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Solution: The density operator,

ρ̂ =
∑
n

Pn|n〉〈n| ,

satisfies ρ̂2 6= ρ̂ e Tr ρ̂ = 1. It allows to calculate the most likely value for the
population and is obtained using the rule
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n = (1−U)−1 with the abbreviation
U ≡ e−~ω/kBT ,
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For the average energy, with En = n~ω,

〈Ê〉 =
∑
n

Enpn =
~ω

eβ~ω − 1
.

This is precisely the distribution proposed by Planck for the light modes in the black-
body radiator. We can now express the occupation probability of state n as,

Pn =
e−nβ~ω∑
m e
−mβ~ω = (1− e−β~ω)e−nβ~ω =

〈n̂〉n

(1 + 〈n̂〉)n+1
.




