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Abstract

The ideas which led Erwin Schrödinger to his discovery of wave
mechanics are exposed in this paper in a pedagogical manner. We
hope, that the material presented may be usefully employed in intro-
ductory courses of quantum mechanics, which are usually offered in
the last year of the undergraduate curriculum.

1 Introduction

The steps taken by Heisenberg to transform the old quantum mechanics into
a theory without internal contradictions, culminating in the establishment of
matrix quantum mechanics, are very well described in a textbook by Tomon-
aga [1] (We have tried to cite easily accessible references, preferably of a
didactic nature). However, the same cannot be said about the birth of wave
mechanics. Perhaps because in Schrödinger’s first work on the subject [2],
the equation that bears his name was postulated practically without any
justification. Thus, the usual textbooks [3] provide very little motivation,
taking, so to speak, Schrödinger’s equation out of the vacuum.

This paper aims to fill this gap in a didactic way, easily applicable to
an introductory course on quantum mechanics. Obviously, we have nothing
new to say. In fact, this article can be considered a detailed commentary
on Schrödinger’s second paper on wave mechanics[4]. The original paper is
actually more detailed than our section ??.

Some historical background, essential to understanding Schödinger’s mo-
tivation, is summarized below. As is well known, the application of New-
tonian mechanics, summarized by the Hamilton-Jacobi equation [5] to the
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atomic structure (complemented by classical electrodynamics), could not
make sense of the experimental situation [6]. However, by introducing ad-
ditional postulates (the Bohr-Sommerfeld quantization rules) it was possible
to introduce a certain order into the experimental data: by means of high
virtuosity, a set of inconsistent rules (the old quantum mechanics) was ap-
plied to a large number of phenomena with admirable success. Note that
the Hamilton-Jacobi theory lent itself so well to the implementation of this
scheme that one might think it had been invented for this purpose. Conse-
quently, it was felt that the new theory should somehow incorporate certain
concepts of the Hamilton-Jacobi theory and reduce to it in the limiting case
in which Planck’s constant, ℏ = 1, 05457182 × 10−34 joule-second, could be
neglected.

Another important historical fact is the following: in 1828 Hamilton dis-
covered [7, 8] a formal analogy between the movement of a mass point under
the action of a potential V (r) and the propagation of light rays in a medium
with a refractive index n(r) at the limit of geometric optics. In fact, it was
this analogy that inspired Hamilton to develop his version of mechanics. At
the time this fact was considered a curiosity, but Schrödinger asked himself
the following question: assuming that the analogy is the reflection of a more
fundamental unity of nature, we are led to ask the following question: if
geometric optics is the limit of physical optics, when the wavelength of light
tends to zero, what is the theory that has Newtonian mechanics as its limit?
The situation is depicted in figure 1.

Answering this question led Schrödinger to the discovery of quantum
mechanics in its wave form. For didactic reasons, we briefly present the
Hamilton-Jacobi theory in Section 2, based on Lagrange’s formulation of
mechanics. In Section 3, we deduce the main laws of geometric optics from
Maxwell’s equations, and Section 4 contains the exposition of Schrödinger’s
ideas, the main part of this article. We also include, as a natural extension
of the ideas presented, Feynman’s formulation of quantum mechanics.

We believe that this article should be understandable to students who
have completed the third year of a bachelor’s degree in Physics. The refer-
ences given were, for the most part, chosen with the didactic point of view
in mind.
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Figure 1: In the limit of small wavelength (λ → 0) physical optics goes into
geometric optics. In the same limit, what is the theory that goes into classical
mechanics, or what is the theory that is the Hamilton analog of physical optics?
The answer to this question led Schrödinger to the discovery of the wavelike form
of quantum mechanics.

2 Hamilton-Jacobi theory

In this section we introduce some concepts that will be used later [5].
We assume that the Lagrangian formulation of classical mechanics is

known, where we specify a system of generalized coordinates q1, q2, . . . , qn.
Let T (qi, q̇i) be the kinetic energy of the system as a function of the general-
ized coordinates qi and the generalized velocities q̇i = dqi/dt; i = 1, 2, . . . , n.
Let us assume that the forces can be derived from a potential V (qi), such
that the total energy of the system is conserved. Newton’s equations are
equivalent to Lagrange’s equations

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0, i = 1, 2, . . . , n, (1)

where L(q1, q2, . . . qn; q̇1, q̇2, . . . , q̇n) = T (qi, q̇i) − V (qi) is the Lagrangian of
the system. For a particle this is obvious, since L = (1/2)mv2 − V (r) and

d

dt

∂L

∂ṙ
= mv̇ =

∂L

∂r
= −∂V

∂r
.

Since T (qi, q̇j is a quadratic function of q̇i, (1) constitutes a system of n
equations of second-order in t. Alternatively, we may reduce (1) to a system
of 2n equations of first order in t by introducing the conjugate momenta

pi =
∂L

∂q̇i
i = 1, 2, . . . , n, (2)
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and the total energy H(qi, pj), expressed in terms of generalized coordinates
and momenta

H = T + V = 2T − (T − V ) =
n∑
i=1

piq̇i − L. (3)

Here, we used

2T =
n∑
i=1

∂T

∂q̇i
q̇i

(T is a homogenous function of second order in q̇i!) and ∂V/∂q̇i = 0 so that

2T =
n∑
i=1

∂(T − V )

∂q̇i
q̇i =

n∑
i=1

∂L

∂q̇i
q̇i =

n∑
i=1

piq̇i. (4)

The Hamilton equations are derived calculating [9]

∂H

∂pi
≡

(
∂H

∂pi

)
q

=

(3)
= q̇i +

∑
j

pj

(
∂q̇j
∂pi

)
q

−
(
∂L

∂pi

)
q

(2)
= q̇i +

∑
j

(
∂L

∂q̇j

)
q

(
∂q̇i
∂pi

)
q

−
∑
j

(
∂L

∂q̇j

)
q

(
∂q̇i
∂pi

)
= q̇i, (5)

(the index q indicates that the q’s are maintained fixed) and analogously

∂H

∂qi
≡

(
∂H

∂qi

)
p

(3)
=

∑
j

pj

(
∂q̇j
∂qi

)
p

−
(
∂L

∂qi

)
p

=
∑
j

pj

(
∂q̇j
∂q̇i

)
p

−
(
∂L

∂qi

)
q̇

−
∑
j

(
∂L

∂q̇j

)
q

(
∂q̇j
∂qi

)
p

(1)
=

∑
j

pj

(
∂q̇j
∂q̇i

)
p

− d

dt

(
∂L

∂q̇i

)
q

−
∑
j

(
∂L

∂q̇j

)
q

(
∂q̇j
∂qi

)
p

(2)
=

∑
j

pj

(
∂q̇j
∂q̇i

)
p

− dpi
dt

−
∑
j

pj

(
∂q̇j
∂qi

)
p

=
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= −ṗi. (6)

Gathering the results, we obtain the 2n equations of first order in t

∂H

∂pi
= q̇i (7)

∂H

∂qi
= −ṗi. (8)

We can also obtain the equations (1), or (7) and (8) as the solutions
to variational problems. It is through these that the parallelism between
mechanics and geometric optics was historically developed and these results
inspired Schrödinger to create his wave mechanics.

We calculate first the variation of
∫ ∑

j pjdqj, where we understand a
variation δqi of the generalized coordinates the following: consider the system
initially at the point qia from which it describes a trajectory qi(t), given by the
solution of (1) or (7) and (8): the real trajectory. Consider now a trajectory
infinitesimally near (virtual trajectory) given by q̃i(t) = qi(t) + δqi(t). Since
the δqi(t) are arbitrary, q̃i(t) in general will not fulfill the equations of motion
(1) or (7) and (8). We remark that, as dqi and δqi are infinitesimals δ(dqi) =
d(δqi) [10].

Said that, it follows that

δ

∫ ∑
j

pjdqj
(2)
=

∫ ∑
j

δ

(
∂L

∂q̇j
dqj

)

=

∫ ∑
j

{δ
(
∂L

∂q̇j

)
dqj +

∂L

∂q̇j
δ(dqj)}

=

∫ ∑
j

{
δ

(
∂L

∂q̇j

)
q̇jdt+ d

(
∂L

∂q̇j
δqj

)
− d

(
∂L

∂q̇j

)
δqjdt

}
(1)
=

∫ ∑
j

{
δq̇jdt+ d

(
∂L

∂q̇j
δqj

)
− ∂L

∂qj
δqjdt

}
. (9)

But from (3), we have

δH =
∑{

q̇jδ

(
∂L

∂q̇j

)
+
∂L

∂q̇j
δq̇j −

∂L

∂qj
δqj −

∂L

∂q̇j
δq̇j

}
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=
∑{

q̇jδ

(
∂L

∂q̇j

)
− ∂L

∂qj
δqj

}
,

so that

δ

∫ ∑
j

pjdqj =

∫ {∑
j

d

(
∂L

∂q̇j
δqj

)
+ δHdt

}

=
∑
j

(pjfδqjf − pjaδqja +

∫
δHdt, (10)

where the indices a and f denote the momenta and the coordinate variations
at the initial and the final points of the trajectory, respectively.

If the variations are restricted to vanish at the initial and final instants of
time, and if the virtual and real trajectories have the same energy, implying
that δqia = δqif = δH = 0, we reach the least action principle

δ

∫ n∑
j=1

pjdqj = 0 or δ

∫
2Tdt = 0, (11)

for coterminal variations of the same energy. (The second version follows
from (4)).

For systems that do not conserve energy (11) can be generalized as follows.
Let us consider the variation of the action

∫
Ldt [11]

δ

∫
Ldt = δ

∫
(2T −H)dt

(4)
= δ

∫
(
∑
j

pj q̇j −H)dt
(10)
=

=
∑
j

(pjfδqjf − pjaδqja) +

∫
δHdt− δ

∫
Hdt. (12)

The variation δ
∫
Hdt is due to two terms:

(i)
∫
δHdt due to the variation of energy between the real and virtual tra-

jectories,
(ii) the quantity (Hfδft−Haδat) originating from the time variation between
the real and virtual trajectories at the end points. As a consequence we have

δ

∫
Ldt =

∑
j

(pjfδqjf − pjaδqja) +

∫
δHdt−

∫
δHdt

−(Hfδft −Haδat) =
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=
∑
j

(pjfδqjf − pjaδqja)− (Hfδft −Haδat). (13)

If we subject the virtual trajectory to be co-terminal in space and time, but
making no restrictions on energy, we obtain

δ

∫
Ldt = 0, (14)

which is known as Hamilton’s principle, which can be stated as follows: a
system moves from a configuration to another in such a way that the variation
of the integral

∫
Ldt calculated along the real and virtual trajectories, co-

terminal in space and time with the real trajectory, be zero. In other terms,∫
Ldt is stationary.
Euler’s equations corresponding to the variational problem (14) are ex-

actly the equations (1), which then hold even if the system is not conservative.
An advantage of the formulation (14) over (1) is the following: (14) is inde-
pendent of a particular coordinate system. It follows that equations (1) hold
also, whatever the generalized coordinate system chosen.

From the law of action variation (13) we can obtain the derivatives of
S =

∫
Ldt with respect to the initial and final coordinates:

∂S

∂qia
= −pia, (15)

∂S

∂qif
= pif . (16)

If the system is conservative, we have

H(qi, pj) = E.

Replacing herein equations (15) and (16), we get two differential equations,
sufficient to determine S (by integration):

H(
∂S

∂qif
, qif ) = E, (17)

H(
∂S

∂qia
, qia) = E. (18)

(Notice that H is quadratic in pi, so that the negative sign in (15) is irrele-
vant).
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We will not prove here that the integration of equations (17),(18) really
determines S: this is a nontrivial problem. Hamilton noted that the determi-
nation of S is equivalent to solving the equations of motion. Equations (17)
and (18) should be used as follows: we integrate them to obtain S, which is
treated as a function of the fixed initial coordinates qia, of the final variable
points qif and of the energy E. By virtue of (15) we can differentiate S with re-
spect to the (n−1) fixed initial coordinates and equate the result to constants
(the initial momenta pia), thus obtaining (n − 1) equations in the variables
qif . These equations contain (2n − 1) constants (qia, pia; i = 1, 2, . . . , n − 1
and E) and define the trajectory of the system. Notice that, as the energy E
is given, we cannot specify arbitrarily all the qia and pia, i = 1, 2, . . . , n−1, n,
and for that reason we take derivatives only with respect to (n−1) of qia. Fi-
nally, the relations (16) are automatically satisfied because of (18) and allow
finding the momenta at any point on the trajectory.

Jacobi developed Hamilton’s theory and showed, in particular, that the
constants occurring in S need not necessarily be the initial coordinates and
that of equations (17) and (18) only one is sufficient to determine S:

H(
∂S

∂qj
, qj) = E. (19)

When the system is not conservative, the total energy is not constant
and, instead of energy, time t comes into play. Starting from equation (13)
we will introduce the Hamilton principal function W =

∫
Ldt, where W

is considered a function of the final variable points qif and of the time t
specifying the upper limit of the integral. Instead of (15) and (16), we now
have from (13)

∂W

∂qia
= −pia,

∂W

∂qif
= pif ,

∂H

∂t
= −E(t), (20)

and the analogue of equation (19) becomes

H(
∂W

∂qi
, qj, t) +

∂W

∂t
= 0. (21)

This last one is called the Hamilton-Jacobi equation. Jacobi proved that
any complete integral of this equation, that is, an integral containing as
many arbitrary constants as independent variables (in this case (n + 1): t,
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qi; i = 1, 2, . . . , n) can be used. One constant is simply additive, and the
complete solution of (21) will be of the form

W = f(q1, q2, . . . , qn; t;α1, α2, . . . , αn) + A, (22)

where A and αi; i = 1, 2, . . . , n are constants. To use this complete integral,
we prove that the derivatives of W with respect to the constants αi are also
constant, that is,

∂W

∂αi
= βi, i = 1, 2, . . . , n, (23)

which is the Jacobi theorem. In fact,

d

dt

∂W

∂αi
=

∂

∂t

∂W

∂αi
+

n∑
j=1

∂2W

∂αi∂αj
q̇j. (24)

On the other hand, if we differentiate (21) with respect to αi we obtain

∂

∂αi

∂W

∂t
+

n∑
j=1

∂H

∂pj

∂2W

∂qj∂αi
= 0, (25)

since only ∂W/∂qi = pi depends on αi. Recalling now Hamilton’s equation
(8),

q̇j =
∂H

∂pj
,

we see that the right-hand side of (24) is equal to the left-hand side of (25),
that is,

d

dt

∂W

∂αi
=
dβi
dt

= 0, (26)

and the βi are indeed constants along the real trajectory.
The momenta are given by

pi =
∂W

∂qi
, i = 1, 2, . . . , n, (27)

and we can, through (27), at a certain instant of time t0, eliminate the n
constants αi in favor of qia = qi(t0). Eliminating βi from (23),

∂W (qia; t0, αi)

∂αj
= βj, (28)
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we obtain the equations of motion as a function of qia, pia, by replacing the
values of αi and βi in (23).

To give some life to this scheme, we calculate the energy levels of the
hydrogen atom, according to the procedure of old quantum mechanics. We
use the relativistic formulation, but without spin. In this case the total
energy is measured from the rest energy

E = mc2(1− v2/c2)−1/2 −mc2 − e2

r
. (29)

In planar coordinates r and θ, the velocity v of the electron is obtained by
writing the kinetic energy in terms of the momenta pr and pθ:

1

2m

m2v2

1− v2/c2
=

1

2m

(
p2r +

p2θ
r2

)
.

The Hamilton-Jacobi equation becomes

mc2 +

(
∂S

∂r

)2

+
1

r2

(
∂S

∂θ

)2

=
1

c2
(E +mc2 +

e2

r
)2. (30)

Separating the variables

S(r, θ) = S1(r) + S2(θ),

we obtain
dS1

dθ
= α1, (31)

mc2 +

(
∂S2

∂r

)2

+
α1

r2
=

1

c2
(E +mc2 +

e2

r
)2, (32)

where α1 is a constant.
The solution of (31) is

S1 = α1θ + α2, (33)

and (32) gives

S2 =

∫
dr{− 1

r2
(α2

1 −
e4

c2
) +

2e2

rc2
(E +mc2) + (

E2

c2
+ 2mE)}1/2. (34)

The Bohr-Sommerfeld conditions are introduced by putting∮
pθdθ =

∫ 2π

0

dS1

dθ
dθ = n1h, (35)
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∮
prdr =

∫
dS2

dr
dr = n2h. (36)

Introducing (33) in (35) eliminate αi in favor of n1

α1 =
n1h

2π
= n1ℏ. (37)

To calculate (34) we should find the values of r0 and r1 between which r
varies when the electron describes its orbit. The integral extends from r0 →
r1 → r0. At the extremes r0 and r1, pr vanishes. Setting the integrand of
(34) to zero, to find the roots r0 and r1, we obtain the following value for the
integral (34)

2π{−(α2
1 −

e4

c2
)1/2 +

e2(E +mc2)

c2(−E2/c2 − 2mE)1/2
,

which equating to n2h determines E as a function of n1 and n2:

E = mc2


[
1 +

α2

(n2 +
√
n2
1 − a)2

]−1/2

− 1

 , (38)

where we used (37) and introduced Sommerfeld’s fine-structure constant a =
e2/ℏc.

Expanding (38) in powers of a = e2/ℏc, we obtain the Bohr levels. As we
said at the beginning, this calculation shows, by its simplicity (We do not
need to calculate trajectories! Try it!), that the Hamilton-Jacobi theory was
indeed a very suitable instrument for implementing the rules (35) and (36).

3 Laws of geometric optics [12]

The propagation of electromagnetic waves in a medium described by the
refractive index n(r) (in addition to position, it can also depend on the
frequency, but we do not make this dependence explicit) is determined by
the wave equation

∆f̃ − n2

c2
∂2f̃

∂t2
= 0, (39)

where ∆ is the Laplacian

∆ =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
,
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and f̃ represents any component of the electric or magnetic field. Assuming
that f̃ varies harmonically with time f̃ = f(x, y, z)e−iωt, we obtain from (39)

∆f + k2f = 0, k =
ωn

c
=

2π

λ
, (40)

where λ is the wavelength. Geometric optics is the limit when we can neglect
the wave character of light and speak only of light rays, that is, when λ→ 0,
or yet, when we can neglect the wavelength compared to the characteristic
dimensions of the optical system. The limit λ → 0 means k → ∞ and in
this case the equation (2) degenerates into k2f = 0. Despite this, we can
extract information from equation (40), casting the solution assuming in the
following form

f(x, y, z) = A(x, y, z)eik0ψ(x,y,z), k0 =
ω

c
=

2π

λ0
. (41)

While f is a function varying rapidly with position (because k0 → ∞) we may
assume that the amplitude A and the eikonal ψ are slowly varying functions
of x, y, and z. Inserting (41) into (40), we obtain

∆f + k2f = −k0f

[(
∂ψ

∂x

)2

+

(
∂ψ

∂y

)2

+

(
∂ψ

∂z

)2

− k2

k20

]
+

+2ik0f

[
1

2
∆ψ +∇(lnA) · ∇ψ

]
+ . . . (42)

where the terms indicated by . . . do not become infinite when k0 → ∞. (42)
implies that (40) is fulfilled approximately if A and ψ satisfy the equations

(∇ψ)2 = n2(x, y, z), (43)

∇(lnA) · ∇ψ = −1

2
∆ψ, (44)

where n is the refraction index. According to equation (41) the surfaces
ψ =constant are surfaces of constant phase, that is, the wavefronts are given
by ψ =constant, whose normal directions, given by ∇ψ, represent the direc-
tions of the light rays. In general n(x, y, z) is not constant and the rays are
curved.

In a homogeneous media n=constant, the simplest solution of (43) is

ψ = n(αx+ βy + γz), with α2 + β2 + γ2 = 1. (45)
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The wavefronts are planes and the rays are straight lines parallel to the
direction

∇ψ = n(α, β, γ). (46)

The general solution of (43) is obtained starting from an arbitrary sur-
face and constructing a family of neighboring surfaces (wavefronts), with
infinitesimal spacing given by (|∇ψ|)−1 = n−1.

So far we have used only the wave equation (39), which in turn follows
from Maxwell’s equations, but we can obtain more information using the
latter. Let E and H be fields that vary harmonically

E(r, t) = E0(r)e
−iωt, (47)

H(r, t) = H0(r)e
−iωt. (48)

In a region free of charges and currents (ρ = 0, j = 0), Maxwell’s equations
are (in Gaussian units)

∇×H0 + ik0εE0 = 0, (49)

∇× E0 − ik0µH0 = 0, (50)

∇ · (εE0) = 0, (51)

∇ · (µH0) = 0, (52)

Using the Ansatz (41) for E0 and H0,

E0 = eeik0ψ, (53)

H0 = heik0ψ, (54)

in equations (49), (50), (51), and (52), we obtain

∇ψ × h+ εe =
i

k0
∇× h, (55)

∇ψ × e− µh =
i

k0
∇× e, (56)

e · ∇ψ =
i

k0
(e · ∇ ln ε+∇ · e), (57)

h · ∇ψ =
i

k0
(e · ∇ lnµ+∇ · h). (58)
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In the limit k0 → 0, we obtain from (55), (56), (57), and (58),

∇ψ × h+ εe = 0, (59)

∇ψ × e− µh = 0, (60)

e · ∇ψ = 0, (61)

h · ∇ψ = 0. (62)

Only equations (59) and (60) are interesting, since (61) and (62) can
be obtained from those by scalar multiplication with ∇ψ. The system of
equations (59) and (60) for the six unknown quantities e and h admits non-
trivial solution only if the determinant vanishes. Replacing the value of h
given by (60) in (59), we obtain

1

µ
[(e · ∇ψ)∇ψ − e(∇ψ)2] + εe = 0 (63)

and using (61) results in

(∇ψ)2 = n2(x, y, z) = µε,

which is equation (43).
We can also calculate the time averages of the electric and magnetic

densities, ⟨ue⟩ and ⟨um⟩

⟨ue⟩ =
ε

16π
e · e∗, ⟨uh⟩ =

µ

16π
h · h∗, (64)

where e∗ and h∗ are the complex conjugates of e and h. Using e and h from
(59) and (60), respectively, results in

⟨ue⟩ = ⟨uh⟩ =
1

16π
(e× h) · ∇ψ. (65)

With (53) and (54) we obtain the time average of the Poynting vector
⟨S⟩ as

⟨S⟩ = c

8π
ℜ(e · h∗) =

c

8πµ
{(e · e∗)∇ψ − (e · ∇ψ)e∗}, (66)

or, with (61) and (64),

⟨S⟩ = 2c

n2
⟨ue⟩∇ψ =

c

n2
(⟨ue⟩+ ⟨um⟩)∇ψ. (67)
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From (43) it follows that ∇ψ/n is a unit vector,

s =
∇ψ
n

=
∇ψ
|∇ψ|

. (68)

Using the velocity v = c/n of the medium (67) becomes

⟨S⟩ = vuems, (69)

where uem = ⟨ue⟩ + ⟨um⟩ is the total average energy density. It says, that
the the average of the Poynting vector has the direction of the normal to the
wavefronts and is equal to the product of the average energy density and the
velocity v, i.e. the electromagnetic energy is transported along the rays with
velocity v.

Let us also write the ray equation. Let r(s) be the position vector of a
point P on a ray considered as a function of the arc length s, then s = dr/ds
is a unit vector in the direction of the ray, which in turn is given by ∇ψ/n,
that is,

n
dr

ds
= ∇ψ, (70)

which is the desired equation. With equations (59) and (60) it implies, that
the electric and magnetic fields are perpendicular to the rays at all points.

The fundamental equation for rays (70) describes their behavior through
the eikonal. We can, however, derive a differential equation governing the
propagation of rays using only the refractive index n(x, y, z). Indeed, differ-
entiating (70) with respect to s we obtain:

d

ds
(n
dr

ds
) =

d

ds
(∇ψ) ≡ d

ds
(
dψ

dr
) =

=
dr

ds
· d
dr

(
dψ

dr
) ≡ (

dr

ds
· ∇)(∇ψ) (70)

=
1

n
(∇ψ · ∇)(∇ψ) =

=
1

2n
∇[(∇ψ)2] = 1

2n
∇(n2),

that is
d

ds
(n
dr

ds
) = ∇n, (71)

which is the vectorial form of the differential equation for the rays. In par-
ticular, if the medium is homogeneous, n is constant and (71) yields

d2r

ds2
= 0, (72)
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i.e. r = as+ b and rays are straight lines.
The geometrical optics developed so far has been restricted to studying

the consequences of equation (43) and covers the area traditionally called
geometrical optics, that is, when the wavelength is sufficiently small, the
energy transport can be represented by means of a model specified by the
scalar function ψ. We could, however, obtain certain geometrical properties
of the amplitudes e and h from equations (59) and (60). Since, however,
polarization properties are not important for understanding the origin of
wave mechanics, they will not be considered here.

To emphasize the analogy between geometrical optics and mechanics,
we will complement the differential formulation used so far by an integral
description by means of variational principles. Let us show that Fermat’s
principle is equivalent to the ray equation (71). This principle, also known
as the principle of the shortest optical path (given by

∫
nds), can be stated

as follows: the real trajectory between two points P1 and P2, followed by a
light ray is such that ∫ P2

P1

nds

is stationary, i.e.

δ

∫ P2

P1

nds = 0. (73)

Since

ds = [(
dx

dz
)2 + (

dy

dz
)2 + 1]1/2dz,

the above equation can be written as

δ

∫ P2

P1

n(x, y, z)[(
dx

dz
)2 + (

dy

dz
)2 + 1]1/2dz = 0. (74)

To show that (74) implies (71), we recall that Euler’s equations, which are
necessary conditions for

δ

∫
F (x, y, z)dz = 0

are
∂F

∂x
− d

dz

∂F

∂(dx/dz)
= 0,

∂F

∂y
− d

dz

∂F

∂(dy/dz)
= 0 (75)
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Applying (75) to the case (74), we obtain

∂n

∂x
[(
dx

dz
)2 + (

dy

dz
)2 + 1]1/2

− d

dz
[

n(dx/dz)

[(dx/dz)2 + (dy/dz)2 + 1]1/2
] = 0, (76)

∂n

∂y
[(
dx

dz
)2 + (

dy

dz
)2 + 1]1/2

− d

dz
[

n(dy/dz)

[(dx/dz)2 + (dy/dz)2 + 1]1/2
] = 0. (77)

That is
d

ds
(n
dx

ds
) =

∂n

∂x
, (78)

d

ds
(n
dy

ds
) =

∂n

∂y
, (79)

while the equation
d

ds
(n
dz

ds
) =

∂n

∂z
, (80)

follows from the identity

(
dx

ds
)2 + (

dy

ds
)2 + (

dz

ds
)2 = 1.

Equations (78), (79), and (80) are identical to equation (71). We may
therefore conclude, that the traditional content of geometric optics is equiv-
alent to Fermat’s principle. This can yet be formulated in an elegant way by
introducing a non-Euclidean space with line element given by

dℓ = nds = n(x, y, z)(dx2 + dy2 + dz2)1/2. (81)

Equation (73) is equivalent to saying that light rays propagate along geodesics
in the space above. We will see that Schrödinger used a similar non-Euclidean
space.
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4 Birth of wave mechanics

The geometric optics - mechanics analogy of a particle can be revealed by
comparing on the one hand Fermat’s principle (73),

δ

∫
nds = 0, (82)

with the Hamilton’s principle for the case in which the energy is conserved
(11) (light is monochromatic),

δ

∫
Tdt = δ

∫
m

2
v2dt = δ

∫
m

2
|v|2 ds

|v|
= δ

∫
m

2
|v|ds =

= δ

∫ √
E − V (x, y, z) ds = 0. (83)

From (82) and (83) we conclude that a particle under the action of
a potential V (x, y, z) moves in space following the same trajectory of a
(monochromatic) light ray in a medium with refraction index n(x, y, z) pro-
portional to

√
E − V (x, y, z). In order to develop this analogy a little further,

we compare the Hamilton-Jacobi equation (19) for a particle,

1

2m
[(
∂S

∂x
)2 + (

∂S

∂y
)2 + (

∂S

∂z
)2] + V (x, y, z) = E,

or
(∇S)2 = 2m(E − V ), (84)

with equation (43)
(∇ψ)2 = n2. (85)

Consequently, we identify the eikonal ψ with the action S:

ψ → S (86)

n2 → 2m(E − V ) (87)

so that the wavefronts correspond to surfaces of constant action S. In
Hamilton-Jacobi’s theory the momentum is defined by

p = ∇S, (88)
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and comparing this equation with the equation (70) for the rays, results in
the corespondence

ns = n
dr

ds
→ p (89)

While in mechanics we say that the particle propagates perpendicularly
to the surfaces of constant action (equation (88)), in geometric optics the
rays are orthogonal to the wavefronts. Let us also note that the arrows in
equations (86) and (87) cannot be replaced by equalities, since ψ has the
dimension 1/k0 = cT/2π while S has the dimension of action.

Let us highlight, however, a fundamental difference between the two for-
mulations. While the relationship v = c/n shows that, in optics, the phase
velocity is inversely proportional to the refractive index, we conclude from
(89) that the particle speed is directly proportional to n. In particular, in
vacuum (n = 1), the phase speed of the wave fronts is equal to c, while
v =constant corresponds to a zero force and the particle trajectory is a
straight line with arbitrary speed. (Depending on the initial conditions, it
may even be null. In this case, the line degenerates into a point).

So far our optical-mechanical analogy has involved only one particle. It
was developed in a more revealing way by Schrödinger [4] using the non-
Euclidean space which we alluded to at the end of section III.

Let us consider the general problem of the mechanics of conservative
systems, described by the Hamilton-Jacobi equation (21)

∂W

∂t
+ T (qi,

∂W

∂qj
) + V (qi) = 0, (90)

where W is Hamilton’s principal function, the integral
∫
(T − V )dt along

the trajectory (in the configurational space) of the system considered as a
function of the final position and time. As the total energy E is constant,
we may introduce the action S(qi) putting

W = −Et+ S(qi). (91)

Replacing (91) in equation (90), results

2T (qi,
∂W

∂qi
) = 2(E − V ). (92)

Since ∂W/∂qi = ∂S/∂qi, we can maintain W in (92).
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Let us now consider the configuration space as non-Euclidean [13], which
will allow us to extend our analogy to mechanical systems; the correspon-
dence will operate in the configuration space of the system and we will also
do geometric optics in this space.

Following Schrödinger [4], we introduce the following non-Euclidean line
element

ds2 = 2T̄ (qi, q̇j)dt2. (93)

Since we will have to carefully distinguish between covariant and contravari-
ant quantities, we write the contravariant vector dqi with a superscript in
accordance with the usual notation. We also indicate by T̄ the kinetic en-
ergy written in terms of the generalized coordinates and velocities. Since
T̄ is quadratic in q̇i, (93) is a quadratic form in dqi. A sufficiently general
representation for T̄ is

T̄ (qi, q̇j) =
1

2

n∑
j=1

h2j(q
i)(q̇j)2, (94)

so that we can write (93) in the form

ds2 = gijdq
idqj, (95)

with
gij = δijh

2
j , (96)

q̇j is a contravariant vector, whereas pk = ∂W/∂qk is a covariant one. The
relation between them is

pk = gkip
i = δkih

2
kq̇
i = h2kq̇

k, (97)

where we used (96). We can also use (2), that is,

pi =
∂L

∂q̇i
=
∂T

∂q̇i
= h2i q̇

i.

The kinetic energy written in terms of pk is

n∑
j=1

h2j(q̇
j)2 =

n∑
j=1

h2jh
−4
j p2j =

n∑
j=1

h−2
j p2j = 2T (qi, pk). (98)
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The gradient of a scalar function W is a covariant vector of components

∇kW = (
1

h1

∂W

∂q1
, . . . ,

1

hn

∂W

∂qn
). (99)

(Recall that dW = ∇kds
k and that dsk = (h1dq

1, . . . , hndq
n)). The square

of (99) is
(∇W )2 ≡ ∇kW∇iWgki, (100)

where gki is defined by
gkigij = δkj . (101)

The result is

(∇W )2 =
n∑
j=1

h−1
j p2j = 2T (qi, pk) (102)

and we can write Hamilton-Jacobi’s equation (92) in the following form

(∇W )2 = 2(E − V ) (103)

or
|∇W | =

√
2(E − V ). (104)

What is the velocity of propagation of the surfaces W=constant? Consider
the surface characterized by some value W0. The surface belonging to W0 +
dW0 is obtainded by erecting normals at each point of the surface W0 at
qi and advancing along the normal by the distance ds > 0. Since |dW | =
|∇W |ds = constant and setting the constant=1 for simplicity, we get

ds =
dW0√

2(E − V )
.

From (91) we see, that in the time span dt, W advances by Edt, so that

ds =
Edt√

2(E − V )
.

This yields for surfaces with constant W the phase velocity

v =
E√

2(E − V )
, (105)
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where the position is encoded by V (qk). Due to equation pk = ∂W/∂qk, the
trajectories of the system are orthogonal to surfaces W=constant.

As in the case of one particle, Fermat’s principle shows again, that light
rays in configuration space propagate along the same trajectories, as long as
the refractive index n(qi) is proportional to

√
E − V . In fact, Hamilton’s

principle implies Fermat’s principle

1

E
δ

∫ t2

t1

2Tdt = δ

∫ t2

t1

2T

E
dt = δ

∫ √
2T

E
ds =

= δ

∫ √
2(E − V )

E
ds = δ

∫
ds

v
, (106)

where we used ds =
√
2Tdt. Equation (106) is equivalent to Fermat’s prin-

ciple because 1/v = n/c. Once again, the discrepancy between the phase
velocity v (105) and the velocity u of the representative point of the mechan-
ical system in q-space obtained from (93), is evident,

u =
ds

dt
=

√
2T =

√
2(E − V ), (107)

i.e. u ∼ 1/v. It is therefore clear that the parallelism between optics and
mechanics is not very close. None of the important concepts of optics appear,
such as wavelength, amplitude, frequency and wave shape: these are notions
that have no analogy in mechanics. W represents the phase of the waves,
while the meaning of the other notions remains obscure.

At this point Schrödinger observes the following. If all this parallelism
serves only to help our intuition, the lack of a closer analogy should not worry
us. Classical mechanics in space would have as its analogue a very primitive
physical optics. The latter fails when the wavelength of light is not negligible
in relation to all the dimensions of the trajectory. We can, however, embrace
another point of view, encouraged by the surprising results that the devel-
opment of wave mechanics provides: perhaps the failure of geometric optics,
in situations in which the wavelength of light cannot be neglected, has as its
analogy the failure of classical mechanics in the treatment of atomic phenom-
ena, where electrons follow trajectories with very small dimensions and large
curvatures. In this case it will be necessary to look for wave mechanics, and
the most natural way to do this is by developing the Hamiltonian image of
classical mechanics.
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Let us then hypothesize that the correct development of the preceding
analogy leads to considering the waves of wave mechanics as purely sinu-
soidal. This hypothesis is the simplest, but it is arbitrary. The phase of the
sine will, of course, be identified withW . The arbitrariness consists in saying
that the phase of the sine is a linear function of W . As the sine argument
must be dimensionless, while W has an action dimension, let us introduce
a universal constant, that is independent not only of the energy, but also of
the system considered. We can write this constant in the form 2π/h. The
time-dependent factor will then be of the form

sin(
2π

h
W + const)

(91)
= sin(−2π

h
Et+

2π

h
S(qi) + const), (108)

from where we take the frequency of the waves,

ν =
E

h
, (109)

in a perfectly natural way. Once we have the frequency, we can determine
the wavelength using (105)

λ =
v

ν
=

h√
2(E − V )

. (110)

The relation between the phase velocity and the frequency

v =
hν√

2(hν − V )
(111)

yields the dispersion law of these waves. Hence, following de Broglie we can
calculate the group velocity vg

vg =
dω

dk
=

dν

d(λ−1)
.

From (110), we have

d(λ−1)

dν
=

d

dν
[
√

2(hν − V )/h] =
1√

2(E − V )
,

that is,
vg =

√
2(E − V ), (112)
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which is, by comparison with equation(107), exactly the velocity u of the
representative point of the system in space q. In the case of one particle, we
moreover have

u =
ds

dt
=

√
m
dq

dt
=

√
2(E − V ) =

p√
m
.

Comparing with (110) the result is λNon−euclidean =
√
mh

p
. Remember

that due to (93) ds =
√
mdq, so that reverting to the usual Euclidean metric,

we get

λ =
h

p
, (113)

which is the ratio between wavelength and momentum obtained by de Broglie
[14]. At this point Schrödinger [4] discusses the construction of a wave packet
in space q by superposition of monochromatic plane waves. This discussion
can be summarized as follows. Except for the constant h−1, W represents
the phase of the wave function. Suppose we have at our disposal not just a
single wave system, but a continuous set, defined by the variation of certain
parameters αi. In this case, the conditions ∂W/∂αi=constant mean that the
system of neighboring waves are in phase. The equations ∂W/∂αi=constant
then determine the geometric locus of phase concordance, which will be a
point for a sufficiently large number of equations. Remembering equations
(23), (27), and (28), and identifying the αi constants with those of the same
name in equation (22), we reach the conclusion that the geometric locus
where a certain set of systems of waves depending on n parameters is in
phase, moves according to the same laws as the point represented in the
space q of the corresponding classical system.

Continuing the elaboration of the wave theory, Schrödinger is led to at-
tribute a physical meaning to the propagation of those waves with a con-
comitant abandonment of mechanical concepts.

It is natural, then, to replace the Hamilton-Jacobi equation by a wave
equation in space q. We already know the phase velocity of the waves, given
by equation (105). The simplest propagation equation that can be written
will be

∆ϕ− 1

v2
∂2ϕ

∂t2
= 0, (114)

where ∆ is the Laplacian and ϕ a certain wave function. For a system with
more than one particle ϕ will be a function of at least six variables, e.g., r1
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and r2 for two particles. This fact caused Schrödinger (and others) a huge
headache due to the difficulty of interpreting a wave phenomenon in a space
of six or more dimensions. Using (105) in the equation above, we obtain:

∆ϕ− 2(E − V )

E2

∂2ϕ

∂t2
= 0. (115)

But this cannot be the correct equation, for at least two reasons:
i) since the waves are monochromatic (i. e., they depend on time as

e2πiνt), we cannot allow the simultaneous appearance of the constant E and
time derivatives;

ii) if we consider two isolated systems with energies E1 and E2, the energy
of the combined system will be E = E1 + E2. If ϕ1 and ϕ2 are the wave
functions of the systems 1 and 2, they should fulfill the equation (115) with
energies E1 and E2, respectively. But then ϕ = ϕ1ϕ2 does not satisfies the
equation (115) with E = E1+E2 due to the non-linearity of E in the equation
[15].

We then use equation (108) to eliminate the time derivatives from (115)
to obtain

ℏ2

2
∆ϕ+ (E − V )ϕ = 0, (116)

which is the famous Schrödinger equation for stationary processes.
Note that the Laplacian must be computed with the non-Euclidean metric
(95). For one particle we obtain

{− ℏ2

2m
∇2 + V }ϕ = Eϕ. (117)

It seems a trivial matter to extend this equation to non-stationary processes
with arbitrary time dependence. Since, in the stationary case, the time
dependence is of the type e±iEt/ℏ, we have

Eϕ = ±iℏ∂ϕ
∂t
. (118)

If we eliminate E from equation (116), we obtain (the opposite sign gives
the complex conjugate equation)

(−ℏ2

2
∆ + V )ϕ(qi, t) = ıℏ

∂ϕ(qi, t)

∂t
, (119)
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which is the Schrödinger equation for phenomena with arbitrary time
dependence. However, it took Schrödinger a long time to discover this sim-
ple generalization. The problem is that equation (119) is the first equation
in physics with imaginary coefficients. Consequently ϕ is necessarily a com-
plex function and cannot describe a real wave phenomenon accompanying,
for example, an electron in real space. ϕ also satisfies the real equation

{(−ℏ2

2
∆ + V + ıℏ

∂

∂t
)(−ℏ2

2
∆ + V − ıℏ

∂

∂t
)ϕ = 0, (120)

which is the elastic plate equation, and for some months Schrödinger thought
that (120) was the correct equation. He actually also tried the relativistic
Klein-Gordon equation, but eventually realized that its non-relativistic limit
produced the correct hidrogen spectrum.

The little letter ı raised a sea of troubles, felt still today after a century
of dedicated research to ”understand quantum mechanics”. I suspect, that
this will never come to pass. After all we are classical objects, ”understand”
being only a vaguely defined concept. But the reader may consult reference
[18] to see for himself, how far people are willing to go in order to fit quantum
mechanics into the Procrustes bed of a classical observer.

We hope that the patient reader has gained some benefit by getting this
far. Before finishing, we would like to present another way of approaching
wave mechanics due to R. Feynman [16]. As he said: ”I tried to understand
quantum mechanics my way”.

To do this, we recall the Hamilton-Jacobi equation (103) and its optical
analogue, which is equation (43). The method for obtaining a general solu-
tion of these equations, described immediately after equations (7) and (8),
is nothing more than Huygens’ principle in its primitive formulation. Let
us recall that the rigorous formulation is Kirchhoff’s [17] and only by means
of approximate hypotheses about the boundary conditions do we arrive at
Huygens’ principle. The latter allows the determination of electromagnetic
fields at any point in space, from knowledge of the fields on a surface ξ.
Since knowledge of second derivatives is not necessary in this construction,
propagation is of the diffusion type, while Kirchhoff’s formulation is equiv-
alent to a wave equation, involving second derivatives in time. Noting that
Schrödinger’s equation is of first order in ∂/∂t, we will construct an optical
equation in space q using Huygens’ primitive principle, which states: consider
all points from an initial wavefront ϕ(qi) as secondary wave emitting centers.
The new wavefront is the envelope of the secondary waves. We already know
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that the phase of the waves is given by

ı

ℏ

∫ t2

t1

L(q, q̇)dt.

Summing over all points of the initial wavefront with the appropriate phase,
we obtain

ϕ(qi2) =

∫
exp{ ı

ℏ

∫ t2

t1

L(q, q̇)dt}ϕ(qi1)dqi1 (121)

where the integration ∫ t2

t1

L(q, q̇)dt

is performed along a real trajectory. The quantum generalization of (121)
due to Feynman consists in saying that we must consider in (121) not only
the real path that satisfies the classical equations of motion, but we must
sum over all paths, connecting (qi1, t1) and (qi2, t2), that is,

ϕ(qi2, t2) =
1

N

∑
traj.

∫
exp{ ı

ℏ

∫ t2

t1

L(q, q̇)dt}ϕ(qi1, t1)dqi1 (122)

where N is a normalization factor. Note that, in the classical limit in which
ℏ → 0, the exponent will oscillate violently, the contributions to the intgral
in dqi1 cancelling out, unless the exponent be stationary, that is,

δ

∫ t2

t1

Ldt = 0,

which is equation (14). One of the advantages of Feynman’s formulation is
the simplicity with which the classical limit is obtained. The definition of the
sum (integral) over the trajectories is a mathematical problem that remains
open to this day. The equivalence (apart from mathematical technicalities)
between the usual formulation and Feynman’s is discussed in ref. [16] and
also in ref.[19].

It is a pleasure to acknowledge the lively discussions on the subject with
my colleagues R. C. T. da Costa, L. G. de Freitas e R. L. Lobo e Silva.
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