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Solution: The differential equations are

mOẍ1 = −k(x1 − x2)

mC ẍ2 = −k(x2 − x1)− k(x2 − x3)

mOẍ3 = −k(x3 − x2) .

With the ansatz xn = Ane
iωt and the abbreviations ωO ≡

√
k
mO

and ωC ≡
√

k
mC

we

get the characteristic equations,

ω2A1 = ω2
O(A1 −A2)

ω2A2 = ω2
C(A2 −A1) + ω2

C(A2 −A3)

ω2A3 = ω2
O(A3 −A2) .

Introducing the matrix and the vector,

M ≡

 ω2
O −ω2

O 0
−ω2

C 2ω2
C −ω2

C

0 −ω2
O ω2

O

 and ~A ≡

A1

A2

A3

 ,

the equation takes the form of an eigenvalue equation,

M ~A = ω2 ~A .

The frequencies of the normal modes are the eigenvalues of the matrix,

0 = det[M − ω2E3] = −2ω2
Oω

2
Cω

2 − ω4
Oω

2 + 2ω2
Oω

4 + 2ω4ω2
C − ω6

= −ω2(ω2 − ω2
O − 2ω2

C)(ω2 − ω2
O) .

Entering the eigenvalue ω = 0 in the eigenvalue equation gives,

A1 = A2 = A3 and hence ~A =

1
1
1

 .

Entering the eigenvalue ω = ωO in the eigenvalue equation we get,

A2 = 0 , A1 = −A3 and hence ~A =

 1
0
−1

 .

Entering the eigenvalue ω =
√
ω2
O + 2ω2

C in the eigenvalue equation we get,

2ω2
CA1 = −ω2

OA2 = 2ω2
CA3 and hence ~A =

 1
−2ω2

C/ω
2
O

1

 .




