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Solution: a. For a chain of two masses we have,

m1ẍ1 = −k(x1 − x2) , m2ẍ2 = −k(x2 − x1) .

Doing the ansatz xn = ane
iωt and with the abbreviation ωj ≡ k

mj
we get the charac-

teristic equations,

−ω2a1 = −ω2
1(a1 − a2) , − ω2a2 = −ω2

2(a2 − a1) .

b. The matrix form of the characteristic equations is,(
ω2

1 −ω2
1

−ω2
2 ω2

2

)(
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a2

)
= ω2

(
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a2

)
.

Solving,

0 = det(M̂ − ω21) = −ω2
1ω

2 − ω2ω2
2 + ω4 = ω2(ω2 − ω2

1 − ω2
2) ,

we get the eigenvalues ω = 0 and ω =
√
ω2

1 + ω2
2.

c. The first eigenvector is obtained by,
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1a2

−ω2
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2a2

)
= 0 ·

(
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)
= ω2~a ,

which is only possible when a1 = a2. For the second eigenvalue,
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)
= (ω2
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2)

(
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which implies ω2
1a2 = −ω2

2a1. Therefore, the normal modes are,

~a =

(
1
1

)
and ~a =

1√
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(
ω2
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.

d. The center of mass is at the position xcm = m1x1+m2x2

m1+m2
. We call xrl = x1− x2 the

relative coordinate. The equations are,

ẍcm =
m1ẍ1 +m2ẍ2

m1 +m2
=
−k(x1 − x2)− k(x2 − x1)

m1 +m2
= 0

ẍrl = ẍ1 − ẍ2 = − k

m1
(x1 − x2) +

k

m2
(x2 − x1) = −k

µ
(x1 − x2) = −(ω2

1 + ω2
2)(x1 − x2) ,

with µ−1 ≡ m−1
1 +m−1

2 . The first mode corresponds to a translation without vibration,
the second to an anti-symmetrical vibration without translation around the center-of-
mass. This corresponds to the results obtained by the reduced mass method.




