if these indices are an even perm
if the permutation is odd.

k are equal
utation of x, y, z

Consider a system composed of N different

R.. ... Ry, and momenta | - P, .., Py. We set:
J=YL,

with:
L.=R,xP,
a. Show that the operator J satisfies the commutation relations which define

an angular momentum, and deduce from this that if V and v’
vectors of three-dimensional space, then:

[J.v,3.v]

denote two ordinary

iV x V). J

b. Calculate the comm
with those of P, . Show that -

[J, e RP] =0
¢. Prove that :
[J, | o Rm] =0

and deduce from this the relation

utators of J with the three components of R, and

[J ) i B R,,,,] = ih(R,,. x R, .J=inJ. (R, x R,)
We set :

W=5%aR,
W=YaR

Wwhere the coefficients @y, and a,, are given. Show that :
[D.w,J W] = —in(wx W) J

Conclusion what is the difference between the

g fixed axes and those of t
tem being studied ?

commutation relations of the
he components of J along the

d. Consider

a molecule which is formed
relative distances a

by N unaligned atoms whose
re assumed to be invariant (ari

gid rotator). J is the sum of the
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of the
’ gular momenta of the atoms with respect to thet_f:::: Zrﬁ;)id r:)l:-ltslfonol’mal
nolecule, situated at a fixed point O; the Oxyz axes con(sjénoted by Oa, Of and Oy,
rame. The three principal inertial axes of the system'are.d o e s O
the ellipsoid of inertia assumed to be an elllpsololecule 2 o
symmetrical rotator). The rotational energy of the m

2 2 2
H=l _‘{r_+‘]“ +JQ:|
1// I.L

1 d w_of
‘ h ] J. a fJ along the unit vectors wa, wﬂ an y
ere B and J, are the components o :
h 0\7I,ng axes Oya Oﬂ OV attached to the molecule, and 1// and 7, are the cor
c m 5 & ) i
‘ I)Onding moments of inertia. We grant that :

2 32
R+R+ B =0+ +J; =1

(i) Derive the commutation relations of J,, J;, J, from. the resglts of cl.
(i7) We introduce the operators Ny =J, i)y Usmg[th‘;:2 iir;e;a
uments of chapter VI, show that one can find eigenvectors comeonl oJ b
geigenvalues J(J + 1)h? and Kh, with K = — J, — J + l., ,fJ.2 ot 2
(éii) Express the Hamiltonian / of the rotator in terms o !
I its cigenvalues.
Fin ’ (iv) Show that one can find eigenstates common to J;, %n}cih J]y R stﬁobwe
oted by |J, M, K [the respective eigenvalues are J(J + 1)h?, , .
es ai i fH.
at these states are also eigenstates o . . .
(v) Calculate the commutators of J, z;?d Ig’ﬁ w1tthh :t ,t ]{é,e{éénl‘)l:lr:é:
j i . Show
from them the action of J, and N, on |.J, M, 0) 2 B 0 emtede
‘of H are at least 2(2J + 1)-fold degenerate if K # 0, an
“‘ K F O. . . . .
& (vi) Draw the energy diagram of the rigid rotator (/ is an integer

ce J is a sum of orbital angular momenta; cf. chapter X). What happens to this
diagram when /, = I, (spherical rotator)?

A system whose state space is &, has for its wave function:

—r2/q?
Vix y,2) = Nix + y + 2)e” "

a. The observables L, and L? are measured; what are the probabilities of
finding 0 and 2k?? Recall that :

3
Y30, ¢) = \/;,;

b. If one also uses the fact that:

3%, i
Y0, 0) = T /?ﬁsmﬂei"’

‘mnmmmmmmawwummeMagmmwﬁmmwhm”
~ rements of L? and L, in the system of wave function ¥(x, y, z)?

cos 0
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6.  Consider a System of angular momentum / — 1. A basis of its state space
is formed by the three eigenvectors of L 41y oD et », whose eigenvalues
are, respectively, + #, 0, and — h, and which satisfy :

Lilm)=wv2|m+ 15
E ) = L]+ 1) =0

This system, which possesses an electric quadrupole moment, is placed in an electric
field gradient, so that its Hamiltonian can be written:

H S50z jj)

where £, and L, are the components of L, along the two directions Ou and Ov
of the xO: plane which form angles of 45° with Ox and O:: @y Is a real constant.

a. Write the matrix which represents H in the { | + | ), [0>, | =15 } basis.
What are the stationary states of the System, and what are their energies ? (These
states are to be written I£y 35 | 2., [£5), in order of decreasing energies. )

b. At time s = 0, the system is in the state :

l¢(0)>=$[f+l>-l—l>]

What is the state vector [¥(2)) at time (7 At L is measured ; what are the proba-
bilities of the various possible results ?

¢. Calculate the mean values (L (1), L, >(t) and (L, )(1) at 1. What js
the motion performed by the vector (L )?

d. At 1, a measurement of L? is performed.

({) Do times exist when only one result js possible ?

(if) Assume that this Measurement has yielded the result h%. What is the
state of the system immediately after the measurement ? Indicate, without calcu-
lation, its subsequent evolution.

» to be denoted
by #,(«), where u is the unit vector which defines the axis of rotation and « s the

a. Show that, if A’ g the transform of M under an infinitesima] rotation
of angle ¢, then -

: X
b. If OM s fepresented by the column vector | y | what is the matrix,
7
associated with Z4(2)? Derive from it the matrices which represent the components
of the operator g defined by :

Re)=1+¢.40
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c¢. Calculate the commutators -

['/”xa ‘/”y] 5 ['/”y’ '/”z] 5 [‘1{1’ '/”"] ical rela-
What are the quantum mechanical analogues of the purely geometrica

b . 9 y

| tions obtained ? . A, calculate the one which

‘ : i matrix which represents ./Z _, : Rt

1 d. tSta:tjvrig S‘}‘;'o‘z t:it R_(«) = e**=; what is the analogue of this relation in
represents ¢ > z

~ quantum mechanics ?

“ i i : tate vector is [y ),
' i i i -dimensional space, whose s .

q Consider a particle in three s
4 s.d whose wave function is ¥(r) = {r|¢¥ ). Let 4 be an obsfe gl
. tes with L = R x P, the orbital angular momentum o b whoni
| cAomr::;neg that 4, L? and L, form a C.S.C.O. in 8., ca.ll |n, 1, rr_z) tscl:;rrn:(ci) e
] ei;::lrlxkets whose’eigenvalues are, respectively, a, (the index n is as

~ discrete), /(I + 1)h? and mh. .
: 3 Lgt U(p) be the unitary operator defined by:
- h
Ulp) = e iot! |
| here ¢ is a real dimensionless parameter. For an arbitrary operator K, we
' w 1 - .
~ call K the transform of K by the unitary operator U(g):
3

K = U(p)KU(¢p)

We set L, =L _+iL, L =1L —iL,. Calculate L, |n,/,m) and
! : T y? C x i ’
1 show (ihat L, and +Z are proportional; calculate the proportionality constant.

+ + ‘£

Same question for L _and I._. 2
! b. Express L _, [.y and L, in terms of L, L,and L,. _Whaftﬂgeometnca
1 transformation can be associated with the transformation of L into L?

; that the

c. Calculate the commutators [X + iy, L,] and [Z, Lz].dS:;;(»:vUIate Pl

kets (X + iY)|n,1,m) and Z|n, I, m)y are eigenvectors of ,L’ an oo R S
eigenvalu—es. What relation must exist between m and m for ft e'
ment {n',I',m' | X + iY|n,I,m) to be non-zero? Same question for:

Lo | Z|n, 1 m,

Y117 7 wi +iY

d. By comparing the matrix elements of X + /Y and Z th.h thf)se of X‘ :ion

d Z. alculate X, ¥, Z in terms of X, Y, Z. Give a geometrical interpretation.
an : ) C ’ ’

¢ state
9 Consider a physical system of fixed angqlar mt?mlentum lir v:ixg;emum
; i i >; its. orbital angu .
&,, and whose state vector is I!//' : nei
spacc'a il 3 é noted by L. We assume that a basis of 1_5”, is composed of 2/ + fﬁnc-
g lb1 C> of L, (—/<m< + 1), associated with the wave
vectors |/, m s

fil.
tions f(r)Y7(0, ). We call (L) = {y |L|y ) the mean value o
a. We begin by assuming that:

Chodm L8> 40
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T nEWIENT Py,

Out of all the possible states of
the system, what i
" : th 5 are th

sum (4L )* + (A_L,.)2 + (4L,)? is minimal? Show that, for the(:ee tf otr wthl:Ch 9
mean-square de\'natl'on AL, of the component of L along an 8 RIS at o
angle a with Oz is given by: R e

MG =1h —l sin o

e 2
b. We now assume that (L> ha i
; § an arbitrary direction with
th.e Oxyz axes. We denote by OXYZ a frame whose OZ axis is directed alrespeCt g
with the OY axis in the xQOy plane. ks
(¢) Show that the state [Wo > of the system for which:

(4L.)* + (4L,)* + (4L,)?
1s minimal is such that -

(Lx 2 IL.V) , wO = 0

Lz N’o> = ”’"/’o)

(i) Let 6, be the an
gle betwee
between Oy and Oy ; prove the relations: 5 581854 02, nd %o. the angle
g 0 ;
e 2 =i s 0 i
Ly +iLy = cos ?Oe POL., - snnz?oe“"OL_ —sin 6, L,
11540 0
L = sin 29/ 055 90 o -ie, in 90 .06 o o
f bl e T ¥ +sm?°cos?°e‘“’°L_ +cos 0, L,

If we set:

,¢0> =del1$m>
show that:

d,,,=tan&’ ei%o I +m + 1

2 —m m+ 1

Express d, in terms of d;, 0y, ¢, and /.

(iif) To calculate d,, show that the wave function associated with [ Yo
0

X v, z) - (X +iY) _
0 )=¢ r’ J(r) [where ¢, is defined by equation (D-20) of

1 , ’ I> lng { 1 /( ) g X’

and Z in this expression fo Vi
r X. Y, i i ol x
t : ' : - 1/10( Z) by their values in terms of x, y, z, find

d, = (sin ﬁ)l_"(cos&)lme“"'% /’\(me
e 2 VT mr =y
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(iv) With the system in the state |y, », L. is measured. What are the
probabilities of the various possible results? What is the most probable result?
- Show that, if / is much greater than 1, the results correspond to the classical limit.

'10. Let J be the angular momentum operator of an arbitrary physical system

| a. Can states of the system be found for which the root-mean-square
‘deviations 4J,, 4J, and AJ, are simultaneously zero?
b. Prove the relation:

h
4J,. 4J, > 5|<J.)|

d those obtained by cyclic permutation of x, y, z.
Let (J) be the mean value of the angular momentum of the system. The

'ﬁxyz axes are assumed to be chosen in such a way that (J, ) = {(J;) = 0. Show
that:

(4J,) + (42, = h < J, )]

c. Show that the two inequalities proven in question b. both become equalities

ifand only if J, [y> = OorJ_|y) = 0.
: d. The system under consideration is a spinless particle for which

0 = L = R x P. Show that it is not possible to have both AL, . AL, = gl (LY |
d (AL,)* + (AL,)* = h|{ L, )| unless the wave function of the system is of the
form:

Y(r, 0, ¢) = F(r, sin 0 e*?)

Consider a three-dimensional harmonic oscillator, whose state vector | Y )is:

Wy =lae,>®|a,>® |,

-~ where |@, >, |@,) and |«, ) are quasi-classical states (¢/. complement Gy ) for one-
~dimensional harmonic oscillators moving along Ox, Oy and Oz, respectively.
~Let L =R x P be the orbital angular momentum of the three-dimensional

~oscillator.

&z Prove:

(L, = ik (aay — ofa,)
A e + o2

o
~
Il

b. We now assume that:

(L, >=<KL,>=0 , (L,>=Ar>0
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Show that a, must be zero. We then fix the value of A. Show that, in order to
minimize 4L, + AL, we must choose :

@ =~ jou, = 5e‘°’°
(where ¢, is an arbitrary real number). Do the expressions AL, . AL, and
(AL,)* + (AL,)* in this case have minimum values which are compatible with
the inequalities obtained in question 5. of the preceding exercise ?

c. Show that the state of a system for which the preceding conditions are
satisfied is necessarily of the form :

l l// > = ;ck(ad” Xﬂd=k,n,,=0.n,=0 >

with :
(al + iat)k

IXnd=k.n,=0.ng=0 > = \/sz’ , (pnx=0,ny=0,nz=0 >

k .
o) = ——elal2 o, = e/}
k!

(the results of complement Gy and of § 4 of complement Dy, can be used ). Show
that the angular dependence of | Xngmt n,=0,5, 0.7 I8 (SiD G'e*?),

L? is measured on a system in the state [ >. Show that the probabilities
of the various possible results are given by a Poisson distribution. What results
can be obtained in a measurement of L, which follows a measurement of L2 whose
result was /(/ + 1?7

Reference :

Exercise 4 : Landau and Lifshitz (1.19),§101; Ter Haar (1.23), §§8.13 and 8.14.




